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Abstract

Optical data storage (ODS) can encode information as birefringent nanostructures in glass, but
the resulting polarisation features are weak and can be degraded by photon noise, aberrations,
and crosstalk. This thesis develops microscopy and processing techniques for weak polarisation
signals, spanning system design and polarisation control, modelling and simulation, practical

implementation, calibration, and quantitative evaluation.

Single-shot polarimetry with a polarisation camera is studied first, enabling measurement of
the linear components of polarisation. Polarisation-sensitive phase contrast (PPC) microscopy
is proposed by combining Zernike’s phase contrast setup with polarisation control to selectively
attenuate the surround wave and enhance polarisation contrast. An analytical model is derived
under a weak-object assumption and complemented by a partially coherent simulation pipeline
based on coherent-mode decomposition of Gaussian Schell-model sources, enabling accurate
simulation of the imaging process with a flexible system definition. Experimental implementa-

tion is presented, with software for automation, calibration, and real-time visualisation.

Voxel readout is formulated as a communication channel, and mutual information (MI) is used
as a decoder-agnostic metric to quantify read performance under noise, aberrations, and intra-
and inter-layer crosstalk. A processing pipeline enables MI estimation from experimental and
simulated images, and voxel reading is experimentally demonstrated in single-layer and multi-
layer settings. By comparing axial MI profiles from simulations and experiments, a thick-
voxel model is found to reproduce crosstalk characteristics, and the framework also studies
MI degradation from write-side artefacts, intra-layer crosstalk, and photon shot noise. Finally,
explicit symbol recovery is demonstrated with a machine-learning decoder, completing an end-

to-end demonstration of ODS.

To overcome limitations inherited from spatial filtering in PPC, we introduce a diattenuative
module to attenuate the surround wave using a custom partial polariser, while retaining bright-
field transfer functions and avoiding azimuthal bias. Beyond voxel imaging, the diattenuative

system reveals weak birefringence in other samples such as glass fibres and mycobacteria.
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Chapter 1

Introduction

1.1 Motivation

With advances of the information technology in the last few decades, humanity is generating
data at an unprecedented rate [1]. According to white papers from the International Data
Cooperation (IDC) [2, 3], a total of 132.4ZB (1.324 x 10'* TB) of data was produced in 2023,
and is predicted to increase to 393.97ZB in 2028, driving a seemingly exponentially growing

need [4] of large-scale data storage.

Existing data-storage solutions, however, are unlikely to meet this demand. Currently, most
of the new information produced are stored in magnetic media [5, 6], notably hard disk drives
(HDDs) and magnetic tapes. Conventional HDDs are able to offer a capacity of up to 2TB
per disk [7, 8], but they have a limited lifetime as short as 5 years [6, 9], requiring frequent
disk scrubbing [5, 10, 11] to detect disk failures, and data migration as frequent as every 2
years [7, 8], which is both expensive and wasteful. Magnetic tapes, in contrast, offer a more
cost-effective solution [12] for large-scale storage of archival data. Nevertheless, they require
complex libraries with tape robots and drives that require constant maintenance [13], and has a
typical lifetime of 10 years under careful environmental control [6, 12]. Although improvements
have been proposed to increase the data density and throughput [14, 15], these technologies

are still typically associated with a lifetime of a few decades.
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28 Chapter 1. Introduction

Table 1.1: Comparison between optical disc formats [16].

Data density Number

Wavelength Numerical
per layer

Format

(nm) aperture (Mbit mm-2) of layers
Compact disc (CD) 780 0.45 0.605 1
Digital versatile disc (DVD) 650 0.60 4.29 <2
Blu-ray disc (BD) 405 0.85 24.6 <4

In order to preserve the tremendous amount of information and knowledge for future gener-
ations to come, a scalable means of data storage is urgently needed. In particular, an ideal
technology should offer sufficiently high capacity for the continued growth of global data, while
remaining stable over long time periods without frequent maintenance or migration. In addi-
tion, the storage medium should be inexpensive and abundant, both for cost-effectiveness and
for sustainability at scale. These requirements motivate polarisation-multiplexed optical data

storage (ODS), where information can be kept for long-term, high-capacity storage.

1.2 Optical data storage

The first widely adopted form of ODS was compact discs (CDs), which was developed during
the 1970s and first released commercially in 1982 [17]. In CDs, data is encoded by varying the
thickness of a polycarbonate layer in front of a reflective surface. By scanning a laser across
the data pits, information can be retrieved by observing changes in the reflected intensity with
a photodiode, offering a data capacity of 680 MB [17, 18] for a disc diameter of 120 mm. Since
then, digital versatile discs (DVDs) and Blu-ray discs (BDs) have been developed to improve the
data density by employing lasers at shorter wavelengths and objectives with higher numerical
apertures (NAs) [16], thereby reducing the diffraction-limited spot size. In addition, the total
data capacity can be increased by stacking multiple layers of data pits, and focusing on the
layer of interest during reading. Nevertheless, capacity improvements are limited by practical
constraints. Further reducing the wavelength poses challenges for the optical media, while
dramatic increases of NA are not achievable without immersion. The number of layers is also

limited by the transparency of polycarbonate. As a result, practical optical discs have a total
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capacity of less than 1TB, which is below the multi-terabyte capacities available from HDDs,

making the optical discs rarely used for large-scale data storage nowadays [7].

Polarisation-multiplexed ODS was proposed to address this limitation by using the polarisa-
tion state as additional degrees of freedom for encoding information [19-22]. By introducing
anisotropic nanostructures in a transparent medium, local birefringence can modulate the po-
larisation state of light through its azimuth and retardance, encoding a certain amount of
information depending on the number of possible polarisation modulations. The resulting voz-
els serve as the basic storage elements of polarisation-multiplexed ODS. Many voxels can be
arranged on a 2D grid to form a sector, enabling readout of thousands of voxels within a single
field-of-view (FoV). Multiple sectors can then be stacked vertically to form a track, enabling
multilayer storage and readout, and the concept of 5D-ODS [19, 23, 24] with two polarisation

dimensions and three spatial dimensions.

Glass, in particular, has been identified as a medium with great potential due to its low cost,
robustness, and a storage lifetime estimated to exceed 10,000 years [23, 25]. Critically, local
refractive-index changes can be created by focusing femtosecond laser pulses in glass [26, 27],
and the resulting modification can exhibit birefringence that is influenced by polarisation control
of the writing laser [28, 29]. Although the modifications are permanent and the medium is
therefore read-only after writing, this is not necessarily a limitation for archival data storage,

where most data is rarely accessed or modified once written [6].

Figure 1.1 summarises several notable types of modification in silica glass. Type-I modification
was first observed as an isotropic increase of refractive index [26, 33]. Although the phase signals
introduced by these nanostructures are also valuable in ODS [25, 34], the lack of polarisation
multiplexing limits the achievable data density. By incorporating polarisation control of the
writing laser, self-assembled nanogratings (type-II modification) [23, 35, 36] can be produced, as
shown in Figure 1.1(b). The nanogratings exhibit birefringence depending on the polarisation
state of the writing laser, enabling polarisation-multiplexed ODS. Nevertheless, the relatively
high transmission loss associated with type-II modification limits the number of layers that can

practically be stacked in realistic applications.
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Figure 1.1: Different types of laser modification in silica glass. (a) Type I: isotropic refractive in-
dex change. (b) Type II: birefringent nanograting. (c) Type X: oblate nanopores. (d) Type S:
edge-modified nanovoid. Credits: (a) Reprinted from Miura et al., Appl. Phys. Lett. 71, 3329-3331
(1997), with the permission of AIP Publishing [26]. (b) Reproduced from Shimotsuma et al., Jpn. J.
Appl. Phys. 44(7), 4735 (2005), DOI: https://doi.org/10.1143/JJAP.44.4735, (©) The Japan Society
of Applied Physics. Reproduced by permission of IOP Publishing Ltd. All rights reserved [30]. (c) Re-
produced from Sakakura et al. (2020), CC BY 4.0 (http://creativecommons.org/licenses/by/4.0/) [31].
(d) Reproduced from Lei et al., Optica 8, 1365 (2021), (©) 2021 Optical Society of America, under the
OSA Open Access Publishing Agreement [32].

To achieve birefringent modification in glass with ultra-low loss [37], type-X [31] and type-
S [32] modifications were then demonstrated by precisely controlling writing parameters in-
cluding pulse energy, number of pulses, repetition rate, pulse duration, and polarisation ellip-
ticity [38]. As shown in Figure 1.1(c), type-X modification appears as a collection of oblate
nanopores within the diffraction limit that exhibits an overall birefringence. Type-S modifica-
tion in Figure 1.1(d), in contrast, is produced when a single round-shaped nanovoid is created
with a single energetic pulse, followed by multiple less energetic pulses that modify its edges

anisotropically [39, 40], which can be a more energy-efficient process compared to type X.

Both type-S and type-X modifications have ultra-low optical loss, so when they are read with
microscopy techniques the out-of-focus layers introduce less scattering and fewer artefacts, even
when hundreds of layers are stacked [24, 25|, leading to a data capacity as high as 4.8 TB in
a 120mm platter [25]. Nevertheless, the birefringent retardance they introduce is also very

small, typically on the order of 1073 rad [38]. A polarisation-resolving microscopy technique
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is therefore required that is particularly optimised for imaging weak polarisation modulations,

enabling effective readout for ODS.

In this thesis, polarisation-resolving imaging techniques are developed for imaging weak birefrin-
gence, enabling readout of birefringent voxels for long-term ODS. The aim is to demonstrate the
readout process of polarisation-multiplexed ODS, spanning system design, theoretical and com-
putational modelling, experimental implementation, image processing, and decoding of voxel
symbols. This work is carried out in collaboration with Project Silica at Microsoft Research
Cambridge [6, 25], where the voxel-writing process is performed and the glass samples used in
this thesis are provided. Rather than pushing for an optimal data density that would require
broader system-level optimisation, the emphasis is placed on characterising read performance

and understanding how it degrades under factors such as noise, aberrations, and crosstalk.

This thesis builds on my MRes work [41], where polarisation-sensitive phase contrast (PPC)
was first introduced as a method for imaging weak birefringence using a polarisation cam-
era (PolCam). In the present work, PPC is further developed with improved modelling and
simulation under partial coherence, and with an improved experimental implementation for re-
peatable data acquisition. These developments support quantitative analysis of voxel imaging
in an information-theoretic framework, alongside explicit decoding, to evaluate how faithfully
symbol information is conveyed. In addition to PPC, a clear-aperture alternative based on
diattenuative polarisation modulation is introduced to address limitations inherited from the

underlying phase-contrast configuration.

1.3 Thesis structure and overviews of chapters

Chapter 2 starts by establishing a framework for single-shot division of focal plane (DoFP)
polarimetry. We carefully identify the capabilities of the PolCam as well as its limitations in
terms of accessible polarisation components, spatial resolution, and noise performance. These
considerations define the system requirements and motivate the design of the microscopy sys-

tem.
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Chapter 3 then introduces the design and core mechanism of PPC microscopy. An analyti-
cal imaging model is presented with polarisation analysis, detailing the imaging process and

explaining why polarisation contrast can be enhanced in this configuration.

The analytical model itself, however, relies on an incoherent-illumination assumption, which is
fundamentally inconsistent with the partially coherent contrast-generating mechanism of PPC.
Chapters 4 and 5 address this problem by developing a numerical modelling approach that
accounts for partial coherence using coherent-mode decomposition. Chapter 4 first investigates
the coherent-mode structure of apertured Gaussian Schell-model (GSM) sources. Chapter 5
then incorporates this model into a flexible and efficient simulation pipeline, generating results

that can be used in complement to experimental results for later informational analysis.

Chapter 6 then focuses on the experimental implementation of the PPC system, including the
optical assembly, automation, and software for hardware control and real-time visualisation.
Automation and repeatability are prioritised to support the later quantitative analysis and to

enable meaningful comparison with simulation results.

With results from both simulations and experiments, Chapter 7 performs quantitative analysis
of readout quality from an information-theoretic perspective. An image-analysis pipeline is
presented, together with calibration routines, to quantify the amount of information a polarisa-
tion image conveys without assuming a particular decoder, whose performance could otherwise
confound the system characterisation. This enables analysis of how performance may degrade
with respect to factors such as noise, aberrations, and intra- and interlayer crosstalk, through

a combination of simulation and experimental results.

Chapter 8 then completes the voxel readout by recovering voxel symbols from polarisation
images using a machine learning (ML)-based decoder, which also allows end-to-end ODS per-

formance to be quantified.

Chapter 9 presents an alternative scheme of polarisation modulation that enhances polari-
sation contrast without introducing the annulus and phase rings required in PPC, allowing

clear-aperture imaging of weak birefringent features such as voxels. The chapter also presents
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potential applications of the system in areas outside ODS, such as label-free imaging of my-

cobacteria.

Finally, Chapter 10 summarises the thesis findings and outlines the main limitations and the

most direct directions for future work.



Chapter 2

Single-shot polarimetry using pixelated

polarisation cameras

Polarisation-resolved imaging enables the extraction of rich structural and material informa-
tion from samples. While the previous chapter introduced how birefringence can be used to
encode information for long-term sustainable optical data storage, it should be recognised that
polarisation measurements play a far broader role across the physical and life sciences. In ma-
terials science, polarisation-based techniques such as ellipsometry have long been fundamental
for determining thin-film thicknesses, refractive indices, and anisotropies [42, 43]. In geology,
polarisation microscopy is fundamental for optical mineralogy and petrography, enabling min-
eral identification and characterisation in rock thin sections [44, 45]. In biological and clinical
applications, polarisation contrast enables label-free detection of organised structures from cel-
lular [46] to tissue levels [47], while in fluorescence microscopy, polarimetry can be employed

to determine the orientation of fluorophores [48-50].

Starting with a small overview of polarimetry methods, this chapter introduces an approach of
single-shot polarimetry based on the division of focal plane (DoFP) architecture, implemented
using the Sony PolarSens™ polarisation cameras (PolCams). It will then walk through the

physical principles and interpretation, before providing a model of signal and noise for PolCams.

34
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2.1 Division-of-focal-plane (DoFP) polarimetry with the

PolarSens™ sensor

To retrieve information encoded within the voxels, it is essential to employ microscopic tech-
niques capable of spatially resolving such densely packed nanostructures. The read-out process,
however, cannot be realised in a trivial setup, because measuring the polarisation changes in-
troduced by such birefringent structures requires capturing multiple polarisation components of
the optical field. These components may, in the Jones algebra, include amplitude and phase dif-
ferences for components of the optical field in different directions, or may be interpreted in the
Stokes-Miiller formalism as various Stokes parameters. Nonetheless, the process is inherently

multidimensional because birefringent voxels enable multidimensional data storage.

Conventional imaging sensors, such as charge-coupled device (CCD) or complimentary metal ox-
ide on silicon (CMOS) arrays, record only intensity—a scalar quantity at each spatial location—
thereby discarding critical polarisation information. To fully reconstruct the encoded data,

some form of polarisation measurement is therefore required.

In imaging polarimetry, a variety of approaches have been developed in which such multiplexed
detection is implemented, and they can be broadly categorised into divisions of time, amplitude,

aperture, and focal plane.

In the division of time (DoT) methods, multiple images of the specimen are taken, usually
with different schemes of polarisation modulation [51, 52|, illumination [53], or a combination
of both [54, 55]. They are, however, considerably slower, due to not only the multiframe
nature of image captures, but also any extra hardware necessary to actively switch between
the different schemes, such as liquid crystal retarders, light-emitting diode (LED) arrays, or
rotating polarisation optics [56]. In addition, such methods require the specimen to be static,
otherwise motion blur and polarisation artefacts can affect the measurements [57]. In the
context of optical data storage (ODS), the DoT methods would limit the bandwidth of the

read-out process.
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(a) (b)
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photodiode
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Figure 2.1: Structure of the Sony PolarSens™ PolCam. (a) Cross-sectional structure: for each pixel,
an on-chip lens focuses the collected light onto the corresponding photodiode through a WGP that
analyses the field in a linear polarisation state. (b) Image of WGPs in a superpixel. (C) 2016 IEEE,
reprinted from [63].

Division of amplitude (DoA) methods try to tackle these problems by splitting the beams into
multiple detection paths, each with different polarisation controls [58, 59]. These methods ne-
cessitate careful alignment, extra optics, additional cameras and are generally very sensitive
to vibrations [60]. There are also division of aperture (DoAp) techniques, in which light is
split at the Fourier planes, typically combines retarder arrays with lens arrays [61] or pyra-
mid prisms [62], to create multiple images on the detection sensors with different polarisa-
tion controls. Nevertheless, like the DoA methods, the DoAp ones are also very sensitive to
(mis)alignment of the polarisation optics, though they can be more compact and are reported

to be more robust against mechanical instabilities.

In recent years, the development of PolCams [63, 64] has offered exciting opportunities in
the field of polarimetry. By employing micro-polariser arrays (MPAs) aligned with the sensor
pixels, PolCams enable the field to be analysed by polarisers in specific directions before being
imaged, enabling single-shot division of focal plane (DoFP) polarimetry, similar to how Bayer
filters enable single-shot colour imaging [65]. In particular, the Sony PolarSens™ [66] features a
layered design as illustrated in Figure 2.1, where a four-directional array of wired-grid polarisers
(WGPs) sits between a micro-lens array and the photodiodes of a CMOS sensor. Compared
to conventional ‘on-glass’ design where the MPA sits at the other side of the micro-lenses, the
improved ‘on-chip’ design features an improved extinction ratio, because the smaller distance

between the MPA and the photodiode reduces any optical crosstalk between adjacent pixels [63].

The layout of the PolarSens™ PolCam is illustrated in Figure 2.2. The transmission axes of the
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Figure 2.2: Polarisation channel layout of the Sony PolarSens™ PolCam. The micro-polariser array
divides the sensor into 2x2 superpixels, each consisting of four pixels analysed at 0°, 45°, 90°, and
135°. Note the lines in each pixel denotes the orientation of the WGP, which is perpendicular to its
axis of transmission.
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linear polarisers in the array are oriented at four angles (0°, 45°, 90°, and 135°), and the pixels
are arranged into 2x2 superpixels (marked with red outlines), each containing one pixel for
each polarisation direction. Therefore, the sensor equivalently has four interleaved polarisation
channels, and a single shot simultaneously captures four sub-images (lo, Is5, Ioo, and Ii35)

where the field is analysed in different linear polarisation states.

One significant advantage of PolCam-enabled DoFP polarimetry is the simplicity of the hard-
ware, which can be as trivial as replacing the regular camera with a PolCam and inserting a
polariser for illumination [67]. As part of my MRes thesis [41], we also presented polarisation-
sensitive phase contrast (PPC) microscopy which combines PolCam with Zernike’s phase con-
trast (ZPC) [68] to realise simultaneous phase and polarisation imaging in a single shot. In
addition to being cost-efficient, the absence of extra optics and splitting of detection paths

makes the system more tolerant to misalignment and mechanical instability.

It should be noted that the DoFP comes at its own cost. Firstly, for each polarisation sub-
image, pixel pitch is effectively doubled, due to the interleaving scheme of different channels.
Therefore, it becomes more challenging to achieve sufficient sampling of the image, where the
Nyquist criterion usually needs to be met against the optical transfer function (OTF) of the

system [69], or any particular spatial frequency of interest. In our case of voxel imaging, it
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is particularly important that the superpixel of the PolCam can be projected by the imaging

system to Nyquist-sample the voxel pitch. This will be discussed in more detail in Section 2.5.

Secondly, the interleaving scheme of polarisation channels introduces a spatial offset among
them, up to one pixel pitch in each direction. This is fundamental to DoFP methods—
multiplexing polarisation information spatially means there is an ambiguity between polari-
sation signal and intra-superpixel intensity gradient. If left uncorrected, this ambiguity results
in instantaneous field-of-view (IFoV) errors [60]. Computational methods have been developed

to mitigate these errors [70], as will be discussed in Section 7.3.1.

2.2 Measuring linear components of polarisation

It is critical to understand what polarisation information PolCams can provide, where the
Stokes-Miiller formalism can be useful. For every superpixel, three out of the four Stokes
parameters can be computed [41], by simple linear combination of intensities from different

channels, given by

1
So = §(fo+f45+-790+]135), (2.1)
Sl = IO — Igo, (22)
Sy = Iys — Ii35, (2.3)

where Sy, S1, and Sy are the first three Stokes parameters. The last Stokes parameter, Ss,
cannot be obtained, because PolCam is agnostic to the polarisation handedness due to the

absence of any retarders or circular polarisers.

In the Stokes-Miiller formulism, any polarisation state can be represented by a normalised
Stokes vector, S = [5’1, Sy, S‘g]T, where S; are normalised Stokes parameters defined as S; /So.
When the field is fully polarised, S sits on the surface of the Poincaré sphere, as illustrated in
Figure 2.3(a). For PolCam measurements, the lack of S3 (and thus the normalised S5) reduces

the 3D vector into its 2D projection, §, that sits in the S-S5 plane, as shown in Figure 2.3(b).
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(@)

E

(b)

Figure 2.3: PolCam measures the projection of the Stokes vector in the normalised linear Stokes plane
(NLSP). (a) A polarisation state to be measured, represented by a normalised Stokes vector S on the
Poincaré sphere. (b) PolCam sees the projection of S in the NLSP, §, missing any direct measurements
in Sg.

The plane contains only linear components of the polarisation states and will therefore be called

the normalised linear Stokes plane (NLSP) for the rest of this thesis. Therefore, the NLSP

represents the full measurement space captured by the PolCam in response to polarisation.

The Poincaré sphere itself is intersected by the NLSP, forming a unit circle, as shown in
Figure 2.3(b). States in this circle represent linear polarisations, and the length of § represents

the degree of linear polarisation (DoLP), which can be computed as

2 2
DolLp — V.21 75 (2.4)

So

Note that a fully polarised field is not necessarily measured with a DoLLP of unity. For example,
the circular polarisation can be fully polarised but carries a DoLLP of zero. In general, any state

with a non-zero ellipticity cannot have a DoLLP of unity.

Similarly, the polar azimuth of § also carries important physical meaning, as it is twice the
angle of linear polarisation (AoLP) [41], by construction of the Poincaré sphere. The AoLP
can thus be computed as

1 S
AoLP = 3 arctan S_i (2.5)

The extra factor of two comes from the relationship between polarisation azimuth and the
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longitude on the Poincaré sphere.

2.3 Mixing of polarisation states

The implication of the Stokes vector projection is far from trivial, especially in the context
of polarisation imaging. One may be tempted to assume that, when the illumination is fully
polarised and no depolarisation is present in the optical system, the detected field should also
be fully polarised. Based on that, it may seem possible to recover the full normalised Stokes
vector S from its projection § by extending it along the S5 dimension. In this case, we would
get

S3 = +v/1 — DoLP?, (2.6)

which gives the full polarisation state except for its handedness (as the sign of Sy is unknown).

This idea only works if the detected field is really fully polarised, which is not usually true in
practice. Even if the illumination is fully polarised and the optical system has no depolarisation
in it, the field at the PolCam may still be only partially polarised due to incoherent mixing
between different polarisation states. For example, in fluorescence and transmission imaging,
the field is typically spatially incoherent, so light from different spatial locations combines
incoherently during image formation in a finite-resolution system. This incoherent superposition
can lead to an averaging effect on the polarisation states [71], resulting in measured partial
polarisation. A similar depolarising effect can also happen temporally when the polarisation
state is varying during the finite exposure time of the sensor, since PolCam integrates intensity

instead of the complex field.

To illustrate more clearly how this ambiguity arises, and what role coherence plays, we consider
the following example, where eight linear polarisation states (Py—P;) mix with each other. In
the context of ODS, the polarisation states can be interpreted as the result of modulation
from eight types of birefringent voxels in a 3-bits per voxel (bpv) encoding scheme. The voxels
can then be assumed to modulate some circularly polarised illumination by quarter waves,

represented by the Jones matrix of a linear retarder LR, with a retardance 6 = 7/2 and a
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fast-axis orientation of 7, = ma/8 parametrised by the symbol o € {0,...,7} it represents.

Therefore, the polarisation state P, can be represented by its Jones vector E, as
T
Eo = LR (72 = 6 = 2 ) |L), (2.7)
where |L) = [1,i]"7/v/2 denotes the (normalised) Jones vector for left-handed circular polarisa-

tion.

Following the negative phase sign convention [72], electric field in this work is defined as

E.|
E(r,t)= | | &ri=o), (2.8)
L,
at a position r and the time ¢, where k denotes the wave vector, w denotes the frequency, ¢

denotes a phase offset of the wave, and E, and Ey denotes the complex amplitudes in the x

and y-directions, respectively.

In this formalism, the Jones matrix of a linear retarder LR can be written as

d o )
cos 3~ icos 2y sin 3 —isin 2vsin 5
—isin 27 sin 3 cos 3 + icos 2vsin 3

By substituting the expression into Equation 2.7, the Jones vector E, can be evaluated to be

., |cos~,
E, = cVe , (2.10)
sin~y/,
where
T
=05 (2.11)

by definition.

As expected by construction, the result of Equation 2.10 is in the form of linear polarisation,

with an extra global phase of 74/, which cannot be neglected as one shall see. The offset of



42 Chapter 2. Single-shot polarimetry using pixelated polarisation cameras

’Pﬂ\ —dg(a, B) =1
/ ds(, B) = 2
P,S' dg(a,ﬁ) =3
\ — ds(a, B) = 4

0.5 A

0.5 1

-0.5 A -0.5 1 \
P7 \\_/ /’lpl
-1.0 A -1.0 A Py
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
S1 S1

Figure 2.4: Incoherent (a) and coherent (b) mixing of linearly polarised states, Pp—Py. For each pair
of states, the projection of the resulting normalised Stokes vector in the NLSP depends on the relative
weight w € [0, 1] between them. The resulting loci traced as w varies are plotted and colour-coded
according to the eight-cyclic distance between the symbols, dg(a, ).

~. from 7, in Equation 2.11 is also expected, and is discussed extensively in Chapter 4 of my

MRes thesis [41].

The Stokes parameters can in general be computed from the Jones vector [E,, E,|T [73], ac-

cording to
So = E,E; + E,E, (2.12)
Sy = E,E; — E,E, (2.13)
Sy = 2R (E ~;;) , (2.14)
Sy = =25 (BB} . (2.15)
As a result, the normalised Stokes vector S, can be evaluated as S, = [cos 27!, sin 27;,O]T,

which sits evenly around the equator of the Poincaré sphere (i.e. around the unit circle in the

NLSP as shown in Figure 2.4).

Now consider P, to be mixed with another one of the eight states P into a new state FP,4g.

When they are mixed incoherently, their Stokes vector adds up, resulting in a weighted average



2.3. Mixing of polarisation states 43

of their normalised Stokes vector as

A ~ A

Sat+s(w) = wS, + (1 —w)Sg, (2.16)

where w € [0, 1] parametrises the relative weight between the two states. The locus of S, 4(w)
is a straight line connecting P, and Pjs, as shown in Figure 2.4(a). Since both P, and Pj lie in
the NLSP, the locus connecting them is also in this plane, with a corresponding 5'3 component
of zero. Note the loci in Figure 2.4(a) are colour-coded according to the eight-cyclic distance,

defined as

ds(cv, B) = min (ja — 8] ,8 — |a — B]) . (2.17)

Now consider P, and P3 to be mixed coherently (i.e. interference). Instead of the Stokes vectors,

their Jones vectors now need to be averaged with weights, viz.,

an(w) = U)Ea + (1 — ’LU)EB (218)

~

The coherently mixed normalised Stokes vector S,;s(w) can then be computed again with
Equations 2.12-2.15, and the loci traced by its projection 8,4 4(w) in the NLSP are plotted in

Figure 2.4(b), for every pair of @ and p.

Compared with the incoherent case, the loci for the coherent mixture can be seen to be distinctly
different. Although in both cases they connect the states P, and Pz, the lines can be much
more curved in the coherent case. This is due to the fact that the coherently mixed state P,z
is well-described by a Jones vector and therefore is always fully polarised, which forces the
corresponding normalised Stokes vector Sa+,8 to travel on the surface of the Poincaré sphere,

resulting in curved projections of 8,14 in the NLSP.

It can also be seen how ambiguity can arise from such PolCam detection. For example, for
mixtures of orthogonally polarised states (i.e. dg(a, 5) = 4), in both the lines appear to be
straight and the projections in the NLSP appear to be identical. In the coherent case, however,

the Stokes vector Sa+5 travels along the great-circle arc connecting P, and Ps via the left-
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handed circularly polarised state at the ‘South Pole’ of the Poincaré sphere. This can be shown

by noting that o + 3 = 8 for orthogonal polarisations,

1 cos . i<7’ +f) cos(7g + Z)
Eois(w=05) == [ ™= “1+e 2 2

2 sin 7/ sin(yg, + Z)

(e o 2

x |R), (2.19)

where the proportionality (rather than equality) reflects that Equation 2.18 does not conserve

total energy.

In contrast, for an equal but incoherent mixture of orthogonal polarisation states, the resultant

~

S+ 1s simply a zero vector representing the unpolarised state.

Another key observation is that, in the coherent case, the specific arc for §a+5 is dependent on
the relative phase between the two polarisation states, which is the reason why the global phase
of 7/, in Equation 2.10 cannot be ignored. For instance, for the coherent mixture of horizontally
and vertically linearly polarised states (Ps and P), if the complex phase is omitted, its Stokes
vector would take another great-circle arc through Ps—P,—FPy—P—FP,. In fact, depending on
their relative phase, Ps and P, can be mixed into any fully polarised state because their Jones
vectors [1,0]" and [0,1]" form an orthonormal basis for the 2D complex vector space C2 in
which all Jones vectors reside. This is a powerful concept which enables all analysis in the

circular basis in the next section.

It should also be noted that practical microscopy usually involves partial coherence, especially
in the spatial domain due to light sources and apertures, such that the reality usually lies in
between these two cases. Nonetheless, analysis involving partial coherence would not be as
straightforward, because neither amplitudes in Jones vectors nor intensities in Stokes vectors
is acted upon linearly by the optical system. Second-order statistical treatment would be

necessary, as will be presented in Chapter 4.
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2.4 PolCam polarimetry in the circular basis

Since a PolCam directly measures only the linear components of polarisation, rather than the
circular component required for full measurements of Stokes vectors, one approach in PolCam
polarimetry is to illuminate the sample with circularly polarised light in transmission micro-
scopes [41, 67]. In such cases, the field starts with no DoLP, and any detection of linear
components suggests the presence of polarisation signals. The circularly polarised background
would also enable the uses of false-colour polarisation mapping schemes that are intuitive and

easy to interpret.

In addition, circular states project to the origin of the NLSP. Illumination with circular po-
larisation therefore provides a maximal range over which the polarisation state can evolve
in any direction. In the presence of birefringence, circularly polarised illumination ensures a
well-defined polarisation signal in the orthogonal state, as we will see later in this section. In
this setting, the circular basis of the Jones calculus is particularly convenient, as it simplifies
the algebra and shows how birefringent azimuth and retardance can be decoupled in PolCam

measurements.

2.4.1 Jonmes algebra in the circular basis

As discussed in the previous section, Jones vectors are defined in the C? space. It is therefore
equally valid to use any basis that spans this space to describe its polarisation algebra. Consider

representing Jones vectors in a circular basis, defined as

Eeope = : (2.20)

where F; and Ej are the complex amplitudes of the field in the left- and right-handed polari-
sation components, respectively. The subscript ¢ denotes the circular basis, and for distinction,

Jones vectors written in their usual linear z-y basis are assigned with the subscript [. The basis

vectors in the circular basis are then |L) and |R), where |L/R) = [1,+i], /+/2 is orthogonal,
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(LIR) = (R|L) = 0, (2.21)

(L|L) = (R|R) = 1. (2.22)

Any Jones vector can be easily transformed from the linear basis into the circular one with a

simple matrix multiplication [72], given by
Ecirc - UICEliH7 (223)
where

U = — . (2.24)

Thus, the transformation from the circular basis into the linear one can be represented by its

matrix inverse, U, = Ual, and due to unitarity,

Ulztu—l:t[ﬁ:i b (2.25)
¢ lc lc \/5 . 2 .
1 —1

where 1 denotes the Hermitian conjugation (i.e. AT == (A*)").



Table 2.1: Common Jones vectors and matrices in linear and circular basis.

Linear basis

Circular basis

Left-handed circular, |L)

Right-handed circular, |R)

Horizontal, |H)

Vertical, |V)

Diagonal / Anti-diagonal, |D/A)

Linear at angle 0, |6)

Elliptical with azimuth 6
and ellipticity e, |6, €)

7l

11

L
V2 |1,
cos
sian

cosf@cose+isinfsine
sinf cose —icosfsine l

Linear polariser at angle v, P(v)

Linear retarder of retardance 9
and fast-axis angle v, LR(d, )

—1isin 27 sin 3 cos 3 + 1icos 27y sin 3

cos?’y  cosysiny
cos 7y sin 7y sin? v .

cos — — icos 27y sin — —isin 2y sin =

l

) )
COS 5 ie ™27 sin
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Similarly, Jones matrices can be rewritten in their circular basis as

P]I‘Circ = ULTHHUCI- (226)

Using Equations 2.23 and 2.26, common Jones vectors and matrices can be written in the

circular basis, as summarised in Table 2.1.

2.4.2 Polarimetric interpretation of the circular-basis formalism

Generation of polarisation signal

Although mathematically equivalent, the circular-basis formalism of the Jones algebra carries
much physical insight into our polarimetry process. Consider a birefringent sample, acting as

a linear retarder described by the following Jones matrix:

)
cos — — icos 2 sin — —isin 27 sin = oS — —2y sm
LR(G,7) = | 2 TR LI 2
Y 5 5 5 .
—isin 2y sin 3 cos 3 + icos 2y sin 2], —ie* sin 3 COS —
2

It can be observed that the Jones matrix is much more compact in the circular basis. The
birefringent azimuth v only appears as complex phases in the off-diagonal terms, while the
retardance ¢ only affects the modulus of each term. In fact, Equation 2.27 can be decomposed

neatly as

5 g0 e
R(,7)eire = cos =1 —isin = ) (2.28)

where I denotes the identity matrix. The second term is purely anti-diagonal, and is a rotated
form of the Pauli-z matrix [74], representing the generation of a circular polarisation component

of the opposite handedness from the illumination. For example, upon left-handed circularly
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polarised illumination, the resulting Jones vector is

Ept 5y a0
= LR(0,7)|L) = cos =|L) —ie“7 sin —| R), (2.29)

[

where the second term can be interpreted as a right-handed polarisation signal generated from
sample birefringence, which superposes with the left-handed background in the first term. In
this picture, a decoupling happens between the two degrees of freedom of birefringence, when
the relative amplitude between the signal and the background depends only on the sample

retardance, whereas their relative phase depends only on the birefringent azimuth, i.e.,

[rout
§ = 2arctan | =2—| (2.30)
Ezut
1 Bt m
= - = - —. 2.31
ot 2arg<Egut> 1 (2.31)

In particular, in the imaging of weakly birefringent samples such as voxels, Equation 2.29 can
be approximated as
10 o
o) ~ |L) = ™| R), (2.32)

and the polarimetric measurement reduces to measuring the phase and amplitude of the or-
thogonal polarisation component, Efzut, relative to the left-handed circular background. This
draws a close resemblance to ZPC, where the sample phase ¢ is usually assumed to be small,
such that the output field is considered as the sum the background with a phase-shifted signal

whose amplitude is proportional to ¢, i.e.,

e ~ 1+ ig. (2.33)

Due to this analogy, which will become more relevant in Chapter 3 in discussions of PPC, we
shall call the co-polarised background the ‘surround (S) wave’ and the orthogonally polarised

signal the ‘diffracted (D) wave’ which is the commonly used terminology in ZPC [68, 69].
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Table 2.2: Sequence of decoupled quantities from sample birefringence to NLSP observables.

Stage Quantity 1 Quantity 2

Sample birefringence Birefringent retardance Birefringent azimuth
Circular polarisation components Relative amplitude Relative phase
Polarisation ellipse Ellipticity Major-axis orientation
NLSP measurement DoLP AoLP

Detection of polarisation signal

Similarly to the Jones matrix LR, there is also a decoupling in Jones vectors between the
polarisation azimuth and ellipticity in the circular basis. Consider a general polarisation state

of major-axis angle of § and ellipticity e, then

cosfcose+1isinfsine coS (e + %) g0
10,¢) = = . (2.34)

sinf cose —icosfsine COoS (e — %) elf

It is clear that, in the circular basis, polarisation azimuth and ellipticity corresponds respectively

to the relative amplitude and phases between the orthogonal circular components E, and Fp.

In addition, this sequence of decoupled quantities actually goes further, because the latitude of

the state |0, €) on the Poincaré sphere is 2¢, and therefore in the NLSP,

DoLP = cos 2¢, (2.35)

AoLP = 6. (2.36)

In summary, in cases when illumination is circular, there is a sequence of decoupled relation-
ships from sample birefringence to NLSP observables, through which retardance and azimuthal
information is decoupled, as summarised in Table 2.2. This offers a powerful tool for building
an imaging model in later sections of the thesis when specific polarisation microscopy setups

are considered.
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PolCam as a four-step phase shifting interferometer

The circular-basis analysis also provides another perspective to understand the action of Pol-
Cam in polarimetry. Recall that upon circularly polarised illumination, measuring birefringence
orientation is equivalent to measuring the phase of an orthogonally polarised signal from the
background, which turns it into a problem of quantitative phase imaging (QPI), an active area

of research itself [75].

Among various QPI methods, spatial light interference microscopy (SLIM) is particularly rele-
vant, due to its interferometric nature and phase-shifting technique [76]. It operates by spatially
separating the sample field (i.e. field whose phase is to be measured) from the reference field,
and introduces an extra phase shift in the infinity space (e.g. between an infinity-corrected
objective and the tube lens [77]). The amount of phase shift is usually controlled by either
a liquid-crystal retarder [76] or a spatial light modulator (SLM). For a phase shift of A, the

detected intensity would take the form [78]
In =1, + I, + 2B,E, cos (¢ + A) | (2.37)

where ¢ is the sample phase as before, and F,, E, I,, and I, are the amplitudes and intensities
of the reference and sample fields. By measuring the interference intensity at a set of different
phases, a quantitative phase map can be reconstructed. In particular, in the four-step SLIM

scheme [79], the phase retrieval algorithm becomes

1371'/2 - I7r/2

= t
¢ = arctan I 1

(2.38)

This closely resembles Equation 2.5 which described how AoLP is estimated from PolCam
measurements. In fact, their equivalence can be seen by considering the measured signal, I,

for each polarisation channel on PolCams as

I, = |<9p’E>|27 (2.39)
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where p denotes the polarisation channels, and the analysed field |E) in this case takes the
general form of [ER,EL61¢]CT. Note that Fr and E; are both defined real without loss of
generality. Thus, by substituting the expressions for linearly polarised states in Table 2.1, one

can compute that

Iy = |(H|E)| = % (EL + E} + 2ERE; cos ), (2.40)
Ligs — |(A[E)? = % B} + B} + 2BnBy cos (945 )] (2.41)
Ioo = (V| E)|* = % [E% + E} 4+ 2ERE; cos (¢ + )], (2.42)
Iis = |(D|E))* = % _Eg + E2 + 2ERFE; cos <¢ - 37”)} : (2.43)

By comparing Equations 2.40-2.43 with the expression for SLIM in Equation 2.37, one can

conclude that they are identical up to a factor of two.

In conclusion, when polarimetry is viewed as a form of QPI between orthogonal circularly
polarised components, PolCam can be considered as an alternative means of implementing
the four-step phase-shifting scheme. The two approaches are mathematically equivalent in
both their forward models and the reconstruction algorithms; the distinction is that PolCam
introduces the extra phase shift through polarisation modulation at the micro-polariser array

(MPA), whereas SLIM uses spatial separation in conjunction with active optics.

2.4.3 False-colour visualisation scheme

In addition, illumination in circular polarisation enables the use of some false-colour polarisation
maps to be interpreted intuitively. A polarisation-only (Pol-only) scheme, for example, can
be constructed in the hue-saturation-value (HSV) colour space, where the hue represents the
AoLP and the value represents the DoLLP, as shown in Figure 2.5(a). Upon circularly polarised
illumination, the background of any false-colour image in the Pol-only scheme would appear

dark, which helps to create a visual contrast.

In cases when the intensity image is relevant, one can also employ a false-colour scheme (Pol+1)
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(a) (b)
o/
’qoé,o

DolLP

>

DoLP
Figure 2.5: False-colour polarisation maps for PolCam measurements, constructed in the HSV colour
space. (a) A polarisation-only (Pol-only) scheme where hue corresponds to AoLP, saturation is set
to unity, and value corresponds to DoLP. (b) A combined false-colour scheme for polarisation and
intensity (Pol41), where hue represents AoLP, saturation corresponds to DoLP, and value corresponds
to intensity.

Table 2.3: Physical meanings of false-colour polarisation maps in the HSV colour space.

HSV channel Pol-only Pol+I

Hue AoLP AoLP
Saturation 1 DoLP
Value DoLP Intensity

that encodes intensity information (Sp) in the value channel while using the saturation channel
for DoLLP. This colour scheme would create a greyscale background in transmission microscopes,
and make any polarisation-neutral structure appear colourless. This particular colour scheme is
also used in fluorescence orientation imaging [50], where the intensity channel carries important

fluorescence information.

The two false-colour schemes will be used frequently in this thesis, and their HSV channel

assignments are summarised in Table 2.3 for quick reference.

2.5 PolCam images in the Fourier domain

In previous Sections 2.2-2.4, discussion focused on the polarisation characteristics of PolCams.
Nonetheless, as previously mentioned, one of the most significant drawbacks of PolCam po-

larimetry is its reduced spatial sampling, which is an intrinsic disadvantage of DoFP methods.
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For imaging fine structures, insufficient sampling due to large pitches of (super)pixels can lead
to aliasing and thus loss of information, which becomes particularly relevant in the context
of ODS. Therefore, the sampling problem has to be properly addressed when designing any

microscopy system.

2.5.1 Whittaker-Shannon theorem for 2D sampling

To start with, consider a two-dimensional signal g to be measured by a standard (i.e. non-

polarimetry) sensor. Due to the discrete sampling at the pixels, the measured signal becomes
gs(m,n) = W (m)L(n)g(m,n), (2.44)

where m and n represent the horizontal and vertical indices of pixels, and III denotes the Dirac

comb, defined as a ‘train’ of Dirac delta functions at integer positions:

I(m) = > _&(m —1i). (2.45)

1€EZ

In microscopy systems, the Fourier spectrum G of the signal is band-limited, confined in a
finite region which is usually dictated by the OTF or the coherent transfer function (CTF) of
the system, as illustrated in the first row of Figure 2.6. As a result, the Fourier transform of
the measurements is a powerful tool to determine if sampling is sufficient. It is possible to
show that [80], when a signal g(z,y) is sampled at integer positions representing the pixels, the

Fourier spectrum of the sampled signal can be expressed as

©,JEL

where ¢ and 7 are the spatial frequencies horizontally and vertically, and 7 and j represent any

integer.

To reconstruct the true signal from the sampled one, it is necessary to be able to infer G(&,n)
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from G4(&,n). Equation 2.46 suggests that such inference is only possible if G is limited within

the so-called Nyquist region of —% < &n < %, because ¢ and j take integer values. If the
true spectrum G is non-zero beyond this region, ambiguity would occur in the form of aliasing.
Conversely, if the OTF (and hence ) is confined in the Nyquist region, perfect reconstruction
of the true signal is possible. This is commonly referred to as the Whittaker-Shannon sampling
theorem [80, 81]. We also say the field is Nyquist-sampled when this happens, i.e. Wy < %,

where W is the radius of the spectral band.

The Whittaker-Shannon sampling theorem determines the range of spatial frequencies over
which alias-free reconstruction is possible, but practical sampled imaging systems can also ex-
hibit additional frequency-response effects associated with the sensor [82]. In particular, Equa-
tion 2.44 represents the sensor using Dirac combs and therefore implicitly assumes zero-width
detector pixels. Real sensors instead have pixels which are responsive to light over finite ar-
eas, which can be described by a pixel response function [83] and incorporated as an additional
modulation of the effective OTF. Consequently, although the Nyquist sampling condition deter-
mines the alias-free range, spatial frequencies within this range are not necessarily transferred
equally, but can be affected by both the OTF of the imaging system and the characteristics of

the sensor employed.

2.5.2 Spectral bands for PolCam images

For PolCam images, however, the discussion above would not be directly applicable, as G is
not band-limited in the same way due to the MPA. Nevertheless, a similar Fourier analysis is

indeed possible [84].

Suppose an intensity signal I(m,n) is sampled as

I,(m,n) = LI(m)I(n)I(m,n). (2.47)

Physically, the signal is only well-defined at integer values of m and n, because of the pixelisation
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Figure 2.6: Fourier spectra I (&,m) of images in the Nyquist region. The first row shows the cases for
standard (non-polarimetry) sensors, where the Fourier spectrum is only non-zero in a finite region
of radius Wy, which is dictated by the relevant transfer function of the system. The signal can only
be reconstructed unambiguously if the Sy band fits within the Nyquist region —% < &n< % The
second row shows that, for PolCam images, there are additional H bands corresponding to the Fourier
spectra of the Stokes images. Assuming they are also band-limited to a radius of W, unambiguous
reconstruction is only possible if they do not overlap with each other, i.e. Wy 4+ W; < %

of the MPA. The Miiller matrix of the MPA therefore becomes

Mp(0), if m and n are both even,

Mp (%) , if m is odd and n is even,
MMPA(m, n) = (248)

) , if m and n are both odd,

Mp (%) , if m is even and n is odd,

where Mp(y) denotes the Miiller matrix of a linear polariser whose transmission axis sits at an

orientation of ~.

To be able to perform a Fourier transform, however, the polarisation modulation has to be

modelled as a continuous function with respect to m and n, not just at integer values. To do
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that, one can make use of the useful property of

+1, k even,
cos(km) = (2.49)

1, k odd.

The choice of cosine also simplifies the algebra in the upcoming Fourier analysis. The Miiller

matrix can then be constructed as

Mypa (m,n) = [(1 + cosmm) (1 + cos nm) Mp(0)

)

(14 cosmm) (1 — cosnm) Mp(

N

1
4
+ (1 — cosmm) (1 + cosn) Mp(%”)
+
+

B
~—

], (2.50)

(1 — cosmm) (1 — cosnm) Mp(

which reduces to Equation 2.48 at integer values of m and n, again assuming the pixels to have

zero widths.

The Miiller matrix of a linear polariser, Mp(7y), can be written as

1 cos 2y sin 2y 0
1 | cos 2y cos? 2 cos2ysin2y 0
Me(y) = 5 (251)
sin2y cos2ysin2y  sin?2y 0
0 0 0 0
By substituting the expression, the full Miiller matrix for the MPA becomes
2 cosmm + Cos N cosmm —cosnm 0
1 |cosmm + cosnm 1+ cos[(m + n)7] 0 0
MMPA(TTL, n) = Z . (252)
COS MM — COS N 0 1 —cos[(m+n)r| 0
0 0 0 0

When the PolCam is measuring a field described by a general Stokes vector S(m,n), the
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field after the MPA is then MypaS(m,n), and the photodiode captures the intensity of the

propagated Stokes vector:

I(m,n) = Mwupa(m,n)S(m,n)|, (2.53)
= i [2S0 + cosmm (S; + Sa) + cosnm (S1 — Ss)] (2.54)

Given that the 2D Fourier transform F is defined as
F{fHu,v) = / _Z f(x,y) e 2+ o dy, (2.55)
the convolution theorem [85] takes the form of
FLf - g3 (u,0) = [F{f} * F{g}] (u, v), (2.56)

where *x denotes convolution. Therefore, the Fourier spectrum of the image can be written as

the following:

1(&m) =35(&.m)
2+% {5( ) <€——)] * [51(5777)+32(5777)}
w5 lo(neg) 4o (n-3)] « [Biten - Suteon) (257

Here, S;(€,n) is used to denote the Fourier spectrum of S;(&,71). As expected, there is no
dependence on S3. Due to discrete sampling, this Fourier spectrum is again ambiguous upon

any integer offset from £ and 7. As a result, §(§ + %) is equivalent to 0(£ — %), and the spectrum

I(¢,n) = %50(6,77) +}1 |:H1 (&— %n)} +411 [Hz (5,77— %)} : (2.58)

becomes



2.5. PolCam images in the Fourier domain 59

where

Hl (67 77) = gl (57 77) + S’Q (57 77) ) (259)

Hy (&) =S (&m) = S2 (&) (2.60)

As we will see in Section 3.3, in a microscopy system like the PPC, the Fourier spectra of the

Stokes parameters are indeed band-limited, and therefore so are H; and H,.

Mlustrations of such Fourier spectra of PolCam images are shown in the second row of Figure 2.6.
As a consequence of Equation 2.58, two sidebands of H; and H, arise beside the baseband So.
The sidebands are displaced to the edges of the Nyquist region, which can also be interpreted

as the result of the Fourier shift theorem.

Upon sufficient sampling, these bands are well separated from each other, allowing unmixing
of the Stokes spectra by S; = %(Hl + Hj) and Sy = %(Hl — Hy). Then the original signal
can be reconstructed due to the Whittaker-Shannon theorem. In contrast, when the bands are
large enough to overlap with each other, crosstalk between polarisation components occurs.
As a result, unmixing of the original Stokes spectra is not possible, and the field is therefore

under-sampled.

Compared with the spectrum of a standard sensor, that of a PolCam needs to fit more bands
in the same Nyquist region, suggesting that sufficient sampling is more difficult. Suppose Sy is
band-limited to £2 4+ 1> < W2 and those of Sy, Sy (and hence Hy and Hs) are band-limited to

Wj. Critical sampling is achieved when the bands just touch, i.e.,
1
Wo+ W, = 3 (2.61)

in contrast to the standard sensor case, where Nyquist sampling requires only Wy < % In
general, however, Wj is not necessarily equal to Wy. As a result, despite the halved spatial
sampling pitch per polarisation channel in a PolCam, the Nyquist requirement is not simply

doubled, as one might naively expect from the superpixel layout.
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Figure 2.7: A model of signal and noise for PolCam. Photons arriving at a pixel are first collected
through the micro-polariser and micro-lens before absorbed photons generate photo-electrons at the
photodiode. Together with thermal electrons from the dark current, these charges pass through the
analogue readout process, where read noise and a bias offset are introduced before analogue-to-digital
conversion into digital numbers (DNs). Quantities are given in pairs of means and standard deviations,
separated by commas, where applicable.

2.6 Noise model and characterisation

In addition to sampling capacity, it is also important to understand the noise capability of
PolCam, which is especially critical in the context of data storage. In this section, we shall

discuss a model of signal and noise, its experimental characterisation, and its limitations.

2.6.1 The linear model of PolCam

Figure 2.7 presents a simplified picture of understanding the process of signal and noise gener-
ation. Compared to standard sensors, PolCams feature an on-chip lens and micro-polariser for
each pixel. As a result, for a number of N, photons arriving at the pixel area, the actual number
reaching the photodiode should be adjusted. Therefore, we define the transmission ratio, ,,
as the fraction of photons travelling through the micro-polariser, which largely depends on the

input and analysis polarisation states, and the extinction ratio of the polariser.

A collection efficiency, 7., is also assigned to the process, to represent the fraction of photons
transmitted through the micro-polariser that are optically delivered to the active area of the

photodiode. This factor is determined mainly by the geometry of pixels and their optical
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coupling, including the fill factor, micro-lens focusing and alignment, angular acceptance, and
losses from photons reaching optically inactive regions [86], and is therefore related to the pixel
response function of the sensor [83]. It is therefore distinct from the quantum efficiency -, which

describes the subsequent probability of generating collected photo-electrons at the photodiode.

At the photodiode, absorbed photons generate photo-electrons at a ratio parametrised by the

quantum efficiency, v, such that the number of photo-electrons becomes

Ne = 77pYeNp. (2'62)

Photons, however, are not the only source of electrons, because dark current leads to the
generation of thermal electrons (whose mean number is denoted Ny). Both photo- and thermal
electrons then go through the readout process to be digitised into digital numbers (DNs), to be
sent to a computer. The process is dictated by a set of complex electronics, commonly including
charge-to-voltage conversion, analogue amplification, and analogue-to-digital conversion. For
the purpose of this simplified mathematical model, these stages are treated as a black box.
Read noise and the bias offset are introduced in the analogue readout chain before analogue-to-

digital conversion, but their effects are represented in the model as equivalent output quantities

in DNs.

Read noise comprises random fluctuations introduced during the readout process before digi-
tisation. In this model, it is represented after conversion as a random, zero-mean offset of n,,
with a standard deviation of o,, both expressed in DNs. The read noise can be assumed to be
an intrinsic characteristic of the sensor itself, independent of the optical flux or the exposure

time.

A problem arises when the analogue signal after read noise is very negative, which can occur
by random chance. In cases when this outweighs the contribution from the thermal and photo-
electrons, the digitised output would otherwise be clipped at zero. To prevent that from
happening, camera manufacturers typically introduce a bias voltage in the analogue readout

chain before digitisation.
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Conversion gain, g, in DNs per electron, is used to measure the overall ratio between the digital
output and the number of collected electrons, excluding the bias offset. In this model, the
corresponding offset after analogue-to-digital conversion is denoted by gy in DNs. As a result,

the mean grey value of a pixel can be modelled as

Y = 97 VelNp + gNa + Yo (2.63)

In a linear model, both the quantum efficiency v and the conversion gain g are assumed to be
constant, which usually works very well for most CMOS and CCD sensors. The model also

complies with the European Machine Vision Association (EMVA) 1288 Standard [87].

In this model, noise is introduced in three components. Firstly, there is the randomness of
the light itself, which is intrinsically a stochastic process. Specifically, at constant intensity,
the number of photo-electrons is governed by a homogeneous Poisson process [88], giving rise
to shot noise with a mean of N, and a standard deviation v/N.. Secondly, the statistics of
the thermal electrons can also be modelled as a Poisson process, parametrised by a mean of
Ny = Dt where D is the dark current rate and t is the exposure time. The standard deviation
of the thermal electrons is therefore o, = v/Dt. Thirdly, as previously discussed, the read
process introduces a zero-mean random offset n,, and we shall associate a standard deviation
of o, with it. Although read noise and bias are physically introduced in the analogue readout
chain before the analogue-to-digital conversion, their effects are represented here in equivalent

output units after conversion, so that n,, o,, yo, and y are all expressed in DNs.

In our linear model, by assuming that all sources of noise are independent of each other, the
total noise in the grey value, 05 in DN2, can be expressed as a sum of the variances, given as

below:

o2 =g (07 +03) + 07, (2.64)

= v,V N, + ¢* Dt + o2 (2.65)
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By substituting the expression of the signal in Equation 2.63, the noise can also be written as

oy =9y — yo) + 02, (2.66)

eliminating from the equation the explicit appearance of factors such as the quantum efficiency,

the rate of dark current, and the exposure time.

Equation 2.66 is particularly useful in characterising camera performance, because it enables
measurements of the conversion gain and the read noise by the so-called photon-transfer tech-
nique [89]. The technique requires a setup where the sensor is exposed upon illumination with
uniform intensity across the field-of-view (FoV) of the sensor, and works when series of images
are taken when the sensor is exposed to such flat fields of varying intensity. By computing the
mean and standard deviation of the measured grey values, Equation 2.66 can be used to fit to

a photon-transfer curve (PTC), that is the plot of o, against y [90].

This exact technique, however, can be difficult to realise for the PolCam, because the flat field
required for proper illumination would also require a perfectly pure polarisation state across
the whole FoV, which is difficult to implement. In addition, this illumination polarisation state
should also have no DoLLP, otherwise a false spatial nonuniformity would be measured because
7p becomes polarisation-channel-dependent. In reality, there is always going to be a spread of

polarisation states, making such setup infeasible.

By contrast, Diekmann et al. [91] presented a photon-free technique for camera characterisa-
tion, making use of the thermal electrons instead of the optical ones and therefore eliminating
the need of a flat field. Moreover, besides the simple setup it requires, the method provides
characterisation of a rich variety of sensor parameters, which will be discussed in greater detail

in the next section.
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2.6.2 Photon-free characterisation of PolCam

In a photon-free setup which Diekmann et al. presented [91], no illumination is required at
all—in fact it is critical to block any light from entering the camera. This removes any photo-

electrons from our model, such that

y = gDt + yo, (2.67)
o2 =g¢°Dt + o7, (2.68)
O'Z =gy + o2 — gyo. (2.69)

The photon-free model in Equation 2.67-2.69 describes three sets of linear relationships between
Y, 02 and t. Therefore, by taking many exposures of dark images at various exposure times, the
pixel mean and variance can be computed for every pixel. A linear regression can be carried
out for each of the three equations, and their slopes and offsets would yield estimates of various
aspects of the camera characteristics including the conversion gain, dark current rate, bias, and
read noise, as summarised in Table 2.4.

Table 2.4: Summary of the three linear regressions used for photon-free noise characterisation.

Egn Vertical axis Horizontal axis Slope Offset
2.67 Signal y (DN)  Exposure time t (s) gD (DN/s) Bias yo (DN)
2.68  Variance (DN?) Exposure time ¢ (s) ¢°D (DN?/s) Read noise o2 (DN?)

. . Conversion gain
2.69 Variance (DN?) Signal y (DN A o2 — DN?
( ) g Y ( ) q (DN/e ) r — 9% ( )

As for implementation, the camera in test is a FLIR Blackfly S BFS-U3-51S5P-C PolCam,
integrating a Sony IMX250MZR. PolarSens™ sensor. A dark field is easily realised by mounting

a thick metal cap to the camera via its C mount.

As for software, Diekmann et al. [91] developed the automated camera characterization via
electron noise tool (ACCeNT), for the acquisition and analysis of these dark images, based on
nManager [92] and Fiji [93] respectively. At the acquisition phase, however, ACCeNT stores
all raw images, whose average and variance are only calculated later in the analysis phase in

Fiji. This becomes very inefficient, especially in the context of noise characterisation when
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many exposures are needed for accurate estimate of y and 05. Instead, it is identified that,
for each exposure time, only a mean image and a variance image is required for the linear
regressions, and storing all raw images is unnecessary. Therefore, custom software was written
such that upon acquisition, only two images are kept for each level of exposure, the running
sum M; = ). [; and the running sum of squares My = > . [ 2. Note that the summing index
i represents images at the same exposure level, ranging from 1 up to a total of N. The mean

and variance images can then be calculated according to

Y= —, and 0oy =" — Y. (2.70)

Here, temporal averaging is used instead of spatial averaging to avoid the effect of pixel non-
uniformity, as we will discuss in Section 2.6.3. As a result, the estimation of y and o, is
pixel-wise. For an acquisition session involving 89 exposure levels each containing a thousand
dark images, the running-sum strategy reduces the need for disk space from 831.1 GB to 1.7 GB,

making it much more feasible to use a large N for more accurate estimates.

Care however needs to be taken for acquisition sessions with many exposures, because the
photon-free technique relies on the dark current which is very sensitive to any temperature
variation. A pre-run of more than 15 minutes is always needed to get the camera into its steady-
state temperature, before measurements become representative. Figure 2.8(a) demonstrates
how sensitive dark current can be to temperature, as a dual-axis plot of spatial mean (blue)
and temperature (orange) against frame index ¢. It is evident that even changes as small as 2 °C
have a significant impact on the measured grey values. It is therefore important to interleave
frames of different exposure times. In contrast to ACCeNT where all images of the same
exposure time are acquired consecutively, our technique acquires them in repeated cycles, each
containing one image at each exposure time. This scheme of interleaved acquisition minimises

any difference in average temperature for frames with different exposure times.

Custom software was written in Python, making use of the simple_pyspin package [94], a
wrapper around FLIR’s PySpin, which in turn interfaces with the Spinnaker SDK which pro-

vides APIs for camera control. Computation of the mean and variance maps, and the pixel-wise
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Figure 2.8: Results of photon-free characterisation of a FLIR Blackfly S PolCam. (a) A plot of frame
means and temperature in an acquisition session (pre-run not included). (b-d) Linear regressions
between temporally averaged pixel grey value y, its temporal variance O'Z, and the exposure time
t. (e) The photon-transfer curve (PTC) as a plot of pixel standard deviation against its baseline-
adjusted value, converging to a read-noise limit of o, as y — yo — 0. (f) The fitted PTC in a log-log
plot, extrapolated to the digital saturation of y = ymax. Besides the read-noise limit, an asymptote
of the shot-noise-dominated regime is drawn in green. The intersection between the two asymptotes
marks the read-/shot noise crossover, y.. The intersection between the PTC and a line of y —yg = oy
marks the absolute sensitivity threshold (AST) where the SNR is unity.
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linear regressions, were also implemented in Python.

Figure 2.8(b-d) shows the regression results according to Equations 2.67-2.69. Each data point
represents the result of a temporal average of 1,000 frames of the same exposure time. Spatially
across the FoV, the data point itself represents the median, to minimise any bias due to defect

pixels, and the interquartile ranges (IQRs) are also shown in shaded colours where appropriate.

From the figures, it is evident that a linear model works well in the range from 10 ms to 890 ms
used in the test, in spite of large IQRs which are implying large pixel non-uniformities. When
the standard deviation o, is plotted against the baseline-subtracted grey value y — o, as shown
in Figure 2.8(e), a fit (drawn in black) can be carried out using Equation 2.66. If extrapolated
to the maximum digital value (ymax) of 65,535, as illustrated in Figure 2.8(f), the fit becomes
an estimated PTC for the PolCam. The PTC features two asymptotic behaviours: at small
signal y —yo — 0, read noise dominates over shot noise, such that o, approaches a flat baseline.
In contrast, at y > 0, the pixel falls in a shot-noise-dominated regime where the read noise is
negligible, compared to the sum of Poisson noise from photo- and thermal electrons. As the
sum of two Poisson processes is another Poisson process, there is no need to distinguish between

them, and the PTC becomes

1 1
logoy, ~ 5 log(y — o) + 59, (2.71)

which is a straight-line asymptote with a gradient of 0.5 in a log-log plot. The cross-over between
read- and shot-noise-dominated regimes, y., can be defined where the two contributions equal,
i.e. g(y — yo) = 02, yielding

Yo = % + Y- (2.72)

Using the estimated parameters, it is possible to compute some higher-level metrics. The

signal-to-noise ratio (SNR) of a single pixel can be defined as

SNR = L= (2.73)

Oy
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which takes its maximum when the grey value is saturated, i.e. ¥ = ymax = 2'® —1. The number
of electrons needed for such saturation defines the full-well capacity (FWC)!
— Yo

FW(C — Ymax — Y0
g

(2.74)
On the other hand, the sensitivity of the pixel is parametrised by the absolute sensitivity
threshold (AST), defined by the minimum number of electrons to overpower the read noise.
Mathematically, it is defined where SNR is 1, which in our linear model becomes

1+ /1+ 402/
AT = LEVIFdo/g (2.75)

2

Alternatively, in DN, the AST is adjusted by the conversion gain and the offset and is given by

yasT = g - AST + 1, (2.76)

g++/g*+4o?
= 5 + 9o (2.77)

As shown in Figure 2.8(f), the AST lies at the intersection of the PTC and y — yy = 0,,. Note

it is in general different from the read-/shot-noise crossover, y..

Finally, the dynamic range (DR) can be defined as the ratio

_ FWC

DR = ——.
R AST

(2.78)

The measured quantities are summarised and compared with the specifications [95] in Table 2.5.
It can be seen that, in entries where the quantity is both measured in our photon-free char-
acterisation and provided by the specification, they agree very well, especially for the inverse
conversion gain ¢~! and the read noise o,. The measurements appear slightly worse in terms of

SNRax, the FWC, the AST and the DR, which can be attributed to a slightly larger conversion

!Some literature (e.g. [87]) distinguishes FWC from saturation capacity because the ‘well’ may not be
saturated by electrons when the analogue-to-digital converter (ADC) is saturated, but the distinction is not
necessary in our approach of considering the readout process as a black box.
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Table 2.5: Summary of measured quantities from the photon-free characterisation of a FLIR Blackfly
S PolCam, compared to specifications provided by FLIR by the EMVA 1288 Standard [87].

Quantity Measurements Specification[95]
Pixel size (pm) = 3.45
Quantum efficiency v (%) = 25
Conversion gain g (DN/e™) 5.822 —
Inverse conversion gain g~ (e~ /DN) 0.17 0.18
Read noise o, (DN) 13.58 13.59
Dark current D (e” /s) 3.47 -
Bias yo (DN) 653 -
Read- /shot-noise crossover y. (DN) 685 —
Max signal-to-noise ratio! SNR., (dB) 40.47 40.55
Full-well capacity FWC (e7) 11145 11359
Absolute sensitivity threshold AST (e™) 2.89 2.92
Dynamic range' DR (dB) 71.74 71.81

gain. Taking into account the large IQRs in the linear regressions, however, the differences can

also be a result of pixel non-uniformities.

2.6.3 Pixel variations and correction

In previous sections, variations from pixel to pixel were mostly neglected. In reality, however,
there are such non-uniformities, caused by an inter-pixel difference in any parameter in our
model, such as the dark current rate D, the quantum efficiency v, and the conversion gain
g. Such non-uniformities give rise of a spatial variance of pixel values, similar to how various
sources of noise discussed above introduce a temporal variance. Therefore, the effect of such
non-uniformities is usually called the fixed pattern noise (FPN) [96, 97]. Statistically, the FPN
introduces variations in both the means and variances of the pixel values. By estimating the
expected offset it introduces to each pixel, the means can be effectively corrected for, although

the variance remains due to the intrinsic stochastic nature of noise-generating processes.

In our photon-free characterisation, one particular type of non-uniformity is encountered,
namely the dark signal non-uniformity (DSNU). As its name suggests, it is the non-uniformity

of signals when no optical flux is present. The DSNU can be clearly seen when plotting a

!The decibel (dB) is defined as 20log;,(a/b) for SNR and DR.
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Figure 2.9: Histograms of dark images from a PolCam due to the DSNU. (a) A histogram of the
mean pixel values from 1,000 dark images at an exposure time of 890ms. (b) A histogram of dark
current rate D of each pixel in the PolCam, estimated from a photon-free characterisation session of 89
different exposure levels each containing 1,000 images, the same session as discussed in Section 2.6.2.
In both cases, the distributions are very positively skewed.

histogram of pixel values y of a dark image, as shown in Figure 2.9(a). As the histogram was
produced by averaging 1,000 dark images of the same exposure time, its spread comes mostly
from spatial non-uniformities. Another way of seeing the DSNU is to plot a histogram of the
estimated dark current rate D, as seen in Figure 2.9(b), enabled by pixel-wise linear regressions

in the photon-free characterisation illustrated in the previous section.

In both histograms, the distributions are strongly positively skewed, with a long tail spreading
over an order of magnitude. The actual mechanism causing the skew is hardware-dependent
and is out of the scope of this thesis, but it is evident that the DSNU contributes to an offset
in the mean pixel values in a dark image, which can be corrected for by a simple subtraction,
ie.,

Y =Y - Y, (2.79)

where Y represents the image in an actual measurement, and Y’ denotes the corrected image,
while Yy is a temporally averaged dark image of the same exposure time. This subtraction
removes the mean dark signal of each pixel, although it does not remove its variance, since the
number of thermally generated electrons still fluctuates according to the underlying Poisson
statistics. This correction becomes particularly important in the read-noise-limited regime,

when the signal level is low and any uncorrected offset impacts the apparent SNR significantly.
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Another effect of the spatial non-uniformity is the photo-response non-uniformity (PRNU),
which accounts for the spatial variance measured when the sensor is illuminated by a flat field.
The PRNU can also be affected by the conversion gain like the DSNU, but is mainly due
to variations in the quantum efficiency, v. For a PolCam, the PRNU can also be attributed
to variations in the MPA and the micro-lens array, parametrised by 7, and <., assuming a

polarisation-accurate flat-field.

In contrast to the additive nature of the DSNU, the PRNU acts multiplicatively with respect to
the signal, as both the quantum efficiency and the conversion gain are multiplicative. Therefore,
it becomes very important to correct for the PRNU at high signal levels, because the FPN offset
scales linearly with the grey value y — yo, instead of its square root. Actually, in some photon
transfer theories when spatial variance is also taken into account [98], there is an FPN regime
that overtakes the shot-noise-limited-regime when the signal is near its saturation, featuring a

linear asymptote with a gradient of one!.

Nevertheless, thanks to its multiplicative nature, the PRNU can be effectively corrected for
with the aid of a flat field image B, at the same intensity and exposure settings to the image Y.
The corrected image can simply be computed by Y’ = Y/B. By convention, to avoid massive
changes to the average signal level, a normalisation factor is added such that Y’ =Y - (B)/B,

where (---) denotes the spatial average across an image.

As a result, by combining the corrections for the DSNU and the PRNU, an overall correction
to pixel non-uniformities can be realised by

Yy — <B_Yb>

TYO-(Y—YO)zG(Y—Yo), (2.80)

where the flat-field gain, GG, is defined as the dimensionless quantity:

(B —Y0)

G=——7".
B—-Yy

(2.81)

The correction defined by Equation 2.80 is called a flat-field correction (FFC) [99]. Nonetheless,

IFor an example of the so-called ‘classical’ PTC, the reader can refer to Figure 5.4 of Janesick [98].
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as previously discussed, it is practically challenging to implement a polarisation-accurate flat
field that does not contaminate the polariser transmission ratio v,. Moreover, the photon-free
method is fundamentally incompatible with the PRNU. Therefore, instead of a flat field, B
for PolCam is defined as a bright-field reference that is not necessarily flat or linearly unpo-
larised. Instead, it is the image from the same optical setup in the same illumination scheme,
polarisation setup, and camera settings, only with the object removed. The correction can
then no longer be called a FFC due to the dropped flat-field assumption. Alternatively, we
shall refer to it as the polarisation-field correction (PFC), and the gain image G becomes the

polarisation-field gain.

In contrast to the FFC, the PFC is no longer specific to correcting for the FPN of the sensor. In-
stead, it depends greatly on the illumination setup as well. A potential intensity gradient across
the FoV, for example, would be compensated by a spatially varying gain image GG. A polarisa-
tion offset of the illumination can also be corrected for, because the measured polarisation-field

gain would have a different mean for each polarisation channel.

An example of a PFC calibration is shown in Figure 2.10, with a PPC system, averaged from
100 bright-field and 100 dark-field images, all with the same exposure time of 50 ms. Although
the PPC is designed for the left-handed circular polarisation, in reality there is a polarisation
offset, which is clearly reflected by the multiple peaks in the histogram of the polarisation-field
gain G in Figure 2.10(a). With a standard deviation of 6.43%, G compensates for any variations
in the polariser transmission ratio 7y,, the photon collection efficiency +,., the quantum efficiency

v, and the conversion gain g from one pixel to another.

The histogram of the dark image Yy is shown in Figure 2.10(b). Compared with Figure 2.9(a)
where the exposure time is 890 ms, the pixel values in this plot are much closer to the global
bias yo which was estimated as 653 DN in Table 2.5, because of the much reduced number of
thermal electrons. There are, however, still a few significant outliers signalling the existence
of hot pixels. During an imaging session, the defect pixels can be visually identified thanks
to the real-time polarisation image processing implemented in my MRes project [41]. Ideally,

important features (e.g. data sectors) should be placed in the FoV in a way to avoid these defect
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Figure 2.10: Pixel histograms from a PFC calibration, with the PPC system in (near-)circular illumi-
nation at an exposure time of 50 ms. Both bright-field and dark-field images are averaged from 100
frames. (a) Polarisation-field gain G showing a multiple-peak structure due to a polarisation offset in
illumination. (b) Pixel values of the dark image Yj. Outliers correspond to hot pixels due to sensor
defect.

pixels as much as possible.

It should also be noted that, in theory, the bright-field and dark-field images can be simulated
using Equation 2.63 in the linear signal model, eliminating the need to measure them whenever
there is a change in the illumination setup, or the exposure time. For ideal performance,
however, direct measurements are still preferred whenever possible, to account for potential

nonlinearity and temperature variations.

2.7 Towards an ideal system for weak birefringence

With the noise performance of PolCams characterised, it is then important to understand how
it impacts polarimetric measurements, and what an ideal system would be to image weakly

birefringent features like voxels.

As established in Section 2.6, with the FPN offset corrected for by PFC, a pixel is read-
noise limited at a low intensity, and shot-noise limited at a high signal level y > y.. In the
context of voxel imaging, there is no need to consider photobleaching or phototoxicity, so it is
always preferable to have a higher level of exposure, up to the pixel saturation. For standard

sensors, this would imply employing a brighter source or setting a longer integration time such
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that ¥ = Ymax, and the pixels would always be shot-noise limited. For PolCams, however,
the saturation of superpixels only implies the best-aligned polarisation channel is saturated,
and the orthogonal channel can have a much lower signal, depending on the DoLP. To see
this, consider horizontally linearly polarised light being analysed by a PolCam. Adjustment of

exposure would ensure I to be saturated, while Iy = 0 is clearly dominated by the read noise.

To assess the potential impact of this problem, we shall consider a worst-case scenario, when
the AoLP aligns perfectly with a polarisation channel, and therefore the orthogonal channel has
a minimum polariser transmission at the same time. Calculation from Stokes-Miiller algebra

yields the corresponding intensities /) and I, can be expressed as the following:

1+ DoLLP

Iy = =5, (2.82)
1 — DoLP

I = TOSO. (2.83)

An apparent extinction ratio ER can be defined as their ratio, I;/1,. Assuming the co-polarised

channel is filled to digital saturation, the perpendicular channel becomes read-noise limited

when
1+ DoLl.P Ymax — Yo
ER = > 2.84
1 — DoLP Yo — Yo (2:84)
which is solved to be
DoLp > — Ymax — e (2.85)

Ymax + Ye — 290
Using the results estimated from the photon-free characterisation, the inequality is evaluated
to be DoLP > 0.9990, or 1 — DoLP < 9.755 x 10~*. It becomes clear that the read-noise
dominated regime in the NLSP is so limited that it becomes negligible. In realistic situations,
all pixels on the PolCam can be considered to be shot-noise limited, which gives us a reduced

noise model of

o(I) = \/g1,. (2.86)

Similar considerations were analysed by Foreman and Térok [100], when the Cramér-—Rao lower

bound (CRLB) for AoLP estimation was derived, based on a general stochastic framework for
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polarimetry [20]. It was discussed that, in the presence of a non-zero intensity background, shot
noise from the background can dominate over the intensity variation due to the AoLP. It is espe-
cially significant for polarisation channels oriented nearly perpendicularly, where Malus’ law [69]
yields a small 0I /OAoLP, leading to ‘informational dips’ in the Fisher information [100]. Al-
though their polarimeters and assumptions differ (e.g. Sy to be known a priori), the mechanism
mirrors our discussion: in our case, the orthogonal channel intensity I, acts as a background

term, whose shot noise can exceed read noise and the AoLP-driven intensity change.

We now consider how noise is propagated to estimation of the Stokes parameters. A first-order

treatment propagates the uncertainty as per

o (S) - (g}s;f)gﬂ(fj), (2.87)

J

as the intensities at different polarisation channels are independent. By substituting Equa-

tions 2.1-2.3, the uncertainties of the normalised Stokes parameters can be estimated as

o <51) - \ S% ( . S;) (2.88)
o <52) - \ Sio ( . S;) (2.89)

For the normalised vector s projected in the NLSP, its uncertainty can be measured by defining

a root-mean-square (RMS) spread as

o (8) = \/% 02 (81) +02(%)] = \/S% (1 - iDoLP2>. (2.90)

From Equation 2.90, it is evident that for the same level of intensity Sy, the more linearly
polarised the light, the less overall shot noise is propagated to the estimation of the measured
Stokes vector in the NLSP. At large DoLLP, the noise performance is improved, which is expected

because there is more discrimination between polarisation channels. The situation also draws
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direct analogy to the nulling technique in polarimetry and ellipsometry [101, 102], when a sharp

extinction improves the accuracy by making the optical noise less relevant.

The key assumption of treating Sy as a constant that is independent of the DoLLP is in many
cases valid. For example, in PPC, as discussed in Feng [41], phase features from the sample
is turned into intensity signals at the camera, which usually decides the exposure settings.
This is because the phase features usually introduce larger intensity variations, compared to
the relatively minor intensity difference across polarisation channels due to the polarisation.
Nonetheless, in cases when Sy is uniform across the FoV, Sy may be adjusted such that the
co-polarised channel is saturated, i.e. I = ymax — yo. Using Equation 2.82 for an expression of

I, the optimal setting of Sy would then depend on the DoLP:

2

50 = 1T DoLp

(Ymax — Yo) - (2.91)

Recall that the FWC is defined as (ymax — ¥0)/g, so the RMS spread becomes

1 1 1
o(8) = \/ SEWE (1 + DoLP — ZDoLP2 — ZDoLP“"’). (2.92)

In this case, besides the DoLLP, the noise performance only depends on the FWC limited by the
sensor. The overall uncertainty is no longer monotonically decreasing in the range DoLP € [0, 1],

due to the reduced Sy needed to avoid over-saturating the co-polarised channel.

It is still usually beneficial, however, to measure states of large DoLP, because the ‘signal’ also
improves in the context of a signal-to-noise analysis. The specific definition of the SNR would
depend on the specific task, but a meaningful signal is usually the distance from the measured
polarisation state to the origin on the NLSP, or the distance between polarisation states of
different AoLP for different symbols of voxels, both of which scale linearly with the DoLP. As

a result, the SNR scales with

DoLP
\/1+ DoLP — 1DoLP? — 1DoLP?

(2.93)
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which is strictly increasing in [0, 1].

In Section 2.4, it was learnt that the Jones vector propagated through a weakly birefringent

voxel illuminated in left-handed circular polarisation can be written as

| Eout) ~ 5 , (2.94)

) C
expressed in the circular basis. For an optimal SNR performance, the detected polarisation
state at the PolCam should be as close to linearly polarised as possible, requiring ENE‘“ ~ E%ut.
Therefore, an ideal microscope system should be able to modulate the amplitude of the left-
handed S wave by a further factor of g. Such a polarisation modulation would amplify the
DoLP signal on the NLSP to be better detected by the PolCam, leading to the design of the

PPC and the diattenuative module in upcoming chapters.

2.8 Conclusions

This chapter has focused on PolCams: how they work, what they provide, and what an ideal
microscopy system would need to fully utilise them. Section 2.1 started by presenting them
as a way to realise DoFP polarimetry, among many other means of multiplexing polarisation
information. The section explained the hardware structure of the PolarSens™ sensor and the
arrangement of polarisation channels. In the following analysis, it was shown that three out
of the four Stokes parameters can be computed from a PolCam image, restricting polarimetric
measurements to a projection of the Stokes vector in the NLSP plane, parametrised by the DoLLP
and the AoLP. Information about the circular component is not obtainable—it cannot even be
inferred due to coherence effects. This was shown with an example of mixing of polarisation

states, which will become more relevant in the context of voxel imaging.

To design a microscope system optimised for imaging weak, linear birefringence, illumination
with a circularly polarised state was shown to be preferable. With the aid of Jones calculus in

the circular basis, it was shown that an orthogonally circularly polarised component emerges
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from linear birefringence. Its amplitude and phase relative to the background correspond to not
only the retardance and azimuth of sample birefringence, but also the DoLLP and the AoLP that
can be measured by a PolCam. In addition, the use of circularly polarised illumination enables
interpretation of any DoLP as a polarisation signal, with intuitive false-colour visualisation

schemes.

In order to address the fundamental drawback of reduced spatial sampling in DoFP techniques,
it is crucial to understand how the superpixel structure of PolCams impacts the ability of
resolving high-frequency details of a field. The Fourier spectrum of a PolCam image was shown
to be divided into multiple bands corresponding to different Stokes parameters. The criterion
for sufficient sampling was shown to avoid any crosstalk between these bands, which needs to

be considered when designing the microscope.

Furthermore, the noise performance of PolCams was modelled and characterised. As the read-
noise-limited regime is very limited and any FPN offset can be effectively removed by a PFC
process, the main source of noise was identified to be the shot noise, which is in turn limited
by the FWC of the PolCam. From a signal-to-noise perspective, it turns out PolCams favours
polarisation states close to linear, which motivates an amplitude modulation (i.e. attenuation)

of the S wave in the design of such systems.



Chapter 3

Polarisation-sensitive phase contrast

(PPC) microscopy

In the MRes project [41], we developed the polarisation-sensitive phase contrast (PPC) tech-
nique. Based on Zernike’s phase contrast (ZPC) [68], PPC employs polarisation control and
the use of polarisation cameras (PolCams), for simultaneous capture of phase and birefringence
information in the sample. In particular, the spatial filtering introduced by the ZPC setup is
beneficial for imaging features of weak birefringence, like the voxels. In this chapter, we shall
briefly review the working principle of PPC, including its optical setup, and an analytical model

of its imaging process.

3.1 Zernike’s phase contrast

The key concept of ZPC lies in the field modulation introduced by a matching pair of the
condenser annulus and the objective phase ring. As illustrated in Figure 3.1, the condenser
aperture takes the shape of a thin annulus, which is projected onto the phase ring of the
objective pupil sitting in its conjugate plane. Without scattering at the specimen, all light
propagates through the phase ring, where field is modulated in both amplitude and phase. In

contrast, in a thin-annulus limit, any light scattered at the specimen would propagate with

79
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Figure 3.1: Schematic of the ZPC microscopy, which features a condenser annular aperture and
matching phase ring in the objective pupil plane. At the phase ring, the S wave is modulated by a
quarter wave in phase and attenuated in amplitude. PPC employs this setup with extra polarisation
controls.

a shifted wave vector, such that it would not be modulated by the phase ring. In ZPC, the
former component of the field is called the surround (S) wave, while the latter named as the
diffracted (D) wave. The final field (namely, the particle, P, wave) perceived at the detector is

a coherent superposition between the two, which is sometimes described as P = S + D.

The spatial filtering scheme enables label-free imaging of phase objects, especially in the weak

phase approximation of

e~ 1+i¢, (3.1)

where ¢ is the object phase. In this picture, the field propagated through the specimen can
be interpreted as the sum of an unmodulated constant term corresponding to the S wave,
and a phase-shifted perturbation whose amplitude is proportional to the amount of phase,

corresponding to the D wave.

In the negative phase contrast setup [69], the S wave is not only attenuated for a better contrast,
but also delayed by a quarter-wave compared to the D wave, so that the S and P waves are in
phase to be interfered constructively. The phase ring transmission coefficient can be written as

tpei“/ 2. where t,, is a real-valued amplitude transmission coefficient. Additionally, it is assumed
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that the entire S wave passes through the phase ring while no D wave does. This approximation
is useful for algebraic simplicity, but is only true in the thin-annulus limit, where the condenser
annulus, and therefore the phase ring, has infinitesimal width. The P wave thus becomes

i(t, + ¢), encoding phase information in its amplitude.

One can also see how contrast is enhanced by the attenuation of the amplitude. Contrast is

usually defined as
Iobj - Isur

C= ,
[obj + Isur

(3.2)

where I,; and I, denote the intensity of the object and its surroundings, respectively. In the
context of ZPC, I,p; can be identified as proportional to |P ]2, while I, is proportional to |S|°.

The contrast C can then be evaluated as

(tp + @b)? - t;%

C= —2,
(tp+¢) +tp

(3.3)

which is strictly decreasing with respect to ¢, for any ¢ > 0.

In conclusion, we summarise ZPC as a technique that splits the S and D waves by annular
illumination, and selectively modulating the S wave at the objective phase ring. The phase
modulation brings the S wave in phase with the D wave such that the interference is construc-
tive, and the amplitude modulation attenuates the S wave such that the contrast is enhanced.
One can refer to Feng [41] for more detailed discussions on the ZPC, while we shall now move

on to how these concepts translate in the PPC setup.

3.2 Polarisation control of PPC

3.2.1 Objects of birefringence only

PPC also employs the basic setup of ZPC in Figure 3.1. Additionally, a PolCam is used
instead of a conventional camera as the detector, and the source is controlled to be circularly

polarised, as reasoned in Chapter 2. Assuming the object to be birefringent only with a small
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retardance, recall Equation 2.32 that the polarisation state |F,,;) after the sample upon left-
handed circularly polarised illumination is

4,

|Eout> - LR(607’YO>|L> ~ ‘L> 2

e?°|R), (3.4)

where d, represents the birefringent retardance of the object, and -, represents its fast-axis

orientation.

It can be observed that the equation is in close analogy to Equation 3.1 for ZPC, in the form of
the original field being perturbed by a field proportional to a signal of interest (phase for ZPC

and retardance for PPC). By comparing them, one can identify the S and D wave components

as
1S) = |L), (3.5)
D) = e, (3.
and
1
P)y=1S)+ID)=1| & _ |- (3.7)
_ 0 2y,
2 c

Using the relations between the normalised linear Stokes plane (NLSP) observables and circular-
basis Jones vectors in Equation 2.34-2.36, it can be shown that the degree of linear polarisation

(DoLP) and the angle of linear polarisation (AoLP) of the P wave can be expressed as below:

d

DoLP = — 2% ~34,
¢ 1 o240

(3.8)

AoLP =, — /4. (3.9)

Note a small retardance approximation has been assumed, i.e. d, < 1.

By employing a phase-contrast objective, the PPC setup modulates the S wave by t¢,e™/?2
corresponding to an amplitude attenuation by ¢, and a global phase shift of /2 applied to the

S wave, just as in ZPC. As in the previous analysis for ZPC, the thin-annulus approximation

is retained, so that no D wave is modulated by the phase ring. As a result, the P wave after
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phase ring modulation, |P’), becomes

it
|P") = 5 , (3.10)
__062170
2 ¢

and the NLSP observables become

DoLP = — % _ <511 (3.11)
C2oz/a s ‘

AoLP =, — /2, (3.12)

where the approximation holds for §, < t,. Ideally, the DoLP signal is maximised to 1 if the
phase ring transmission can be matched to half of the voxel retardance, i.e. t, = d,/2. The
P wave would then become linearly polarised, which is making the best use of the NLSP. In
practice, however, the phase ring transmission is dictated by the phase-contrast objective that
is available to use. For the objective used in this project (Olympus LUCPLFLN 40x/0.60 Ph2),
the amplitude transmission ¢, was measured as 0.39. In contrast, type-X-modified birefringent
voxels are estimated with a retardance 6, on the order of 107 rad [38], enabling the small

retardance approximation of 9§, < t,.

Comparing the PPC-modulated observables (Equation 3.11-3.12) with the unmodulated case
(Equation 3.8-3.9), it can be seen that the DoLP is amplified by approximately 1/t,, as illus-
trated in Figure 3.2. As discussed in the previous chapter, the improved DoL.P is very beneficial

for the signal-to-noise ratio (SNR) performance for symbol discrimination.

As it can be seen in Figure 3.2, the AoLP is also modulated, by a further 7/4 from the
unmodulated case. This is due to the phase modulation of the S wave in the phase ring.
For voxel classification, it only adds a systematic offset and therefore plays no role in the

performance of symbol discrimination.
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Figure 3.2: Schematic of polarisation modulation introduced by the PPC. Compared with the un-
modulated case (green), PPC (shown in orange) modulates the polarisation state of the P wave such
that its DoLP signal is improved by 1/t, for weakly birefringent voxels, thanks to the amplitude at-
tenuation of the S wave. The PPC also introduces an azimuthal offset by —7/2 on the NLSP, due to
the phase modulation at the phase ring.

3.2.2 Birefringent objects with a residual phase

The analysis so far has been assuming objects with linear birefringence only, described by
the Jones matrix LR(d,,7,). In reality, however, birefringent objects usually associate with a
residual phase, due to the objects being made of some different material from the media. For
example, laser-induced birefringent voxels carry a different amount of phase compared to the

unmodified region of the glass [31].

For a thin object, the residual phase ¢, accumulated through a distance d can be modelled [103]

as

¢o = (no —5 fle — nm) d, (313)

where n,, n., and n,, represent the refractive indices of the ordinary and extraordinary axes of

the birefringent object, and that of the medium.

In cases when ¢, is non-zero, the object introduces a global phase, i.e. €°ILR(d,,7,). Usually, as
the global phase does not affect the polarisation state, it plays no role in the image formation
process. Nevertheless, due to ZPC (and therefore PPC) being phase-sensitive, the residual

phase can no longer be neglected. Instead, the field E,,; before phase ring modulation can be



3.2. Polarisation control of PPC 85

expressed as the following:

| Eout) = € LLR (60, 7)| L), (3.14)
~ |L) +ig,|L) — %"62”0|R>, (3.15)
= |S) +|Dr) + |Dg). (3.16)

Note now there are two parts of the D wave—a left-handed component | D) proportional to the
residual phase, and a right-handed component |Dg) proportional to the birefringence. Such
a separation between the phase and birefringence information shows again the advantage of

carrying out the polarisation analysis in the circular basis.

Upon the phase ring, any S wave is modulated, resulting in a modulated P wave of

|P"y =1it,|S) + | D) + | Dr), (3.17)
i(tp + o)
- _@621’70 . (318)
2 c

Compared with Equation 3.10, the new expression retains the same relative phase between the
left- and right-handed circular components, so the AoLP measurement is not affected by the

residual phase. The DoLP, however, is affected, according to

(tp + ¢0) 50 ~ 50
(tp + o) +02/4  tp+ o

DoLP = (3.19)

Compared with the birefringence-only case described in Equation 3.11, it can be seen that the
expression above differs by a substitution of ¢, into t, + ¢,, effectively making the phase ring

attenuation weaker. As a result, the measured DoLP is also weaker.
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3.2.3 The paraxial approximation

It should be noted that the polarisation analysis above has been making an implicit paraxial
approximation, by employing a 2D treatment of the Jones algebra. As the numerical aperture
(NA) of the system increases, focusing of the field can introduce a significant z-component,
especially for systems with an annular aperture [104]. As focusing changes the wave vector
k, the electric field also changes its direction to remain orthogonal to the wave vector. High-
NA treatments like the Debye-Wolf diffraction integral [105] would need to be applied, in

combination with the Jones calculus generalised into 3D [72].

According to Sheppard and Matthews [106], the low-NA treatment breaks down when NA >
1/\/§ ~ 0.71. In this project, the PPC system is implemented with an Olympus LUCPLFLN
40x objective with an NA of 0.60. On the illumination side, the NA is even lower, such that the
annular aperture matches the phase ring in the objective. For the Ph2 setting, a well-aligned
condenser illuminates with a NA estimated to be 0.30, found by imaging the objective pupil
through a Bertrand lens. Therefore, the low-NA treatment for the PPC system is deemed

appropriate, though a potential extension into higher NA exists.

3.3 Imaging model of PPC upon spatially incoherent il-

lumination

Besides the polarisation analysis presented above, it is important to understand how PPC
behaves in the spatial and Fourier domains. It is well known that microscopy systems are
band-limited in the Fourier space [77], through the coherent transfer function (CTF) or the
optical transfer function (OTF) in the coherent and incoherent regimes respectively. Beyond
the transfer functions, information at higher spatial frequencies is irreversibly lost, resulting in
a finite optical resolution of the system, usually characterised by the impulse response of the
system to a point object, i.e. the point-spread function (PSF). This sets an extra constraint to

the ability of the system resolving closely-spaced birefringent voxels or any fine details of bio-
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logical specimen, in addition to the detection resolution discussed in Section 2.5. Nevertheless,
it requires careful attention to employ the traditional imaging theories to the PPC, not only
due to the multidimensional nature of polarimetric detection, but also because of the annular

aperture and phase-ring modulations.

For transmission-light illuminated setups like PPC, the sample is usually illuminated with
sources with a low degree of spatial coherence, such as halogen lamps and light-emitting diodes
(LEDs). Nevertheless, a purely incoherent treatment of the imaging process is deemed insuffi-
cient. Using theories of partial coherence, DeVelis and Parrent [107] have shown that an optical
system with multiple lenses cannot be described by cascading the OTF's of each individual lens,
even if the illumination is perfectly incoherent. This conclusion is of particular relevance for
PPC when the Fourier space is modulated in both illumination and detection. From a modern
perspective, this can be understood as a consequence of the van Cittert—Zernike theorem [108,
109]—the degree of coherence of a field can increase upon propagation, invalidating the inco-

herent treatment of further optical elements.

With partial coherence, the optical system is no longer linear with respect to either the field
amplitude or the intensity. The second-order statistics of light has to be described, usually
with the mutual intensity in the space-time domain [110] or the cross-spectral density function
(CSDF) in the space-frequency domain [111]. While the next chapter will provide a more
comprehensive picture describing a partially coherent source using the CSDF, this section
shall consider the field at the condenser aperture to be a completely incoherent secondary
source [112], following a treatment by Zernike [113]. As a result, the sample is illuminated
by a set of mutually incoherent plane-wave components at different spatial frequencies, each
contributing to a differential amount of intensity (or equivalently Stokes vector) at the sensor.
The result is the sum of all sub-images, integrated across the whole condenser aperture. This

approach is also known as Abbe’s superposition method [114, 115].
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3.3.1 Transfer of polarisation signal

To build a quantitative model, we start by considering the Fraunhofer diffraction integral that
propagates the field E from the front focal plane (x,y) of a lens to its back focal plane (z/,y’).

The resultant field, E/, is given by [80] as

! / / leZlkf o 217T / !
E'(«,y) = - i // E(z,y)exp {—v(m‘ +yy)} dx dy, (3.20)

where f is the focal length of the lens,; A is the wavelength, and k = 27/ is the wave number
of the field. By comparing it with the 2D Fourier transform defined with Equation 2.55, it can
be recognised that the propagated field E is proportional to a scaled Fourier transform E(§ ,1),

where

§=1a'/Af, n=y /M. (3.21)

As a result, while the object and image spaces are regarded as real spaces, the condenser
and objective pupil spaces can be described in the Fourier domain, parametrised by the spatial
frequency vector v = (£,1)7. Although the scaling between Fourier and real spaces are different
depending on the focal length of the lens, the treatment of such infinity space in the Fourier
domain is valid as long as the magnification factor is taken into account when propagating into

the image space.

Assuming the field at the condenser pupil plane to be a spatially incoherent secondary source,
the contribution from each point in the condenser aperture is summed incoherently. Denote
the coordinate of a point source of interest vy within the condenser aperture A. The field from

this point source in the object space shall be described by a (polarised) plane wave, written as
E; (r1;1y) = 0Eye*™ 0™ |L), (3.22)

where rq is the physical coordinate in the object space, and d E' is an infinitesimal field amplitude.

At the object, the field shall be modulated by the Jones matrix T,. Such modulation has to be
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spatially confined, otherwise the polarisation modulation is global, and no image is produced.
In this case, as we are trying to investigate the impulse response of the system, the modulation

is assumed to be infinitesimally small, and therefore described with a Dirac delta function 6 (ry).

In analogue to Equations 3.14-3.16, the field immediately after the object, E}, can be written

as

E| (r1;10) = 6Ey ™0™ | L) + §Ey ™™ § (vy) (T, — 1) |L), (3.23)
~ §Fy ™M | LY + §Eyied (r1) |L) — I Ey %62”“5(r1)|]{>, (3.24)

upon applying the weak object approximation.
A Fourier transform of E/ then propagates the field into the object pupil space, given by

10 E ekl 10,

By (viv0) = = |5 = m)|L) +i6ulL) - SR (3.25)

where the S-wave is in turn spatially confined while the D-wave is not. This treatment is valid
because the D-wave should spread beyond the objective pupil in the infinity space, and can be

commonly found in literature (e.g. Born and Wolf [116]).

Propagation through the objective aperture is simple, as the aperture is modelled to be at
the back focal plane of the objective. Assuming the pupil modulation is non-scattering and
polarisation-insensitive, the pupil function can be modelled as a scalar multiplier, so the prop-

agated field is simply

E,(v)=P(v)E;(v), (3.26)
where in PPC, )
it,, ve A,
Pw)=41, veP\A4 (3.27)
0, v¢P.

\

In treating the pupil spaces in the Fourier domain, the phase ring sits exactly where the

condenser pupil aperture A is, while the objective pupil P is dictated by the objective NA.
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Here, the thin-annulus approximation is no longer used, as the condenser aperture is assigned
a finite width in the pupil function, and the S and D waves are not treated separately. Written

explicitly, the field propagated through the objective modulation becomes

15E0 GQikf"

Ao

Ey(v;vy) = P (vy)0(v — w)|L) +i¢,P(v)|L) — %62170P(V)’R> , (3.28)

taking advantage that the S-wave is spatially confined.

To propagate into the image space requires another Fourier transform, although a scaling of 1/m
is required to account for the difference in scaling of the two pupil spaces. The magnification

m can be found as m = f;/f,, and the field at the sensor becomes

SE, e2ik(fotft) o ) 10, o
E3(r3;y0):—oT P(vy)e 2“1”°r3/m|L>+1¢0h(r3)|L>—762"’0h(r3)|R> ,

(3.29)

where h (r3) is the Fourier transform of the pupil function P(v), usually known as the amplitude

PSF.

To prepare the signal from such point sources to be integrated incoherently, its differential
contribution of the Stokes vector shall be found. This is not only because the PolCam can
be regarded as a polarimeter imaging the 2D projection of the Stokes vector in the NLSP, as
discussed in the previous chapter, but also due to the fact that in the incoherent regime an
optical system is linear in Stokes parameters. For mathematical convenience, we shall consider

a complex signal S = S, +19,, and it can be shown that

S = 2E% Ep. (3.30)

Therefore, the differential contribution to this complex Stokes signal, 65, can be written as

. 20E] . © |10 o
38(eson) = 258 [P e sigpe)] - [Fevn | @
2
= 250 135,620 P (1) 2RI () 6,2 B(ey)] . (3.32)

m
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Note there are two terms in Equation 3.32. The former term is proportional to the polarisation
modulation J,e?7 and carries no phase information, while the latter scales with the product
0,0,. Because in previous derivations a weak object approximation has already been employed,
any term higher than the first order becomes invalid, so the latter term shall be ignored. As a
result, to the first order, the magnitude of this differential Stokes signal is proportional to the
object birefringence, and its complex argument scales linearly with the object retardance, as

expected from the polarisation analysis in the previous section.

Now, to account for the whole condenser aperture, the differential signal shall be integrated

over the condenser aperture, which is shown as

S(rs) = //VOEA 65 (rs; 1) dug, (3.33)

~ —ilyd,e* 7 h(rs3) // P* (1) e2mvora/m gy, (3.34)
voEA

2
where [y = % is the intensity, assuming the source to be uniform within its aperture. By

introducing an aperture function

, VEWA
Av) = ! © (3.35)

0, otherwise,

the domain of integration can be generalised from A to R?, such that the equation can be

recognised as a Fourier transform, given by

S(rg) = —ilyd,e*h(rs) // P*(v)A(v)e™ /™ du, (3.36)
veR?

= —ilo0oe™ " h(rs) F {P* (V) A(v)} (r3). (3.37)

By recognising h(rs) = F {P(v)} (r3), the equation can be rewritten using the convolution

theorem as

S(ry) = —iIp0,e* " F {P(v)  [P* (1) A(1)]} (r3). (3.38)
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Figure 3.3: The Stokes transfer functions (STFs) of bright-field and PPC setups, shown as line profiles
at 7 = 0, in magnitudes (a) and phases (b). The horizontal spatial frequency ¢ is normalised by
& = NA/A. The blue lines shown the theoretical STF of Olympus LUCPLFLN 40x/0.60 Ph2, while
the orange lines show the STF in a setup with bright-field illumination and detection at the same NA.

The result in Equation 3.38 can be broken into three parts. Firstly, it is proportional to
the background intensity Iy, which is expected for a transmission-light illuminated setup. As
discussed in the previous chapter, it should be maximised for the best SNR so long as pixels
are not over-saturated. Secondly, as expected from the Jones algebra analysis, the signal is
proportional to —id,e?7. Thirdly, it can be seen that the signal is band-limited in the Fourier
domain. In line with CTF and OTF, we shall call it the Stokes transfer function (STF),
identified as

STF(v) = P(v) = [P*(v)A(v)]. (3.39)

Figure 3.3 shows the magnitude and phase of the theoretical STF for Olympus LUCPLFLN

40x/0.60 Ph2 objective, whose size parameters were determined by imaging its pupil through
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a Bertrand lens. As Equation 3.3 has been kept general for any aperture and pupil functions,
the bright-field case can also be plotted for comparison. The condenser aperture is assumed to
be sufficiently large, and the objective aperture is modelled as a circular one at the same NA as
the phase-contrast objective, in which case Equation 3.39 recreates the well-known result that

its OTF is the autocorrelation of its pupil function [80].

There are many significant features to observe in Figure 3.3. Firstly, the extent in which the
STF of PPC is non-zero is reduced due to its annular condenser aperture. In bright-field setup
upon coherent illumination, the CTF cuts off at £ = {; = NA/\, being the Fourier transform
of the pupil function; upon incoherent illumination, the OTF cuts off at {.uon = 2&o instead,
due to the autocorrelation. This cut-off is labelled as Point F in Figure 3.3. In PPC, however,

because the illumination has a lower NA than the detection, the cut-off frequency becomes

NAj + NAL;
fcut—oﬁ - s —;\— bJ, (340)

which evaluates to approximately 1.50§, for the phase-contrast setting in use (Point E in Fig-
ure 3.3). Its diffraction limit is then the reciprocal of the cut-off frequency, reduced to 589 nm

from its bright-field counterpart of 442 nm, at the source wavelength of 530 nm.

Secondly, in the STF of PPC, there is a significant dip in the low-spatial-frequency regime,
where the STF should have been maximised. The feature, sometimes referred to as the lack
of DC components, is classic many phase contrast techniques [69, 117, 118|, and can lead to
the shade-off artefact in images if not corrected for. Qualitatively, the phenomenon can be
understood as a consequence of the finite width of the phase ring. In the simplified picture
provided in the previous section, it has been assumed that the phase ring modulates all the
S-wave and no D-wave. In reality, however, some parts of the D-wave is not modulated enough
to leave the phase ring due to its finite width. As a result, this part of the D-wave arrives at the
sensor with a smaller amplitude than it should have, contributing to a smaller DoLP signal, and
therefore a smaller Stokes signal in magnitude. This part of the D-wave is also phase-shifted,
such that there is no phase difference compared to the S-wave which is phase-shifted in the

same way, resulting in a STF phase of zero.
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Figure 3.4: Illustration of the ‘shifting pupil’ picture for the STFs of PPC (A-E) and bright-field (F)
setups. The sample spatial frequency of interest decides the distance by which the objective pupil is
shifted. Each case correspond to a position in Figure 3.3 annotated with the same letter.

Thirdly, except for the DC regime, the phase introduced by the STF is mostly —m/2. This is
consistent with previous analysis on the quarter-wave-modulation between the S-wave and the
D-wave, and can be seen as a generalisation of Equation 3.12. The variation from the expected
—m/2 is physically also due to the crosstalk that some part of the D-wave happens to pass
through the phase ring and get accidentally modulated in phase. In the thin-annulus limit, the
variation diminishes, such that the STF phase would converge to —7/2 for all £ # 0. This is,

however, not practical as the light throughput would be greatly compromised.

This variation in STF phase has important consequences in measuring the birefringence of
the sample, because the offset between the measured AoLP and the birefringent azimuth now
depends on the spatial frequency of the sample and the width of the phase ring, giving rise to a
systematic error. Nevertheless, in the context of voxel imaging for optical data storage (ODS),

a systematic error plays minimal role in the classification accuracy.

Furthermore, there is more structure in the STF of PPC compared to the bright-field case. To
understand the structure more intuitively, we can interpret the convolution in the expression
of STF as if the objective pupil is spatially shifted from the annular illumination in the Fourier
space, by a distance corresponding to the sample spatial frequency of interest. Figure 3.4
illustrates a few cases of this ‘shifting pupil’ picture whose labels correspond to the annotations

in Figure 3.3. Case A corresponds to the DC component discussed above, where no shift
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happens at a spatial frequency of zero. It can be seen that the whole annular aperture coincides
with the phase ring, resulting in maximal attenuation. As the shifting amount increases, the
overlap between the annular aperture and the phase ring drops, until Case B where the annular
aperture touches the edge of the objective pupil. Case B is also an example of the D-wave
mostly passing through the objective pupil in regions outside the phase ring, creating a near-
quarter-wave phase difference with the S-wave, as can be seen in Figure 3.3(b). After that,
some part of the illumination would be blocked by the objective pupil, resulting in a decreasing

magnitude in the STF.

Case C then illustrates when the annular aperture and the phase ring are overlapped at the
other end, where a locally maximal amount of light is modulated, giving rise to the dip in the
STF magnitude and a local maximum of the phase. As the pupil shifts further, the amount of
overlap between the two annuli diminishes, until in Case D when they separate. This marks the
end of any phase modulation from the phase ring, from which the STF phase is always exactly
—7/2, until the objective pupil is shifted away from the condenser annulus in Case E which is
the PPC cut-off. In contrast, the bright-field cut-off (shown as Case F) requires a farther shift

due to the larger size of the condenser aperture (i.e. a higher illumination NA).

3.3.2 Transfer of phase signal

The intensity signal, Sy, can also be derived similarly. The point-source contribution from vy

can be written as

~ 12 - 12
550:’EL‘ +‘ER , (3.41)

5E2 5

2] , (3.42)

=1 {|P (VO)’2 1 2¢,R [iP* (VO) 627riV0~r3/mh(r3)] + ¢3 |h( )| —{— |h(r3)| } . (3.43)

Note that the last two terms in Equation 3.43 shall be discarded due to the weak object

approximation. Using a similar trick of generalising the domain of integration and identifying
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a Fourier transform, the intensity can be found, given as

So(rs) = / /y » 550 (r3; ) du, (3.44)

~ I |P (0)|® + 2Lyt R {m(rg) / / AT () Aw) | (3.45)
= Iy |P (v)|* + 2Lo¢R iF {P (v)} (r3) - F{P* (v) A(v)} (r3)], (3.46)
1o 1P (o) = 2066, [F{P () % [P* () A()]} (r3)] (3.47)

In contrast to S, Sy now contains a constant term for background, which is typical for transmission-
illuminated setup. In PPC, assuming perfectly aligned condenser annulus and phase ring, the
first term becomes [ Otf). The second term is the modulation from the background, whose amount
is proportional to the object phase ¢, and independent of the object birefringence. In addition,

it can be identified that the (imaginary part of) STF also present within the equation.

Denote the modulation term as M(r3). Its (inverse) Fourier transform is can then be derived

as

FH{M(rs)} = F 1 {2100, [F {STF (1)} (r3)]}, (3.48)
= ilog, [STF(v) — F ' {(F {STF(v)} (r3))"}] , (3.49)
= ily¢, [STF(v) — STF*(—v)] (3.50)

making use of the identity
FAf(r)} =F(-v). (3.51)

From Equation 3.50, it can be observed that the modulation term is always band-limited in the
Fourier space. Its inverse Fourier transform can only be non-zero in regions where STF(v) or
STF(—v) is non-zero. In fact, as both the aperture and pupil functions are usually circularly
symmetric, the modulation term M is band-limited in the same region as the STF itself in
most cases. In bright-field setups, however, the modulation term becomes zero because both
the aperture and pupil function are real and circularly symmetric, and thus so is its STF. As a

result, Equation 3.50 is evaluated as zero, and no phase information can be transferred. This
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confirms bright-field setups can capture no phase information.

For phase information to be transferred to Sy, the STF of the system has to be non-Hermitian,
ie.,

STF(v) # STF*(—v). (3.52)

To achieve this, a ZPC/PPC setup utilises the phase ring such that the pupil function P becomes
complex and non-Hermitian—in fact, in the thin-annulus limit, the quarter-wave modulation
in such a setup maximises the modulation term, because the STF becomes purely imaginary,
as discussed before. In other methods such as differential phase contrast (DPC) and Fourier
ptychography, the Hermitian symmetry of the STF can be alternatively broken by asymmetric
illumination or detection, effectively breaking the central symmetry of P, A, or both [119-121].
In such cases the STF is usually real (except the quarter-phase modulation introduced by the
weak phase approximation in Equation 3.1), and the function is commonly referred to as the
weak-object transfer function (WOTF) in the field of quantitative phase imaging (QPI). It is
also worth noting that, in cases where the weak object assumption has to be abandoned, the
object spectrum has to be taken into account. No transfer function would associate with the
image formation process [112], because a partially coherent system, in general, is not linear.
In those cases, the Hopkins transmission cross-coefficient (TCC) method [122, 123] would be a

sensible extension of the STF model.

Additionally, as the imaginary part of the STF plays a critical role in the transfer of phase
information, the dip of the STF in the low-spatial-frequency regime also affects phase imag-
ing. In particular, at the DC component where v = 0, the STF is real. Therefore, the DC
component of the object phase is not transferred to the image at all, and cannot be recovered
in a conventional ZPC setup. Physically, this is because the low-spatial-frequency content of
the object corresponds to only a small change in the wave vector of the D wave. As a result,
for a phase ring with finite width, the S wave and this part of the D wave cannot be perfectly
separated at the back focal plane of the objective. This part of the D wave is therefore also
affected by the phase ring, and does not contribute to the intensity signal in the intended way.

Consequently, the resultant phase-contrast image has a high-pass-filtering effect. This effect is
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particularly visible for large or slowly varying phase objects, where the broad phase distribu-
tion is underestimated. This loss of contrast within an extended phase object is known as the
shade-off artefact [69]. The same high-pass-filtering behaviour can also produce bright or dark
rims near sharp phase boundaries, which are known as halo artefacts [124-126]. These artefacts

can therefore be understood directly from the low-spatial-frequency response of the STF.

3.4 Conclusions

This chapter introduces the design and principle of the PPC microscopy. Starting with the
ZPC setup, we introduced how illumination through an annular condenser can be used, in
conjunction with the weak phase approximation, to decompose the transmitted field into two
components—a phase-encoding, spatially varying D-wave, and a referencing S-wave. It was
also identified that the two components are spatially separate in the objective pupil plane,
which can be taken advantage of by employing a phase ring to module them differently. It
was acknowledged how a quarter-wave modulation in phase encodes phase information into
detectable intensity at the sensor, and how an amplitude modulation of the S-wave enhances

contrast.

The idea was then taken into the design of PPC. By extending the weak phase approxima-
tion into a more general weak object approximation which also assumes a small birefringent
retardance in addition to the small residual phase, the idea of considering the detected field
as a coherent superposition between the D- and S-waves can be translated into PPC, with the
major difference being a vector description is now necessary. Upon circularly polarised illumi-
nation, the object now creates two D-waves: a parallelly polarised, phase shifted component
with an amplitude proportional to the amount of residual phase (as in ZPC), and an orthog-
onally polarised component whose amplitude is proportional to the amount of retardance and
whose phase encodes the birefringent azimuth. The clean separation of phase and birefringence
information in the circular basis of polarisation is what further allows the image model to be

built with the two sample features decoupled (in first order of approximation).
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To gain a deeper understanding of the image formation process, it was then necessary to
understand the impulse response of the optical system. By treating the PPC setup as a 6-f
system from the condenser aperture plane to the image plane, the action of all three lenses
was described by the Fraunhofer diffraction integral, in the paraxial approximation. Assuming
the sensor to be a PolCam, it was found that both the complex signal S = S; + 1S, and the
intensity signal Sy are band-limited in the Fourier space by the domain of the STF, encoding

birefringence and phase information, respectively.

The STF was found as a Stokes-analogue to the OTF, with its magnitude indicates how the
sample retardance translates into the DoLLP signal, and its complex phase indicates how bire-
fringent azimuth translates to AoLP at the PolCam. As the STF was found with an expression
general to any aperture and pupil function, its features were compared in the bright-field and
PPC setups. In the bright-field case, the STF recreates an autocorrelation of the pupil func-
tion, which can be found in many non-polarimetric systems. In contrast, for the PPC, the STF
has more structure, which can be explained in the ‘shifting-pupil’ picture for the convolution

between the condenser aperture and the objective pupil. Notable consequences include:

(i) the lower illumination NA of the annular aperture reduces maximal resolvable spatial

frequency from 2NA/X to (NAj, + NAg;)/A;

(ii) the finite widths of the pupil annuli cause the D-wave in the near-DC regime to be

accidentally modulated by the phase ring, leading to shade-off artefacts; and

(iii) the STF at & < NA/X has a varying complex phase, resulting in a systematic error in

AoLP depending on the spatial frequency of interest.

These features of the PPC have to be taken into account when designing the system or inter-

preting any results produced.

Using a similar process, it was found how the intensity signal Sy is related to the residual
phase of the object. In the weak object approximation, the intensity modulation was found

independent of any sample birefringence, and is also band-limited by the domain of the STF.
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In the bright-field setup, however, the STF is real and circularly symmetric, leading to no
phase detection, as one can expect. The employment of phase-contrast objectives solves this
problem by introducing a phase modulation, leading to a complex pupil function and thus a non-
Hermitian STF, such that the modulation term in the intensity is non-zero. Alternatively, the
Hermitian symmetry of the STF can be broken by breaking the circular symmetry of pupils,
providing us with an alternative perspective of understanding some QPI techniques such as

DPC and Fourier ptychography.

It should be noted that, the imaging model described above is based on a key assumption that
the field is spatially incoherent at the start of the 6-f system (i.e. condenser aperture plane).
After obtaining the coherent response of the system to a point source within the condenser
aperture, the second-order statistics of the field were accounted for by incoherently integrating
this response over the entire aperture. This method, however, cannot handle a general case of
partial coherence, as there is no degree of freedom for the amount of coherence in the model. As
we will discuss in Chapter 4, when implemented numerically for simulating images, the method

also suffers from serious spectral leakage.



Chapter 4

Modal representation of a partially

coherent source for image simulation

In the previous chapter, an analytical imaging model for polarisation-sensitive phase contrast
(PPC) microscopy was introduced, with its Stokes transfer function (STF) derived. Although
it is a partially coherent treatment, which was deemed necessary for multi-lens systems [107],
this approach [112, 113] necessitate the assumption that the optical field starts with perfect
spatial incoherence. In optical systems, coherence can be acquired simply upon propagation of
the field [127], as a consequence of the van Cittert—Zernike theorem [108, 116], especially in the
presence of apertures and lenses. For the previous chapter, the condenser aperture plane was
assumed to be perfectly incoherent, which had little physical reasoning and seemed unnatural

in a partially coherent treatment.

In addition, further problems arise when computational simulations are built upon the picture
of ‘incoherent points’. As part of my MRes project [41], a simulation framework was devel-
oped based on a similar approach. Starting from the object plane, plane-wave components
of different wave vectors are propagated numerically through a simulated sample, the objec-
tive pupil, and the micro-polariser array (MPA) of the polarisation camera (PolCam). Lens
propagations were implemented with the Fraunhofer diffraction integral (Equation 3.20) using

discrete Fourier transform (DFT) algorithms [128]. As each plane wave corresponds to a certain
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Figure 4.1: (a) Amplitude of a simulated field in the objective pupil plane (after the phase ring),
propagated from a single point in the condenser aperture. Significant side lobes arise as the S-wave is
locally confined and DFT algorithms introduce a windowing depending on the size of the simulation
grid. (b) A Hann function has a narrow Fourier spectrum [129], so it can be multiplied at the object
plane to mitigate the side-lobe artefact.

point source in the condenser aperture plane, the intensity contributions can then be summed
by sampling the condenser aperture at Gaussian quadrature positions, which is effectively a

numerical integration of Equation 3.33.

When a plane-wave component is propagated to the objective pupil plane, however, significant
side lobes are usually created, as shown in Figure 4.1(a). Because the objective pupil plane
images the condenser aperture, the S-wave produced by a plane wave focuses into a point in
the phase ring. The side lobes are a consequence of the finite windowing of DFT algorithms.
In the numerical simulation, the field is sampled in a Cartesian grid. In DF'T, the finite size of
the grid acts as a window, so the result is convolved with the Fourier transform of the window
function, leading to the creation of side lobes. The artefact is particularly prominent in this
case, as the S-wave is so locally confined in the objective pupil plane. In fact, the side-lobes
can outweigh the D-waves as the object is typically weak in the simulations, ruining the image

formation process.

To reduce the amount of side lobes, a multiplication with a Hann function [129] (shown in
Figure 4.1(b)) was introduced at the object plane, such that the Fourier transform of the win-

dow function is narrower, reducing the side lobes. Nevertheless, the Hann windowing is merely
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a computational trick instead of a representation of any meaningful physical process, and its
action depends on the size of the simulated grid. In addition, it effectively changes the illumina-
tion into windowed plane waves, which cannot be produced by a point source in the condenser
aperture plane, and therefore not only changes the illumination of the system, but also breaks
the assumption of perfect incoherence. As a result, although the simulation produced quali-
tatively sensible images [41], the method is self-contradictory and any quantitative results are

not well-supported.

In this chapter, coherent-mode decomposition is offered as an alternative to the incoherent-
point description of the source. It shall be seen that, a non-zero amount of spatial coherence
can be specified for the source, which can also be set independently of the intensity profile of
the source. By decomposing the source into mutually incoherent modes, each mode can still be
propagated coherently through the system. In contrast to the ‘incoherent points’, the coherent
modes are not locally confined, and therefore no side lobes would be generated, removing
the need of Hann windowing. As there are different ways in which the same sources can be

decomposed mathematically, a few choices shall be discussed and compared.

4.1 Second-order statistics of a partially coherent field

To set context for following discussions, some theoretical background needs to be provided. In
coherence theory [116], light is regarded as a stochastic process, with the electromagnetic field
treated as a random variable. In the scalar theory [88, 111], the field is usually parametrised

with the complex-valued analytic signal, V'(x,t) in a domain x € D.

Correlation between two space-time points (x,¢;) and (X2, t2) can therefore be quantified with

the mutual coherence function, I', defined as
D(x1, %2, 11, t2) = E[V*(x1, 1)V (%2, 12)] , (4.1)

where E indicates the expected value across all possible realisations. Assuming the field to be
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statistically stationary, the mutual coherence depends only on the time difference 7 :=ty — ¢4,
such that

['(x1,%2,7) = E[V*(x1,0)V (%2, 7)] . (4.2)

While the mutual coherence can be regarded as a representation of the second-order statistics
in the space-time domain, it is often useful to express the correlation in the space-frequency
domain, which can be obtained by a Fourier transform with respect to time. The resultant

quantity is the cross-spectral density function (CSDF) [130, 131], defined as

(e o]

W (x1, X2, V) :/ I' (x1, %2, 7) exp (—i27vT) dT, (4.3)

—00

where v denotes the frequency. The spectral density S(x,r) can be found by

S(x,v) =W (x,x,v). (4.4)

The spectral degree of coherence is then defined as

_ W (x1,x2,V) ‘
\/S(Xla V)\/S(XQ’ V)

(4.5)

p(x1, X2, V)

The quantity is a useful measure of the correlation as Born and Wolf [116] proved it is bounded

between unity for perfect coherence and zero for incoherence, such that
0< M(Xl,Xg, V) <1 (46)
The linear system theory [80, 132] provides an effective framework for describing the first-order

statistics of light. In this theory, the input f(x) and the output g(x’) of an optical system can

be related in the general form of

g(x') = /_00 f(x)h (%', x) dx, (4.7)
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where hy(x’,x) is the linear impulse response of the system. When light is completely coherent,
f and g takes the meaning of field amplitudes, and h; represents the coherent transfer function
(CTF). In contrast, in the incoherent regime, f and g represents the light intensity, and the

optical transfer function (OTF) is used.

When second-order effects are considered [133], a linear impulse response is no longer suffi-
cient. Instead, it is replaced with the second-order Volterra kernel ho(x';x1,X3), representing
the double-impulse response of the system. In this formulation, most optical systems can be
considered to be bilinear [111, 134], with the spectral density S’(x’,v) regarded as the output
and the CSDF W (xy, X2, V) regarded as the input. For simplicity, the explicit dependence on
frequency v will be omitted in discussions below. Consequently, the resultant spectral density

as the output of a system can be related to the CSDF as the input, given as

S'(x") = /D2 W (x1,X2)ho(x; X1, X32) dx; dxs. (4.8)

Computational implementation of Equation 4.8 is, however, rather difficult, due to the high
dimensional nature. For a Cartesian grid of the size N x N, the double-impulse response
ho(x'; X1, X2) scales with N® posing significant challenges to both memory allocation and pro-
cessing power. Alternatively, the CSDF can be propagated by itself [135-137], although it still
requires arrays of size N*. To address such challenges, modal expansion of the CSDF becomes
useful, such that a partially coherent system can be represented by a sum of coherent systems
that are mutually incoherent with each other. While it is also possible to carry out eigen-
analysis [138] on the Hopkins transmission cross-coefficient (TCC) [112, 122, 123], this work
primarily focuses on the decomposition of the source while trying to keep the optical system

general.

Coherent mode decomposition [131, 139] takes advantage of the fact that the CSDF is square-
integrable, Hermitian symmetric and non-negative definite [88, 111]. As a consequence of Mer-

cer’s theorem [140], a CSDF can therefore always be expanded as a sum of mutually incoherent
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modes, in the form of a Mercer’s expansion, given as

W X1>X2 Z /\n¢ X1 ¢n(x2) (49)

neN

where A\, and ¢, are the n-th eigenvalue and eigenfunctions of the homogeneous Fredholm
integral:

AW(Xl,X2)¢n(X1) Xm = )\nqbn(Xz), (410)

and N represents the set of all coherent modes. Mercer’s theorem states that all eigenvalues
are real and non-negative, and the eigenfunctions form a complete and orthonormal basis in D,

such that

/DQSZ(X)%(X) dx = O (4.11)

In coherence theory, it can then be shown that the eigenfunctions ¢, (x) satisfies the Helmholtz
equation [111] and can propagate linearly through the optical system. It was also shown
by Wolf [131] that each eigenfunction is completely coherent. Therefore, the coherent mode
decomposition illustrates a picture where a partially coherent source can be represented by
a sum of coherent modes ¢,(x) that are mutually incoherent with each other. Together, the

modal expansion, the eigenvalues ),, and the modes ¢, represent the coherence structure of

the field.

To simulate the partially coherent field propagating through an optical system, we can thus
treat each mode independently. Suppose a coherent mode ¢, (x) propagates through a linear
system £ and produces an output ¢/, (x") = L¢,(x). The output CSDF can then be reassembled

as

W'(x),x,) Z A (%)) (%), (4.12)

such that the output spectral density would be

S'(x") = W'(x',x') Z)\ 0! (x)]? . (4.13)

The coherent-mode structure of the field simplifies image simulation, because only the coher-
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ent response L of the system needs to be found, instead of the higher-dimensional Volterra
kernel hy. As the modes are mutually uncorrelated, the simulation can treat each propagation
independently, and only record a cumulative sum of their contributions to the output spectral
density S’. In cases where the coherence structure can be expressed in closed form, numeri-
cal simulations can start with the coherent modes without the need of constructing a CSDF,

reducing the memory need to N?2.

It is worth noting that, more generally, the coherence of electromagnetic waves can be described
by a vector theory [88, 141, 142], where partial polarisation can also be taken into account.
In the vector coherence theory, a similar approach is also possible, with the aid of coherency
matrices, cross-spectral density matrices, and vector coherent modes [20, 143]. In this work,
however, discussion is limited to fully polarised fields whose polarisation state is uniform across
the source. Therefore, when a vectorised representation of the coherent modes is needed for

propagating through the polarisation-sensitive optical system, we simply write [144]

¢n(r) = on(r)|E), (4.14)

where |E) represents the normalised Jones vector of the polarisation state of the field. In
addition, it is assumed that the spectral band of the source is sufficiently narrow that the
coherence length is much greater than any optical path difference in the system, so a quasi-

monochromatic treatment of the source will be employed throughout the discussion.

4.2 Bessel-correlated Schell-model (BSM) sources

To simulate a partially coherent source, its CSDF first has to be defined, such that the coherence
structure can be found by solving the Fredholm integral in Equation 4.10. In particular, a useful
type of source to consider is the Schell-model class [139, 145], which assumes the spectral degree

of coherence p depends only on the difference x5 — x;, not on them individually. Following
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Equation 4.5, the CSDF can be written in the form of

W(x1,%2) = v/ S(x1)v/S(x2) 1(X2 — X1). (4.15)

Using the van Cittert—Zernike theorem [108, 109], it was shown that the Schell-model represents
well the CSDF of the far-field diffraction from an extended, incoherent source [114, 145, 146].
It is therefore ideal to represent secondary sources, for example, the condenser aperture plane
in transmission-light setups, Kohler-illuminated with incoherent sources such as halogen lamps

or light-emitting diodes (LEDs), under the paraxial approximation.

Among Schell-model sources, we consider the Bessel-correlated Schell-model (BSM) source [147],

whose CSDF is given in the form of

W Xl,X2 \/S |X1| \/S |X2| J() |X1 —X2|), (416)

where Jy represents the Bessel function of the first kind and zeroth order.

Comparing the definition of the BSM to the general form of a Schell-model source in Equa-
tion 4.15, it can be seen that the Bessel function acts as the spectral degree of coherence. It
is also assumed to depend only on the scalar distance between the two points, independent of
direction. Moreover, the spectral density S is restricted to circularly symmetric functions that
depend only on the polar radius. Under these assumptions, the coherence structure of a BSM

source can be given by [147]:

W(x1,%2) Z)\ngb X1)Pn(X2), (4.17)
An = 27r/ S(r)J2(Br)rdr, (4.18)
On(r,0) = ! S(r) [andn(Br) exp (—inb) + b, JJ_,,(Br) exp(ind)], (4.19)

VA

in the polar coordinate system x = (r, ). The degeneracy constants a,, and b, satisfy a2 +b? =

1, while their ratio is otherwise arbitrary according to Gori et al. [147].
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Figure 4.2: Comparisons of eigenvalues of BSM sources for apertures of different sizes. (a) Circular
apertures of different radii. (b) Annular apertures of the same outer radius R, = 250/ but different
sizes of inner radii. All eigenvalues are normalised to [0,1] for comparison.

An important advantage of this model is that the spectral density function can be arbitrary
as long as it is circularly symmetric with a finite norm. Therefore, the BSM is well suited to
modelling circular or annular apertures that are commonly used in microscopy by choosing the
spectral density function as

I, R; <r <R,
S(r) = (4.20)

0, otherwise,
where R; and R, represent the inner and outer radii of an annular aperture, and R; = 0 for
circular apertures. As a result, the absence of azimuthal dependence enables the coherence
structure to be reduced to 1D, reflected in both its modal expansion and the expression of the

eigenvalues.

Another key advantage is that, although the coherence structure in Equation 4.18 takes the
form of an infinite sum, in practice a finite set of modes can represent the source very well, due
to a characteristic ‘cut-off’ in the eigenvalues \,,. Figure 4.2(a) shows the eigenvalues A, against
the mode index n, for BSM sources with circular apertures of different sizes. Cut-offs can be
observed at n ~ SR,, due to the asymptotic behaviour of Bessel functions at high orders [147,
148]. As a result, in numerical simulations, it would not be necessary to go far beyond this
cut-off. The dimensionless quantity SR, is a usual measure of the degree of global coherence

for BSM sources [111, 147].
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(b)

Figure 4.3: Simulated PPC image of voxels, illuminated by a partially coherent BSM source at the
condenser aperture plane, in the (a) Pol+I and (b) Pol-Only false-colour polarisation maps as defined
in Section 2.4.3. Illumination from the BSM source can be seen to be restricted in an annular region,
dictated by the Bessel form of its spectral degree of coherence.

Figure 4.2(b) shows how the (normalised) eigenvalues varies for annular apertures with the same
outer radius but different inner radii. It can be seen that there is still the cut-off at n ~ SR,
in all four cases. Depending on the size of the inner radius, however, there are different levels

of suppression at n < BR;, due to the inner stop of the aperture.

When simulating a BSM source as the secondary source at the condenser aperture plane in
a microscope, however, significant problem arises as a non-uniform illumination in the object
plane, as illustrated in Figure 4.3. Although the details of the Fourier simulation of PPC will be
discussed in the next chapter, it can be seen that a BSM source only illuminates an approximate
annular region, as can be seen in the Pol+I false-colour image in Panel (a). In Panel (b),
despite the Pol-Only false-colour map not including the intensity signal, the degree of linear
polarisation (DoLP) signal also comes in an annular shape, which is not ideal for representing a
realistic imaging This phenomenon can be understood as a consequence of the generalised van
Cittert—Zernike theorem, which describes the relationship between the intensity distribution of
an incoherent field and the mutual intensity of its far-field diffraction [88, 108]. Specifically, De
Santis et al. [149] proved that any Schell-model source with a spectral degree of coherence p(x)
can be synthesised at the back focal plane of a single converging lens, by putting an incoherent

extended source at the front focal plane. The intensity distribution of the incoherent primary
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source should be proportional to F{u(x)}. In the case of BSM sources where pu(x) = Jo(57),
since the function is circularly symmetric, the 2D Fourier transform can be reduced into a
zeroth-order Hankel transform (also known as a Fourier-Bessel transform) [80, 148], where a
Bessel function .Jy is transformed into a Dirac delta function. As a result, if the BSM is used to
model a secondary source focused through the field lens, it would correspond to an incoherent
primary source that takes the shape of an infinitely thin annulus, which is inconsistent with the
practical system. Furthermore, in this picture, the annularly shaped primary source is critically

illuminating the object plane, and therefore casting an uneven contrast.

4.3 Apertured Gaussian Schell-model (GSM) sources

To solve the problem of annular illumination as in the BSM sources, it is necessary to change
the form of p in the CSDF. A relatively well-studied type is the 2D Gaussian Schell-model
(GSM) source (also known as a Collet—Wolf source) [150], which is widely considered to be a
good representation of realistic fields, gaining popularity in both theoretical and experimental
aspects [114, 151-155]. For a GSM source, both the intensity and the spectral degree of

coherence are Gaussian, such that

_|X1|2 + | xa|”

W(x1,%x3) = Ipexp [ 12
i

2
exp [—M] , (4.21)

2
209

where o7 and o, are the RMS widths of the Gaussian distributions for intensity and correlation

respectively, while Iy being a positive constant. Their ratio,

yi=78 (4.22)
or

is defined as the degree of global coherence for GSM sources. In contrast to u(x;,xs) which
is defined between two points, v measures the amount of coherence for the whole source, and

varies from zero to infinity.

Compared to BSM, a critical advantage of GSM is that the correlation is now Gaussian, whose
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Hankel transform is also Gaussian, creating a much more uniform illumination profile. Nev-
ertheless, the GSM demands a Gaussian intensity profile that is infinitely extensive, in con-
tradiction to realistic optical systems. For the simulation of imaging systems, in particular, a
well-defined numerical aperture (NA) is vital for an accurate representation of the resolving

ability. It is therefore necessary to investigate apertured GSM sources.

Consider an on-axis, circularly symmetric aperture A C D, sitting immediately after a GSM

source. The apertured source is then described by a CSDF of

|1 —x2|?

|x1|*+[x2|?
T exp —W s Xl,XgEA,

Iyexp [—

W' (x1,%2) = (4.23)

0, otherwise.

The CSDF can also be reconstructed by aperturing the coherent modes of the original GSM

source according to Equation 4.12, i.e.

(X1, X2) Z)\ (%1) n (31)]" [A(x2) P (x2)] (4.24)

where A denotes the masking from the aperture, given as

Ax) = boxed (4.25)

0, otherwise.

Upon further propagation, the apertured modes A(x)¢,(x) can then be regarded as the coherent
modes of the apertured GSM source, although they are no longer necessarily orthonormal. From
a physics perspective, light from a coherent mode is partly blocked by the aperture, and the

fractional power transmitted can be quantified by the transmission efficiency, given as

_ / 6n (|7 dx. (4.26)
A
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Therefore, a normalised coherent mode of the apertured GSM source can be expressed as

1
P (%) = U—A(X)fbn(X), (4.27)
with a corresponding weight of
X, = oA, (4.28)
such that
W' (x1,%2) = ) Ny (1)), (xa). (4.29)

Note that, even after normalisation, the apertured coherent modes do not necessarily form
an orthonormal set, because the aperture effectively changes the integration domain from D
to A, breaking the original orthogonality relation. Nevertheless, they can still be treated as
coherent modes to be propagated independently through optical systems, with the final intensity

obtained by summing their contributions with the updated weights \,.

In computational simulations, a finite set of modes & must be chosen to be generated and
propagated. To ensure accuracy, a meaningful criterion can be the fraction f of cumulative

weights, i.e.
ZneS )\;L
Zne./\f )\;1 ‘

As a coherent mode ¢) is normalised, its weight A/ represents the power being carried in a

fo= (4.30)

particular mode n. The denominator physically represents the total power of the apertured

source, and thus can be calculated by integrating the spectral density within the aperture, i.e.

SN, = /A S(x) dx. (4.31)

neN

As we will see in later sections, the choice of ¢ for the apertured GSM source is not unique.
To achieve a given threshold of f, the minimum number of modes in § can act as a measure
of efficiency of a particular coherent-mode representation for computational simulations. The

more modes a simulation requires, the more expensive it becomes to coherently propagate
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them computationally, and the less efficient the representation is. This is especially relevant
for quasi-homogeneous sources [156] whose intensity varies slowly compared to coherence, i.e.
or > o4 such that v < 1. The following sections will present and compare such representations

in different bases.

4.3.1 Representation in Hermite—Gaussian (HG) modes

In laser theory, Hermite-Gaussian (HG) modes are well established and commonly used to
represent the transverse modes of laser beams [157, 158]. Gori [151] showed that the HG modes
can be employed as the coherent modes of a GSM source, whose coherence structure is then

given by

W(x1,%2) = > An G (1) P (X2), (4.32)

m=0 n=0

)\mn = )\qu+n7 (433)
2 1 1 2 2 2 2
cbmn(ﬂc,y)—\/j\/——Hm 2N (02 o (LYY (4.34)
m V 2mthmlinl w w w w?

in the Cartesian coordinate system r = (z,y). In the equations, (m,n) denotes the mode

indices in the x and y directions respectively, H,, denotes the Hermite polynomial of the n-th

order [148]. Parameters are defined as

I ) 1
T2 =42 w = (4.35)

where

1 1 1
a= ==+ b=

802 203’ /80?'

(4.36)

Figure 4.4 illustrates a few HG coherent modes as examples, for a GSM source with a circular
aperture of radius R,. Note that the lateral extension of an HG mode increases with its

mode index in that direction. In the x-direction, for instance, an HG mode is proportional
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(2, 3) (5, 20) (20, 30)

Figure 4.4: Example HG modes of a GSM source whose degree of global coherence v = 0.05, upon a
circular aperture of the size R,/o; = 1.1. Mode indices m,n are denoted at the top of each mode.
Modes are shown in their complex magnitudes.

to the expression H,,(z')e /2, where 2’ == v/2x/w. Plancherel and Rotach [159] studied the
asymptotic behaviour of the expression for large m, and concluded that it is oscillatory in the
region |2/| < v/2m + 1, beyond which it transitions to an exponential decay [160, 161]'. The
so-called Plancherel-Rotach asymptotic of Hermite polynomials becomes useful in estimating
the number of coherent modes required to represent an apertured GSM source, as an HG mode

is significantly blocked by a circular aperture if

2m + 1 > : (4.37)

which rearranges to

RO 2 1
i — — = 4
m > me ( " ) 5 (4.38)

where m,. is used to denote the expected cut-off. Equations 4.35-4.36 can be used to find m,.

for a given source as
R? 4
me = 02 1 + R
do7 ol

(4.39)

N | —

From Equation 4.39, it is evident that, for the same aperture and intensity distribution, the
lower the coherence, the more coherent modes are needed to effectively represent the source.

For quasi-homogeneous sources where v < 1, m, becomes large and can be approximated by

e~ - (i) (1.40)

Nﬁ g1

which becomes useful in estimating the modes required in practical simulations.

1For full asymptotic expansions of the expression, the reader can refer to Theorem 8.22.9, Page 201 of Szegé
[161].
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Figure 4.5: Eigenvalues of a GSM source in the Hermite-Gaussian (HG) representation, and trans-
mission efficiencies through circular and annular apertures. (a) Normalised eigenvalues, A\, /Ao, of a
GSM source whose degree of global coherence v = 0.05. (b) Transmission efficiencies 72,,, of HG modes
through a circular aperture of radius R,/o; = 1.1. White dashed lines denote the expected cut-off
m.. calculated according to Equation 4.40. (c) Transmission efficiencies 72, of HG modes through an
annular aperture of inner radius R;/o; = 0.9 and outer radius R,/o; = 1.1. White lines denote the
expected cut-offs m! and m?2, corresponding to the inner and outer radii, respectively.

~
Q
—

w
o

n
N)
o

n
N)
o

Mode index,
= - N
5 & 8
Mode index
moe N
o w o

e
w

To illustrate how the cut-off affects the weights of the HG modes, Figure 4.5 shows the eigen-
values of a GSM source, and the transmission efficiencies of these modes through circular and
annular apertures. As discussed in the previous section, the weight of a coherent mode X = of
an apertured GSM source is the product of its original eigenvalue A,,, and the transmission
efficiency 7?2, through a specified aperture. Panel (a) shows the normalised eigenvalue .,/ Ao
follows a simple geometric progression with respect to the sum m+n according to Equation 4.33.
In contrast, the transmission efficiencies 72, have much more structures. In particular, cut-
offs can be seen in both directions, at mode indices close to m,. predicted by Equation 4.40,
illustrated with the white lines. Through a circular aperture, as shown in Panel (b), the trans-
mission efficiency is almost at unity for modes m +n < m, whose lateral extent lies completely
within the circular aperture. It also has a considerable value if the mode is at least confined
by the aperture in one direction, i.e. m < m, or n < m,. At the top-right region where both

indices go beyond the cut-off, the transmission efficiency is significantly compromised.

A similar pattern can be found for annular apertures as shown in Panel (c), although compli-
cated by the inner stop of radius R; of the annular aperture. Two cut-offs can be calculated,
given as

2
m ~ 2L (&) 7 (4.41)
Y \O0r1
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and

2
m® ~ (&> , (4.42)

N% 01

corresponding to the inner and outer radii, respectively. It can be seen that, a low-order mode
at m+n < m" has a transmission efficiency close to zero, because hardly any fraction of the
mode extends beyond the inner stop of the aperture. A bright band of modes exists beyond
m" and before the cut-off at m((;z), which are therefore the most important modes to include

)

in simulations. Beyond m£2 , again, the transmission efficiency becomes suppressed due to the

finite radius of the aperture.

It can however be quite challenging to come up with a systematic strategy of selecting which
HG modes are the best to be included in § for a simulation, because the weights of coherent
modes should be sorted in a decreasing order for maximal efficiency. For a generic GSM source,
this can be achieved easily by sorting the modes in an increasing order of m+n. In contrast, for
an apertured GSM source in the HG representation, the complicated structure of 72, breaks
this order, as the weight is now also dependent on how well the geometries match between
an HG mode and the specified aperture. Moreover, as the apertures are circular while the
modes are Cartesian, these transmission efficiencies have to be calculated numerically according
to Equation 4.26, which requires the numerical generation of the modes themselves. The
mode generations, in general, can be computationally expensive. Although the computational
implementation of simulations will be discussed in more detail in the next chapter, it can be
appreciated that the numerical computation of Hermite polynomials is difficult at high orders,

due to its normalisation [148],
/ Hy(2)Hy(2)e™ dz = /7206, (4.43)

scales with 2"n!. At orders where m + n 2 100, standard double-precision floating-point
arithmetic is prone to overflow problems, and mode generation would require higher-precision
computations. It would therefore be beneficial to find a representation whose transmission

efficiencies n? have a simpler structure and can ideally be calculated analytically, such that the
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Figure 4.6: Eigenvalues of a GSM source in the Laguerre-Gaussian (LG) representation, and trans-
mission efficiencies through circular and annular apertures. (a) Normalised eigenvalues, Ay /Ao, of
a GSM source. (b) Transmission efficiencies 77131 of LG modes through a circular aperture. White
dashed lines denote the expected cut-offs at 2p + 1 = R2/w? and 2p + | = 2R2/w?. (c) Transmission
efficiencies 77;2)l of LG modes through an annular aperture. White lines denote the approximate cut-offs
at 2p+1 = R%?/w? and 2p+1 = 2R? /w?, corresponding to the mid-radius R = (R; + R,)/2. All source
and aperture parameters are consistent with Figure 4.5.

modes can be selected before they are generated numerically.

4.3.2 Representation in Laguerre-Gaussian (LG) modes

As an alternative to the HG modes, a logical basis to consider is the Laguerre-Gaussian (LG)
modes [157, 158], which is defined in a polar geometry x = (r,0). Zhang and Lii [162] showed

that, in the LG representation, the coherence structure of a GSM source can be written as:

W(x1,%2) Z Z Api @yt (X1) Ppi(X2), (4.44)

p=0 |=—0c0

At = Aot (4.45)

1l
_ 2p! 1 (Vor r? il 2r2\
d’pl<’”’9>‘\/vr<p+|u>!5< w ) oo () (Gz) e

where p and [ are the radial and azimuthal mode indices respectively, and L; denotes the

associated Laguerre polynomial [148]. Note that expressions from Zhang and Lii [162] has been

rewritten to be consistent with prior notations and generalised to take negative [ into account.

Figure 4.6(a) shows the eigenvalues )\, for the same GSM source as in the previous section.

Similar to the LG modes, it follows a geometric progression with the same \q and ratio q. The
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only difference is that the progression is now a function of 2p + |I| instead of m + n.

Now consider the GSM source placed immediately before a circular aperture. The transmission
efficiency of LG modes can be calculated according to Equation 4.26, and for a circular aperture,

it becomes

Upz—/ / ’(bf,l T, 9 rdrdf, (4.47)
2R2 Jw?
glle== [l x :
il 241’ (4.48)

(p+|l!

using a substitution of z = 2R%/w? Thanks to the polar separability of LG modes, the

expression reduces to a single integral.

Panel (b) shows the transmission efficiency 77, for the same circular aperture as in Figure 4.6(b).
It is evident that, in a roughly triangular region of p + |I| < R%/w?, the coherent modes
experience negligible energy loss. This can be seen as a consequence of the asymptotic formulae
of Plancherel—Rotach type [163], which describes e~/ QLLH as oscillatory at * < 2p + || + 1
and exponentially decaying beyond, for associated Laguerre polynomials of high orders [161,
Theorem 8.22.8, Page 200]. This approximate cut-off, however, gets worse as |I| /p increases,
as can be seen in the figure. In the extreme case of p = 0, the Laguerre polynomial Lﬁ' =1,

¥  which maximises at

such that the integrand in Equation 4.48 becomes proportional to ze~
r = 2R%/w? = |l|. Therefore, for a circular aperture, cut-off in the transmission efficiency can

be expected in the rough region of

2R2

(4.49)

2
B o

2~

as shown between the dashed white lines in Figure 4.6(b).

For an annular aperture, as shown in Figure 4.6(c), the low-order LG modes have a transmission
efficiency of nearly zero, as their oscillatory regime is blocked by the inner stop. When the
annulus is thin, only modes near the cut-off is efficiently transmitted, in the region of R?/w? <

2p + || < 2R?*/w?, where the mid-radius R = (R; + R,) /2. The region is also shown between
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the white-dashed lines in the figure. Compared to the HG case in Figure 4.5(c), the LG
representation seems to contain some more efficient modes whose 77;%1 > (.6, thanks to its polar

geometry.

When selecting the coherent modes to be simulated, it is usually reasonable to search within
this region, as modes beyond have both low eigenvalues and low transmission efficiencies. Nev-
ertheless, it is still preferable to find an efficient way of predicting 7712)1 to determine which
modes carry the most energy from the apertured GSM source, preferably without numerically
generating the modes themselves. We shall therefore show in the following discussion that a
closed-form expression for 77;2;1 can be obtained, which greatly facilitates mode selection, whereas
an analogous closed-form result is not available for HG modes because the circular symmetry

of the aperture conflicts with the Cartesian symmetry of the HG basis.

Recall that the Laguerre polynomial can be written as a series expansion [161, Page 101], given

as
p
Li(z) =) ac, (4.50)
c=0
where
—1)e l
e ! (451)
c! p—c

using the binomial coefficient. Its square can thus be written as
&
[L'” Z Z AgQe—gxF. (4.52)
=0 d=0
To include only non-zero terms, the range of second summation can be changed, such that
min(c,p)

L'” Z Z AgQe—gZF. (4.53)

¢=0 d=max(c—p,0)
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Substituting the expression into Equation 4.48, we have

min(c,p)

2R%w
bl [ (85 )
"D omo

¢=0 d=max(c—p,0)

min(e,p) 2R2 jw?

p+yz|lz Z adacd/ T alitee gy, (4.55)

¢=0 d=max(c—p,0) =0
The integral

2R2 Jw?
/ zlltee= dy, (4.56)

=0

is, by definition, the lower incomplete gamma function [148, §8.2]

( ”¥>. (4.57)

Here, we employ the regularised lower incomplete gamma function, P(z,y) = v(z,y)/I'(z),

where I' denotes the gamma function. A closed-form expression for 77;271 can then be found as

2p min(c,p) 2R2
CEDCTID ST 2%, (1.58)

c=0 d=max(c—p,0)

where

L+l L (ol
Ay = L = | +c)! 4.5
A= < a ) < g W 4

_ pl(p+ 1)1 + o)
T =D —cr ) ([ + D (I[—d+old(c—d) (4.60)

()G, oo

For an open aperture as R, — oo, the regularised lower incomplete gamma function becomes
unity, and it can be shown 77;%1 — 1 as expected. For an annular aperture, the transmission

efficiency takes the difference between two gamma functions, such that

2p min(c,p) 2 2
B . 2R; 2R;
ny = § (—1) E Al {P( ' ) (|l| +c+1, )} . (4.62)
0)

c=0 d=max(c—p,
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The closed-form expressions of 77;291 enables the transmission efficiency of any given mode to be
calculated without the need to generate the mode itself. As the original eigenvalue Ay follows
a simple geometric progression, the overall weight A}, = 77;[)\,,1 can therefore be computed and

sorted relatively quickly for a large number of mode candidates.

4.3.3 Numerical modes

In previous sections, the coherent modes of apertured GSM sources were found by exploit-
ing existing solutions of the coherence structure (A, ¢,) of unapertured GSM sources. With
the introduction of transmission efficiencies n?, the appropriate weights and apertured modes
(AL, ¢) can be found to represent the apertured sources, because aperturing is a linear process.
Although this approach is totally valid, it should be noted that (X, ¢) are not themselves
eigenvalues and eigenmodes of the Fredholm integral in Equation 4.10. In addition, although
the normalised individual modes ¢!, remain fully coherent individually and mutually incoherent,

they are not necessarily orthogonal, due to the change of domain from D to A.

As an alternative to the HG and LG modes, a viable approach would be to directly consider

the eigenvalue problem in A, i.e.

/J;WI(XM X2)¢;(X1) dX1 = )\%(ﬁ%(Xg), (463)

which can be solved numerically [164], for example, with the help of NumPy [165]. As an
indication of the computational scale, one representative run generated 5000 2D numerical
modes on a 512 x 512 sampling grid, for an apertured GSM source with a global degree of
coherence v = 5 x 1072, This run took approximately 493 s on a workstation with an Intel Core
19-10900K central processing unit (CPU) at 3.70 GHz and 32 GB of installed memory, using a

CPU-only NumPy 1.26.0 implementation.

Figure 4.7 shows some example modes obtained using this approach, for a circular aperture.

Modes are sorted in a decreasing order of eigenvalue, such that A;,_; < A7. It can be noted that,

especially in lower orders, some eigenmodes exhibit levels of polar separability or degeneracy,
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Figure 4.7: Eigenmodes and eigenvalues \), of the apertured GSM source, obtained by solving the 2D

Fredholm equation numerically. (a) Eigenmodes ¢/, of a circularly apertured GSM source. (b) The

normalised eigenvalues A, /A of the 2D numerical modes.

although this polar symmetry is not generally guaranteed through the 2D numerical method.

Nevertheless, since the aperture A is indeed circularly symmetric, we can attempt to solve the

Fredholm equation by assuming the following polar form of modes, given as

¢;)z(7"; 0) = wpl(r)ei”’, (4.64)

where 1),;(r) denotes the radial part, and the azimuthal dependence is in the form of a complex

exponential, as in the LG modes. The Fredholm equation can then be rearranged as

R 2, .2 2, .2
? ry 4T ry 4T i
/ exp (— 1402 Z_ 120 2) Fi(r1,ra)Yp(r1)r dry = )\;llbpl(rg)ewz, (4.65)
R; I g
where
2
T 0, —0 :
Fy(r1,rs) = / exp {Wz s (2 1= 0] o gy, (4.66)
0 Ug
2
— ¢llf2 / exp (ilA + acos A) dA, (4.67)
0
with

A = 91 — 92, = 7"17"2/0'3. (468)
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Employing the Jacobi-Anger identity [148, §10.12], we can write

exp(acos A) = i i J;(—ia)e2. (4.69)
j=—o0
Therefore,
Fy(ry,ry) = 2mell? i il J;(—ia)d,j, (4.70)
j=—o0
= 2717l ] (—ia), (4.71)

using the orthogonality of complex exponentials over [0, 27].

Using the Bessel identities J () = (—=1)'J;(z) and making use of the modified Bessel function
Ii(a) = i7'J(icr) [148], we can then find that

Fy(ry,m9) = 27 (). (4.72)

The Fredholm equation can then be written in a 1D form, given as

R, 2 2 2 2
© rT+r T+
o [ oxp (<15 < LI @)t drn = Nytre) (4.73)
R; UI 209

Therefore, by solving Equation 4.73 for ¢,(r) as a 1D eigenproblem for every value of I, one
could obtain a valid set of coherent modes. In contrast to solving the original Fredholm inte-
gral in Equation 4.63, this approach features the advantage of reduced dimensionality (r1,75)
compared to the case of the full CSDF (x1,x3), benefiting both memory allocation and compu-
tational speed in a simulation. For the same apertured GSM source with v = 5 x 1072 and the
512 x 512 sampling grid, a representative run solving the 1D eigenproblems for 81 azimuthal
indices generated 6601 numerical modes in approximately 0.84s, on the same workstation and

CPU-only NumPy 1.26.0 implementation.

Figure 4.8 shows some examples of coherent modes generated by this method, compared with

LG modes of the same order. In the case of a circular aperture, features similar to LG modes
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Figure 4.8: Coherent modes qﬁ;l(r, ) of a circularly apertured GSM source, obtained by solving the
1D Fredholm equation in the radial direction, compared with LG modes of the same orders p, (.
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Figure 4.9: Normalised eigenvalues A}, /Ay, of 1D numerical modes for a GSM source, upon (a) a
circular aperture and (b) an annular aperture. All parameters of the source and the apertures are
consistent with Figure 4.5 and 4.6.

are recreated in low orders, due to the same form of polar separability between the two. In
contrast, at higher orders, as the LG modes get closer to the cut-off described by Equation 4.49,
they start to behave differently from the 1D numerical modes in the radial direction, which is

particularly apparent for the mode (10,0) in the figure.

Figure 4.9 shows the distribution of eigenvalues A}; in the 1D numerical model, upon a circular
and an annular aperture respectively, where the parameters of both the source and the apertures
are consistent with previous models. As expected, for the circular aperture, the distribution
is very similar to that of the LG modes as the mode themselves are similar. In contrast, in
the annular case, the eigenvalue distribution in the 1D numerical model looks much simpler

compared to the LG counterpart, as there is no complication introduced by the transmission
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Figure 4.10: Comparison of cumulative fractional power error for an apertured GSM source represented
by a finite set of coherent modes in various models, viz. Hermite-Gaussian (HG), Laguerre-Gaussian
(LG), 1D numerical and 2D numerical modes.

efficiencies ngl. For the 1D numerical modes, the eigenvalues are significant only over a limited
range of p, which can be explained by the thin width of the annulus (R; of 9mm and R, of

11 mm).

4.3.4 Comparison of mode efficiency across various representations

To evaluate how efficiently a GSM source could be decomposed into a finite set of coherent
modes in various models, the cumulative fractional power f is considered at varying number
of modes being included in the set S. By considering the error 1 — f for a varying number of
modes, the four models discussed can be compared, as shown in Figure 4.10. As expected, in all
cases, the error diminishes as the set of modes S gets larger, as required by the completeness of
all coherent-mode representations. The error in various models, however, decreases at different
rates. Both analytical methods (i.e. HG and LG) exhibit compromised efficiencies, where
coherent modes are originally eigenmodes of the Fredholm equation within a larger domain D.
As a result, the fractional power being carried by each individual mode is reduced by a factor
of n? due to the mismatch between D and the aperture A. In particular, due to the mismatch
between Cartesian geometry in HG modes and the polar geometry of the aperture, more HG

modes are needed to achieve the same level of fractional power compared to the LG modes.
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In contrast, both 1D and 2D numerical models are superior at using a finite number of modes
to efficiently represent the GSM source, because the modes are generated within A from the
first place and no propagation through the aperture is required. As can be seen from the figure,
the fractional error 1 — f, decays roughly exponentially with respect to the number of modes
included in §. The 1D numerical model requires a larger number of modes because of the
sacrifice of efficiency for mode separability, as Equation 4.64 is put as an extra constraint on

the form of the coherent modes.

For these numerical approaches, the smaller number of modes has a significant benefit when
using the models in computational simulations, as less resources are required to generate and
propagate all modes in & through the optical system. Nevertheless, the lack of analytical
form limits the number of coherent modes that can be obtained, because a maximum of N
eigenvectors exist for an N x N matrix. As a consequence, in cases where coherence is very
low (i.e. v < 1), a greater demand of the number of coherent modes requires a CSDF whose
size scales quadratically and quartically for the 1D and 2D numerical models, respectively. For
the 1D modes, the polar symmetry further requires an interpolation if the propagating field is

defined in a Cartesian grid, which can reduce the accuracy.

4.4 Conclusion

In this chapter, the coherent-mode representation of a partially coherent field was introduced,
which can be employed to model the secondary source in a transmission-light microscope,
e.g. the condenser aperture plane for PPC. In contrast to the STF treatment which assumes
a particular optical setup and sufficiently weak objects, this approach focuses on the second-
order statistics of the source, and therefore holds for any subsequent optical system that behaves
linearly with respect to the field amplitude. When implemented computationally, the coherent-
mode method is superior to the ‘incoherent-point’ picture, producing no significant Fourier
artefacts without the introduction of a windowing function. It is also more physical, because in

a realistic optical system, the amount of spatial coherence has to be non-zero, as a consequence
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of the van Cittert—Zernike theorem.

Besides being physically accurate, the coherent-mode representation also fits well the need for
efficient computations. For a simulated grid of the size N x N, it only requires an array of
N? to be propagated each time, if the coherence structure is known in closed form, in contrast
to a general double-impulse response (N¢) or a CSDF (N?). Furthermore, due to the circular
or annular aperture immediately after the secondary source, a cut-off is usually observed at
a certain order of the coherent modes, beyond which the associated power becomes negligible
and can be omitted from simulations. The BSM model was discussed to show an example of

this cut-off.

In a microscopy system like the PPC, however, a Bessel-type correlation was deemed unrea-
sonable. The GSM was then introduced, whose intensity and correlation are both described in
Gaussian forms. With a circularly symmetric aperture placed on the GSM source, four modal
representations were investigated in detail, namely the HG modes, the LG modes, the 2D nu-
merical modes, and the 1D numerical modes. In the first two models, the HG and LG modes
are masked from a larger domain D to the aperture A, and therefore lose a fraction of their
power, quantified by 1 — n2. This loss of power not only requires a larger number of modes
to adequately represent the source, but also introduces an extra structure depending on how
well a particular mode may fit within the aperture. Using the Plancherel-Rotach asymptotics
of Hermite and Laguerre polynomials at high orders, empirical guides can be found for where
the cut-off in n? approximately sits. For the LG modes which have a polar geometry, we found
that the transmission efficiency 77]2)1 can be expressed in closed form, allowing the modes with

the largest weights to be selected without being generated computationally.

In contrast, coherent modes can be found directly within the aperture A, by solving the eigen-
value problem in 2D, or assuming polar separability, in 1D. Compared to the HG and LG
representations, the numerical models are found to be more efficient at representing the aper-
tured GSM source with a minimal number of modes, as the modes are themselves eigenfunctions
within the aperture. Nevertheless, the number of modes required is set by the global degree of

coherence of the source, with lower v requiring more modes for an accurate representation up
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to a given fractional power f, regardless of the model in use. If the coherent modes are solved
numerically, the number of modes is then limited by the sampling of the CSDF. Therefore,
for very low-coherence sources (i.e. 7 < 1), the required sampling can become so large that

constructing and solving the CSDF becomes impractical under memory constraints.

In Chapter 5, we will consider how transmitted-light setups such as PPC can be simulated,
building on the modal-decomposition framework developed in this chapter. Using a modal
representation of a partially-coherent secondary source, we develop a simulation pipeline that
is physically accurate, suitable for subsequent quantitative, informational analysis of voxel

imaging.



Chapter 5

Simulation pipeline for polarisation

imaging

Numerical simulations play an important role in modern optical imaging and are widely used
alongside experiments because they offer several advantages. Widely used alongside experi-
ments [50, 166-169], they provide a perfectly controlled and repeatable environment to char-
acterise system performance over parameters that are otherwise difficult to control. Moreover,
they can impose ideal imaging conditions beyond practical physical limitations, or be scaled up

to generate large datasets for applications such as machine learning.

The versatility of simulations becomes especially relevant in the context of voxel imaging for
optical data storage. For example, one could assess the read quality for voxels sitting in air
instead of glass, to eliminate aberrations due to the glass thickness, which is of course impossible
in practice. One can also systematically vary the voxel depth within the glass, which would
be too time-consuming and impractical to do experimentally. With a simulation pipeline,
images can be obtained for a range of situations that are impractical or impossible to realise
experimentally. With the help of high-performance computing (HPC) [170], high-throughput
simulations are possible for parameter sweeps as well, which is enabling and provides valuable

insights into system performance.

For a simulation pipeline to be effective, high fidelity is crucial so that the results are consistent
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Figure 5.1: Schematic of the simulation pipeline.

with physical reality. Achieving high-quality simulations is particularly challenging for systems
under partially coherent illumination [171]. In the previous chapter, we introduced how partially
coherent sources can be represented by a set of mutually uncorrelated modes, such that any
linear optical system can be simulated by propagating the coherent modes individually. In
contrast to the Stokes transfer function (STF) method in Chapter 3, the coherent-mode method
makes no assumptions about the optical system, providing maximal flexibility in how the system

is defined.

In this chapter, we present how the coherent-mode method can be used to build a versatile
and efficient simulation pipeline for polarisation imaging. We will start by defining a physical
model of the system, specifying the secondary source, the object space, the objective (including
a depth-correction collar), the polarisation camera (PolCam), and how a coherent field is propa-
gated between them. We will then describe the implementation aspects, including the software
structure, parallelised coherent-mode generation, graphics processing unit (GPU) acceleration,
and the use of job arrays on HPC clusters for parameter sweeps. Results of the simulations will

be presented in Chapter 7 alongside experimental results.

5.1 Physical model

Figure 5.1 shows the schematic of the physical model for the simulations. The setup in general
draws similarity to that introduced in Chapter 2, where coherent fields are propagated through

various optical elements in the framework of paraxial Fourier optics, except the distinction
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between S and D waves is no longer necessary in numerical simulations.

The model starts at the condenser aperture plane, which is regarded as a secondary source of
the system. For improved versatility, the object plane is generalised into an object space where
the back focal plane of the condenser lens (z = 0) is no longer assumed to necessarily coincide
with the front focal plane of the objective lens sitting at z = z¢, enabling the effect of defocus
to be simulated. In addition, there can be multiple layers of features (Lq,--- , Ly) sitting at
different z-positions, and the refractive indices between different layers may not be unity either,
such that depth-dependent aberrations can be introduced. The objective pupil function P then
needs to be generalised as well, to include a tunable depth correction that is commonly found
in objectives. Finally, after the tube lens, the sensor captures the field intensities analysed
in four directions (0°, 45°, 90°, and 135°). If the intensities are mosaicked according to the

micro-polariser array (MPA) layout, PolCam images can then be obtained.

5.1.1 Secondary source at condenser aperture

As discussed in the previous chapter, the field at the front focal plane of the condenser (ry)
can be described by a Gaussian Schell-model (GSM) source, masked by a circular or annular
aperture A(rg). In realistic situations, the intensity variation within the aperture is usually
small, such that its width o; is much larger than the aperture radius R,. As the choice of R,
has to reflect physical reality for a correct illumination numerical aperture (NA), o; needs to
take a large value. Furthermore, due to the van Cittert—Zernike theorem, the more coherent
the field is at the condenser aperture plane, the less uniform illumination becomes in the object
space. In the extreme case of a completely coherent field, for example, illumination in the
object space would become an Airy disk for a circular aperture or a Bessel beam for a thin
annular aperture, in contrast to reality where illumination is approximately uniform across the
field-of-view (FoV). As a result, the GSM source should be in the low-coherence regime, i.e. the

degree of global coherence v < 1.

Overall this description fits the definition of quasi-homogeneous sources by Carter and Wolf

[156], and such sources intrinsically require a large number of coherent modes to be included in
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the simulation, regardless of the coherent-mode representation. In this pipeline, we employ the
Laguerre-Gaussian (LG) representation of apertured GSM sources, as discussed in the previous
chapter, which comes with the advantage that the mode weights A, can be written in closed
form. Therefore, the set of simulated modes S can be selected without being generated, as
computation of all potential modes can be expensive in the low-coherence regime. In addition,
any LG mode %z can be written analytically, in contrast to the numerical models where the
number of orders obtainable is dependent on the sampling within the aperture. Computation
of LG and their eigenvalues also require no matrix construction of the cross-spectral density

function (CSDF), enabling the use of large simulation grids given limited computer memory.

As an appropriate model is selected for the apertured source, modes can then be generated and

propagated independently. At each iteration, the simulation starts with a coherent field

Eo(ro) = ¢ (ro)|L), (5.1)

where qbfnl can be calculated according to Equation 4.46 from the previous chapter.

5.1.2 Object space in angular spectrum

After the condenser lens, the field at its back focal plane E;(z1,y;,z = 0) can be described
with Fraunhofer diffraction in the paraxial approximation, given by Equation 3.20. In contrast
to Chapter 3, the z-coordinate of the object space is now defined to allow multiple layers
of features in the object space, including voxel arrays, material interfaces, and general thin
scatterers. To model the wave propagation between these layers, we employ the angular-
spectrum description, where a coherent field can be regarded as the sum of plane waves travelling
in different directions. Parametrised by the 2D wave vector (k,, k,)", the angular spectrum can

be written as a 2D Fourier transform of the field [80], given as

U (ky, ky, 2) = //_OO E(x,y, z) exp [—i (k@ + kyy)| dz dy. (5.2)
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As the Fraunhofer diffraction integral is also in the form of a 2D Fourier transform, we therefore

have

Cka Ck
U (k. by, 0) o By (g = K0y = _JeFu) (5.3)
ko ko

where f, is the focal length of the condenser lens, and ky := 27/ is the wave number in vacuum.

In this description, propagation of light acts as a simple transfer function, given as
U (ky, ky, z) = exp (ik, Az) U (ky, ky, 0) (5.4)

where Az denotes the distance of propagation, and k. is given by

k, = \/n%g — k2 k2. (5.5)

Note we keep the expression general for any refractive index n, which is critical for modelling

wave propagation in dielectric materials like glass.

Refraction at interfaces can also be included in the framework. For a planar interface of
mismatched refractive indices normal to the z-axis, field continuity at the boundary ensures the
component of the wave vector parallel to the interface is unchanged, i.e. the 2D vector (k,, k,)"
is conserved, which is consistent with the Snell’s law. As a result, the angular spectrum of the
field immediately before and after the interface is identical. Propagation through an interface
should be dealt in parts, with a different k., on each side. It is worth noting that this approach,

however, does not take the Fresnel coefficients for transmission into account.

Scattering at objects, however, is more complicated. For an incident plane wave, scattering
in general depends on the incident wave vector k', the scattered wave vector k*, and the
polarisation. The scattered field U’ and the incident field U are usually related by a 2 x 2
scattering amplitude matrix [172], given as

Ul (k*) B S (k% k) Sy (k°, k) | | Uy (K) (5.6)

Uj (k?) So1 (k. k%) Sop (K, k) | | Us (K°)
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where the subscripts 1 and 2 denotes orthogonal axes perpendicular to their respective wave
vectors. In the paraxial approximation they can be defined as the x and y-axes. Integrating

over the incident wave vector, the output angular spectrum is then given as

UL (ko oy, 2) 2// (s by K KU (R K 2) I (5.7)

For thin objects, however, the expression can be further simplified, because its action through

a Jones matrix T is local, i.e.
EZ/(.CE,y,Z) :Zirl](:my)E](may?Z)a (58)
J
in physical coordinates. In the angular-spectrum description, the transmitted angular spectrum

can be found by Fourier transforming the original Jones matrix, such that

Tk k) = [ [ Toto)exp =i (b + b)) dody, (5.9)

The output angular spectrum can then be found using the convolution theorem, given as

Uf (kay by, 2) = Y Tij(ka, ky) % Uj(kay by, 2). (5.10)

J

In summary, the pipeline propagates a coherent field through the object space, starting with

the angular spectrum at the condenser back focal plane, i.e.

UO (kam ky7 0) = EO (x() = _fckx/km Yo = _.fcky/k()) ) (511)

omitting global factors for simplicity. In the object space, there can be an arbitrary number
of layers, Li(z1), La(22),..., La(zy). Each layer can be a dielectric interface, a thin feature
described by the transmitted angular spectrum TZ], or a general scatterer described by the scat-
tering amplitude matrix S;;. Denote the angular spectrum after the m-th layer as U™ (k,, k,, 2)

and the refractive index as n,,, for m = 1 up to M. For each layer, the pipeline first needs to
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propagate the field from the previous layer, using

U™ (ky, by, 2m) = U™ (kg Ky, 2n1) exp [i (Zm — Zm—1) \/nfn_lk,‘g — k2 — k;J . (5.12)

After that, the field is propagated through the layer depending on its type, i.e.

)
U (b, ky,s 2m) s for interfaces,

U™ (ks by, 2m) = Zj T[}"” (kg ky) * U;”_l (kg Ky, 2m) for thin features,

\Zj [ Sz (ka, by, Ko, K) U;”_l (Ko, K., zn) dkl,dK!, for general scatterers.
(5.13)

After all layers, the field needs to be propagated to the objective front focal plane at z = zy.

For an air objective, its immersion refractive index is unity (i.e. ny; = 1), such that

UM (ky, ky, 2p) = UM (ky, iy, 221) exp [1 (27 — 2ag) A JH2 — 2 — kg] . (5.14)

Note that 2y — 257 is non-positive for a system properly focused on the layers, so this step is
usually a virtual propagation in the —z direction, and is independent of the actual refractive

index between z = zy and z = 2.

Finally, the field can be propagated to the objective back focal plane ro. Similar to the con-
denser, the field is related to the angular spectrum in the object space by a simple scaling in

the paraxial approximation, given as

E2($2yy2) = UM (kx = kOa:Q/fm ky = k0y2/f07 z = Zf) ) (515)

where f, is the focal length of the objective.

5.1.3 Voxel arrays

Among all possible objects, one type of particular interest is the voxel array, which can be used

to represent a data sector in the context of optical data storage (ODS). Although in real sectors
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the voxels may not be arranged in perfect grids depending on the scanning mechanism in the
writing process [25], a Cartesian grid of voxels is representative in most cases. In such models,
there are N x NY voxels in a sector, and a voxel indexed (m,n) sits at the position of

N* —1 NY —1
xmn:(m— ”2 )pﬁ, ymn:<n— ”2 )pz, (5.16)

where p? and pY represent the voxel pitch in the x and y-directions, respectively. Each voxel is

assumed to be a birefringent disk of radius r,, so its extension lies within

]-7 \/(wl - xmn)Q + (yl - ymn)z S Ty,
an(xlayl) = (517)

0, otherwise.

The polarisation action is then described by the Jones matrix of a linear retarder:

N,

g

T, = LR (5 = 5y, = ”gm"> , (5.18)

where g, € {0,1,..., N, — 1} is the symbol the voxel represents, and ¢, denotes the birefrin-

gent retardance of the voxel. A data sector therefore carries NN/ log, N, bits of data.

Therefore, the overall Jones matrix of the voxel array becomes

T(-Tl;yl) :H“—Z(Tmn_]l) an(xbyl)a (519)

and the corresponding transmitted angular spectrum can be found through Equation 5.9.

5.1.4 Objective and collar correction

For infinity-corrected objectives, the objective pupil is modelled at the back focal plane of the

lens. Similar to Equation 3.26, the output field E} can be simply written as

E5(22,y2) = P(72, y2)Ea(22, 42), (5.20)
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where P is a polarisation-insensitive pupil function.

The parameters of the objective should be set to correctly reflect physical realities. A microscope
objective is usually marked with magnification M and NA, designed to be used in conjunction
with tube lenses of a particular tube lens fy;. Thus, the objective focal length is given by

fo = fu/M, and the radius of its pupil can then be found as R = NA x f,.

Nevertheless, in practice, the microscope is usually focused some distance into the glass. This
can be due to the sector depth for optical data storage, or caused by coverslips in biological
applications. As a result, aberration is introduced by the refractive-index mismatch between
glass and air. Accordingly, many objectives incorporate a correction collar that compensates

these aberrations, and it is vital to include it in the simulations.

Consider a slab of thickness d and refractive index n is inserted in the object space. The

wavefront aberration W (d, n, p) it introduces can then be written as [173]

W(d,n, p) = dy/n? — p2NA?, (5.21)

by considering the extra optical path assuming the Abbe sine condition [174].

Assuming the correction collar to perfectly remove the aberration caused by the refractive index

mismatch, it should introduce a negative wavefront of
1/) - = [W(d87 Ne, P) - W(dca ]-7 P)] ) (522)

where n, is the refractive index for which the correction is designed for, and d, is the correction

collar setting. The pupil function therefore becomes

P(s) = exp (ikoy)), p <1, (5.23)

0, p>1

Additionally, for phase-contrast objectives, an extra factor of it, should be multiplied within

the phase ring, as discussed previously in Chapter 3.
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5.1.5 Tube lens and camera

The tube lens, parametrised by its focal length fy;, focuses the field onto the sensor. In the
absence of camera defocus, the process can be described by the Fraunhofer diffraction integral,

given as

1621k0ftl 21w
Es(z3,y3) = N7 // 52, y2) exp Y7 (2215 + Y2ys) | daa dys. (5.24)

In simulations, this can be implemented with discrete Fourier transform (DFT) algorithms.

As the sensor is a PolCam that analyses the field in four linear states, four intensity images of

the systems are recorded, i.e.

Iq<I3, ys) = Z /\;z |IF’(q)E3(x3,y3)|2, (5‘25)

pl

where ¢ represents one of the four polarisation channels at 0°, 45°, 90°, and 135°, and P is the
Jones matrix of linear polarisers in Table 2.1. Contributions from all coherent modes (p, () are

summed over, following the coherent-mode method in Equation 4.13.

In taking this approach, the field at every position is analysed in all four linear states. This
offers perfect registration between polarisation channels, which, though not strictly realistic, is
advantageous in situations where the instantaneous field-of-view (IFoV) error is preferred to be
avoided. If desired, realistic PolCam images can be obtained by mosaicking the four intensity

images according to the superpixel layout of PolCam.

5.2 Implementation of the simulation pipeline

The modular structure of the simulation pipeline is summarised in Figure 5.2. The simulator
accepts a configuration file at a time, and produces the four-channel polarisation image corre-
sponding to the system specified, utilising the physical model described in the previous section.

It is optimised for deployment on the HPC clusters provided by Imperial College Research
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Figure 5.2: Modular diagram of the polarisation image simulation pipeline, which consists of system
definition, initialisation and array construction, propagation, and output to the Research Data Store
(RDS). Each module can be further decomposed into lower-level submodules. Colours indicate the
primary resource used by each module (CPU, GPU, or I/0O), featuring the CPU-based mode generation
and the GPU-accelerated mode propagation.

Computing Service [170], with external input/output (I/O) handled with the Research Data
Store (RDS), although it can also run on any local machine as long as Compute Unified Device

Architecture (CUDA) Toolkit [175] is available for GPU parallelisation.

5.2.1 System definition

A simulation starts by reading a single configuration file defining the system to be simulated.
Written in the JSON format, the file specifies the states of all system components in the physical
model. A determination and validation step then checks that the configuration is physically
This step

meaningful, and computes any additional parameters required by the simulator.

produces a post-determined parameter object that is then passed around the parent and sub-
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processes of the pipeline.

At this stage, the pipeline also tries to identify the machine it is running on, by inspecting the
local environment such as the hostname and the hardware address, which helps to determine
the I/O paths the pipeline works with. This is essential for placing the results in the correct

directory and, when required, locating the cache files and voxel specifications.

5.2.2 Initialisation and array construction

The pipeline then needs to prepare any prerequisites for the coherent mode propagation. First,
it needs to identify which modes (p,1) needs to be propagated. As discussed in the previous
chapter, the mode selection process is to find a set of simulated modes S such that the cu-
mulative fractional power f satisfies a certain threshold. Ideally, the modes should be of the
greatest weights A, such that S is as small as possible. The selection process is carried out
by searching the modes near the asymptotic cut-offs in Equation 4.49. With the help of the
closed-form expression of the mode transmission efficiency (Equation 4.62), the mode-selection
process can be carried out without actually generating any LG mode, which greatly accelerates
the computation. Mode-selection results are saved as a Python pickle file (.pkl) for potential

future reuses.

The pipeline then prepares for GPU computations for mode propagations. GPU acceleration is
realised with the aid of cupy [176], an open-source array library based on the CUDA Toolkit.
To prevent repeated initialisation of GPU arrays, they are preallocated with the expected size
and data type on the GPU memory, which can then be provided to the mode propagator and

reused over iterations.

The action of all layers in the object space must also be specified. Layers of thin features
are described by their transmitted angular spectra, which can be obtained from Equation 5.9
when a Jones matrix is given. Alternatively, when the object space contains one or more voxel
arrays, the pipeline reads the relevant sector information from a library of voxel specifications

on the RDS, referred to as the glass library. The glass library stores the specifications according
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to which all glass samples are written. Each sample is defined by a JSON file that contains
the writing parameters, the sector definitions, and a reference to the corresponding ground-
truth data. For samples that were imaged experimentally, the JSON file also specifies the
corresponding sector configuration, enabling straightforward comparison with the experiments.
By specifying the glass sample name and sector name in the simulation configuration, the
pipeline can simulate any sector in the glass library together with the correct ground truth it

is designed to represent.

In cases when general scatterers are to be simulated, the pipeline instead requires a scattering
amplitude matrix to be provided as a .pkl file. Taking into account the simulation grid, the
scattering amplitude matrix is a rank-6 tensor acting on a rank-3 field tensor, contracting over
three dimensions to produce a rank-3 output field tensor, which can be computationally expen-
sive. To optimise the general matrix multiplication (GEMM) process, an open-source package
opt_einsum [177] is employed to determine an optimal GEMM path prior to the propagation
phase, with the constant arrays cached in GPU memory. It is also found that the CUDA-based
cuBLAS library [178] greatly speeds up the GEMM computation, when used as the backend for

opt_einsum.

In addition, the pipeline constructs several other constant arrays on the GPU during the ini-
tialisation process, including the interlayer propagation phases exp(ik,Az), the depth-corrected

pupil functions P(ry,d,.), and the MPA Jones matrices.

5.2.3 Simultaneous mode generation and propagation

In the propagation phase, all coherent modes (p,[) need to be efficiently generated and propa-
gated through the physical model, for which GPU-acceleration is greatly helpful. Nevertheless,
the GPU operations employ a fixed precision floating-point arithmetic, which is problematic

for generating high-order LG modes.
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Recall the radial part, 1,(r), of the LG mode, given as

=2 () Lo (-2) 20 (22). 526

Note that, at very high orders of p and |l|, the associated Laguerre polynomial is prone to

numerical overflow, while the other terms are prone to underflow. As a result, although the
value of ¢,,;(r) itself may be well-represented by a floating-point number, the computation of it

requires arithmetic of higher precisions.

To overcome the problem, the mpmath package [179] is employed, to enable floating-point arith-
metic with arbitrarily high precision using the central processing unit (CPU). To compensate the
lack of parallelisation functionality offered by mpmath, the simulation pipeline is designed with
an asynchronous producer-consumer structure, for which multiple subprocesses are spawned as
mode generators at the end of initialisation phase. At the propagation phase, the mode gen-
erators repeatedly take the next available mode index and computes the radial mode v, (r) at
high-precision on CPU, while the parent process acts as the propagator on GPU, that expands
the radial modes into full 2D modes, propagates through the physical model, and accumulates
into the result intensity image. An inter-process queue is used to connect between the mode

generators and the propagator, enabling asynchronous computation.

The mode generators also take advantage of symmetries to avoid redundant computations.
Notably, as ¢,;(r) = 1, _i(r), each radial part actually corresponds to a mode pair (p,=+!)
for the propagator to process. In addition, as the simulation grid takes a Cartesian geometry,
many points on the grid share the same radius: for instance, grid points (£i, £7) and (47, i)
all share the same radial distance and only need to be considered once. At the initialisation
phase, the pipeline considers a set of unique radial distances according to the definition of the
simulation grid to take advantage of this symmetry, and constructs a routine such that the

propagator can expand the 1D radial distances back to the 2D grid.

It is also worth noting that, for modes of higher orders, the mode generators get slower due to

the higher precision arithmetic they require, while the time it takes for the mode propagator
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to process a mode pair stays the same. Therefore, the mode indices (p,[) are shuffled during
initialisation, to help the load balancing between the mode generators and the propagator.
Ideally, the number of generator subprocesses (and therefore the number of CPU cores requested
from the cluster) should be set such that the production rate of modes matches the consumption

rate of the propagator, maximising resource utilisation.

5.2.4 Output

After all coherent modes are propagated and the four-channel polarisation image is obtained,
the final results are transferred from the GPU and written to the result directory on the RDS
as a TIFF stack. In addition, false-colour images are generated as a quick visual preview and

saved as separate TIFF files.

The pipeline records all configuration for reproducibility. Both the original and post-determined
system parameters are saved as JSON files in the result directory, together with log files, GPU
status, and the environment variables. The voxel grid locations and associated ground truths
for voxel layers are also saved, which can be useful for subsequent informational analysis of the

system.

5.2.5 HPC deployment and parallelisation with job arrays

Although the pipeline can run on any machine where the CUDA context and the I/O paths to
the glass library and the result directories are defined, it is primarily optimised for HPC deploy-
ment and is typically executed on the CX3 or HX1 clusters at Imperial College London [170].
With the code base cloned to a RDS location, the simulation can be launched via the Portable

Batch System (PBS).

To start a simulation session, a PBS script is submitted to the job scheduler, specifying the
required computational resources, a list of module dependencies (e.g. CUDA), as well as the

path to the JSON configuration file. Once resources become available, the scheduler assigns
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Figure 5.3: Schematic of the parallelisation of the simulation pipeline using job arrays on an HPC
cluster. A single Portable Batch System (PBS) job script is submitted to the scheduler, which spawns
multiple jobs that each read the same base JSON configuration and derive their own set of parameters.
Each job runs an independent instance of the simulation pipeline, and the resulting images are written
to structured result directories on the RDS.

nodes to execute the computation, and the resulting data are written back to the RDS. This
method of software deployment provides not only a consistent software environment, but also
access to high-end hardware. For instance, the NVIDIA A100 GPU with 80 GB of memory
is particularly advantageous for simulations involving a large number of layers in the object

space.

Another major advantage of HPC deployment is the ease of parallelisation. In cases like param-
eter sweeps where many simulation sessions are needed, multiple instances of the simulation
pipeline can be launched simultaneously using PBS job arrays, which is illustrated in Figure 5.3.
When a PBS script is submitted to the scheduler as a job array, multiple jobs can run at the
same time on the cluster, subject to hardware availabilities. Each job reads the same JSON file
as a base configuration, and applies necessary modifications according to its array index. The
modified configuration is then passed to a separate instance of the simulation pipeline, with the
resulting images written to the RDS. In this way, the high level of automation makes efficient
use of a rich set of computational resources provided by the HPC clusters, enabling exploration

of large parameter spaces that is otherwise impractical.
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As an indication of the computational scale, one representative single-layer simulation of bire-
fringent disks used an apertured GSM source with global degree of coherence v = 2 x 1073,
involving 233 019 mode pairs on a 2048 x 2048 spatial grid with two polarisation components.
This run was performed on the Imperial College London CX3 HPC cluster [170] using 32 CPU
processes on Intel Xeon Silver 4110 CPUs and an NVIDIA RTX 6000 GPU. The job completed
in approximately 183 min, using 6 GB of memory at peak, with an average CPU utilisation of
31.99 cores, indicating that the simulation was CPU-bound. When simulating optical systems
with a more complex object space, jobs can become GPU-bound instead, requiring less CPUs.
In general, job sizing is required to determine the appropriate amount of resources to request

from the PBS for any given set of parameters.

5.3 Conclusion

In this chapter, we described both the physical model and the software implementation of a
simulation pipeline for transmitted-light polarisation imaging. We first presented a physical
model, with a flexible framework to define the microscopy system, consisting of a partially
coherent source, an extended object space, a depth-correcting objective, the tube lens and a
PolCam. The LG representation of an apertured GSM source from the previous chapter was
employed to model the secondary source at the condenser front focal plane. The object space
was treated in the angular spectrum, containing an arbitrary number of layers at different z-
positions. Each layer can be a thin object represented by their transmitted angular spectra,
a general scatterer defined by a scattering amplitude matrix, or a dielectric material interface
for refractive-index changes, while interlayer propagation acts as a simple transfer function in
the angular spectrum. In particular, voxel arrays were modelled as birefringent disks sitting
in a Cartesian grid, with their azimuths corresponding to the ground truth for ODS applica-
tions. The objective pupil function was then generalised to incorporate depth-correction for
various thicknesses of glass, and the focusing by the tube lens was described by the Fraunhofer

diffraction.
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We then described how the physical model is used to implement an efficient simulation pipeline
that accepts a single configuration file and produces the polarisation images for the system
defined. After determining a consistent set of parameters, the pipeline finds a set of coherent
modes to be included in the simulation, according to the asymptotic analysis of LG modes
and the closed-form expressions for the transmitted efficiencies from the previous chapter. At
the propagation phase, the pipeline employs an asynchronous producer-consumer structure,
with multiple subprocess spawned for high-precision computation of radial modes in CPU.
Simultaneously, the parent process fetches the radial modes from an interprocess queue, expands
it into 2D LG mode pairs, and propagates them through the physical model. The propagator
was further accelerated with CUDA-based GPU operations, including faster GEMM operations
via cupy and opt_einsum. We also described how the pipeline was deployed on HPC clusters,

and can be efficiently parallelised with PBS job arrays.

In the next chapter, we move from the numerical simulation to the practical implementation.
We will describe the hardware realisation of the polarisation-sensitive phase contrast (PPC)
system, including the optical setup, hardware controls, measurement automations, and real-
time visualisation with the polarisation-camera image processing (PCIP) module. Together,
the development of a physical system will provide the experimental counterpart to the simula-
tions, such that their results in voxel imaging can be compared using informational analysis in

Chapter 7.



Chapter 6

PPC System Implementation

In previous chapters, we discussed how polarisation-sensitive phase contrast (PPC) is designed
for imaging weak polarisation features in a sample, and developed both analytical and numerical
models of the imaging process. In this chapter, we instead focus on how the system is imple-
mented in practice. We describe the optical and electro-mechanical hardware configuration,
including sample positioning, illumination control and system stability, and then introduce the
software components used for control, automation and real-time visualisation of polarisation

images.

The motivation for this chapter is that imaging weak polarisation signals in practice requires
stability, repeatability, and usability of the system. In particular, both biological samples and
birefringent voxels can produce weak contrast that is difficult to locate and focus on from
single raw frames, and optical data storage (ODS) experiments would also benefit from long
acquisition sessions and large datasets. In addition, the demonstration of high-density ODS
requires the capability of positioning the sample in 3D and navigating within the glass. A
robust implementation is therefore essential, both to ensure consistent data quality and to

support the quantitative analysis in later chapters.

The PPC system was initially implemented during my MRes project [41], which introduced the
initial optical layout and basic acquisition process. Since then, the system has been extended

and refined in several aspects, including the illumination scheme, sample positioning, hardware
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Figure 6.1: Implementation of the PPC system, including the optical setup and its integration with the
electro-mechanical components for controls and measurements. F, spectral filter; D, field diaphragm;

FL, field lens; P, linear polariser; QWP, quarter-wave plate; CA, condenser aperture; C, condenser
lens; O, objective lens; TL, tube lens; MFD, motorised focus drive.

integration and software automation. In this chapter, we therefore only summarise the elements
that are essential for understanding related experiments, and focus on the upgrades and new

control capabilities that were developed beyond the original MRes work.

6.1 Hardware assembly

Figure 6.1 summarises the optical and electro-mechanical setup for implementing the PPC
system. An external light-emitting diode (LED) (Thorlabs, SOLIS-565C) is used as the light
source, replacing the original halogen lamp at the transmitted illumination port of the Olympus
BX41 frame. Combined with a spectral filter (Comar, 547 IB 50), the source spectrum has a
bandwidth of 50nm and peaks at 530nm. The LED collimator and the field lens project an
image of the LED chip at the condenser aperture plane, achieving a Kohler-illumination setup.
Between the field lens and the condenser aperture, a linear polariser (Thorlabs, LPVISE200-A)
and a quarter-wave plate (QWP) (Thorlabs, WPQ10E-532) are placed with their orientation

offset by 45° to produce left-handed circular polarisation. A phase-contrast condenser (Olym-
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pus, U-PCD-2) is employed to match the objective (Olympus, LUCPlanFLN 40x/0.60 Ph2).
Finally, light is focused by the 180 mm tube lens offered by the microscope frame onto the
polarisation camera (PolCam) (FLIR, Blackfly S BFS-U3-51S5P-C) connected to a computer.
Note the trinocular component is removed from the Olympus frame to provide a mirrorless
light path between the polariser and the PolCam, to prevent the polarisation being changed

upon reflections.

The upgrade of the light source from the halogen lamp to the LED provides a much higher
optical power up to 6.1 W, massively reducing the exposure time required to make full use of the
full-well capacity (FWC) offered by the PolCam. It is particularly helpful in a PPC setup where
the light throughput is inherently poor due to both the condenser annulus and the phase ring
attenuation. With a high optical power, however, thermal management is required to prevent
damages to the optical components, especially the polariser which dissipates roughly half of
the incident power. To limit the heat load, the LED is placed in pulsed operation, triggered
by the PolCam exposure signal. Therefore, the LED is only switched on during the exposure

window of the PolCam, minimising thermal effects to the system in long acquisition sessions.

Another significant upgrade from the previous iteration of the system is the motorised posi-
tioning of the sample, which enables controlled and repeatable sample placement in 3D. This is
particularly useful for imaging glass samples for ODS. As a glass sample can contain millions of
unique sectors, accurate positioning is essential to place a sector of interest within the camera
field-of-view (FoV) and to achieve proper focus. In the transverse directions, this is achieved by
a scanning stage (Méarzhauser Wetzlar, SCAN 75 x 50) with a custom insert that can hold either
a 7bmm X 25 mm microscope slide or a 25 mm square glass sample at the centre. Positioning in
the axial direction is controlled by a motorised focus drive (MFD) (Méarzhauser Wetzlar, MFD
for Olympus) attached to the focusing knob. Compared with a piezoelectric stage, the MFD
provides a long axial travel range limited only by the microscope frame. Both transverse and
axial motion are commanded via the position controller (Marzhauser Wetzlar, TANGO 3 DT)
using either a three-axis joystick or the computer. A proximity sensor (Omron, EE-SX4009-
P1) provides a repeatable axial reference when the condenser assembly approaches the QWP,

while the limit switches of the scanning stage define the transverse reference position, ensuring
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consistent sample placement in 3D. Together, these features allow reliable navigation to any
glass location containing a data sector and support acquisition of z-stacks, relevant to both

ODS and biological applications.

Mechanical stability is also critical, because high-quality images may be obtained by av-
eraging repeated exposures, during which the sample must remain stationary. During the
MRes project [41], the sample stage was observed to slowly drift downwards, and significant
millisecond-scale vibrations were present. These issues are effectively mitigated by mounting
the system on a floated optical bench and using the MFD, which suppresses axial drift. To-
gether, the enhanced mechanical stability and accurate motorised sample positioning enable
long, automated acquisition sessions, which are essential for both statistical characterisation of

imaging quality and high-throughput data reading.

6.2 Software for control, visualisation, and automation

The computer plays a central role in hardware control, real-time visualisation, and automated
acquisition of images, all of which were realised with Python based on the open-source Scope-

Foundry platform [180].

Camera control and image acquisition was achieved through the simple pyspin package [94]
that interfaces with FLIR’s PySpin package. For stage control, we wrote TangoPy, a Python
wrapper over the vendor DLL that issues commands and queries status via an emulated COM
port. In both cases, the hardware control is integrated to the ScopeFoundry app as hardware

classes.

During an imaging session, raw images are continuously acquired from the PolCam. They are
written to a circular buffer that maintains the most recent frames and computes a running
average. The averaged image is then passed to polarisation-camera image processing (PCIP)
to generate false-colour visualisations. Figure 6.2 shows a typical workflow of this process,
demonstrated with an example image of closely packed voxels whose birefringent fast axes

orientates at 0°, 45°, 90°, and 135°, arranged in a chequerboard pattern. From the raw image,
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Figure 6.2: Typical workflow for real-time processing of PolCam images. Example shows a sector of
closely packed voxels with fast-axes orientations 0°, 45°, 90°, and 135°, arranged in a chequerboard
pattern. The raw image (a) is split into the four polarisation channels (b); from these the three Stokes
images are computed (c), yielding the DoLP and AoLP maps (d). A false-colour image (e), described
in Section 2.4.3, is then displayed for visualisation. Hue, AoLP; value, DoLP. Scale bars for all images
in the figure represents 100 pm.

the PCIP module splits it into four polarisation channels, before computing the Stokes images
(So, S1, S2) using Equations 2.1-2.3. It then computes the degree of linear polarisation (DoLP)
and angle of linear polarisation (AoLP) maps with Equations 2.4-2.5, before displaying a false-

colour visualisation using the hue-saturation-value (HSV) scheme described in Section 2.4.3.

Optionally, the PCIP module estimates and removes a polarisation background, assuming the
background contains only low spatial frequencies. The process is carried out on the Stokes
images S;(m,n) which are band-limited due to the Stokes transfer functions (STFs). The

background-removed Stokes images can then be expressed as

Si(m,n) = Si(m,n) — (S;*g,)(m,n), (6.1)

where

1 m? + n?
go(m,n) = 5 exp (——) , (6.2)
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represents a 2D Gaussian kernel with a width of ¢. Additionally, the module may attempt
to correct the instantaneous field-of-view (IFoV) error caused by the spatial offset between
polarisation channels. This issue is discussed in Chapter 2. The correction uses a method
based on the Fourier—shift theorem introduced in Feng [41], which is evaluated in detail in
Section 7.3.1. After all processing, the false-colour image is passed back to ScopeFoundry for
display. Thanks to GPU-acceleration with cupy [176], the image processing can be carried out

in real time as images are constantly acquired.

Finally, the ScopeFoundry application acquires single frames, time series, and z-stacks, saving
them in a structured layout at a specified location (typically with cloud storage due to the
large size) as TIFF images with accompanying JSON files that record hardware attributes.
This automation is critical, enabling statistical analysis on large datasets for read-quality char-

acterisation or decoding, as will be presented in the following chapters.

6.3 Conclusion

In this chapter, the practical implementation of the PPC system has been described. While
the preceding chapters established how polarisation contrast is generated in PPC and how the
imaging process can be modelled analytically and numerically, reliable imaging in practice re-
quires a system that is sufficiently stable, repeatable and automated, especially in the context of
ODS where large datasets are required for the upcoming informational analysis. The hardware
upgrades reported in this chapter, including high-power illumination with pulsed operation for
thermal management, the mirrorless implementation, and motorised 3D positioning with re-
peatable referencing, were motivated by these requirements. In particular, the 3D positioning
capability enables accurate navigation to a sector of interest, and long acquisition sessions can

then be carried out without significant drift.

On the software side, the system needs not only to acquire raw frames, but also to provide real-
time feedback and be sufficiently automated for scripted acquisition. Because PPC is optimised

for samples with weak polarisation contrast, the features of interest are often difficult to locate
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and to focus on directly from single raw frames, whether the sample is biological or birefringent
voxels. The real-time visualisation capability provided by the PCIP module is therefore of
great value. Together with averaging raw images using a circular buffer, the software enables
the user to rapidly identify weak features and achieve proper focus during an imaging session.
In addition, based on the ScopeFoundry platform, the software integrates camera and stage
operations, enabling acquisition of not only single frames, but also time series and z-stacks,

with structured storage of image data and hardware metadata.

In the next chapter, we build on this experimental foundation and move from implementation
and visualisation to quantitative evaluation of voxel imaging performance. Rather than treating
the PCIP output as a visualisation tool, Chapter 7 assumes polarisation images have been
acquired, and applies an image processing and decoding pipeline, including sector masking,
voxel localisation, and symbol classification. The polarisation measurements are then analysed
using mutual information. By making use of the experimental system and the simulation
pipeline described in the previous chapter, the informational analysis will provide a framework

for understanding how different sources of error affect the readout quality.



Chapter 7

Informational analysis of voxel imaging

In the previous chapters, we introduced polarisation-sensitive phase contrast (PPC) as an
imaging technique optimised for weakly birefringent samples such as voxels, and showed how it
can be modelled numerically and implemented experimentally. In the application of optical data
storage (ODS), however, it is not sufficient to obtain a polarisation image of voxels. Instead,
the polarisation states from each voxel must be measured quantitatively and compared to its
ground truth in order to assess how well the original data can be retrieved. Furthermore, it is
critical to understand how the optical system affects, and potentially limits, the performance

of ODS through the underlying physical processes.

In this chapter, we take an information-theoretic perspective on how well a microscopy system
can serve as the read head for ODS. We first introduce a framework for informational analysis
in which mutual information (MI) is used as a metric for quantifying how much information
is carried by birefringent voxels. By viewing ODS as a communication channel, the estimated
MI between the ground-truth voxel symbols and the measured polarisation states provides an
estimate, and in particular a lower bound, on the channel capacity according to Shannon’s

noisy-channel coding theorem.

We then present a practical image-processing pipeline that automatically extracts a polarisation
measurement for each voxel in a polarisation camera (PolCam) image, from which MI can

be estimated. Together, the theoretical framework and the processing pipeline allow us to
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Figure 7.1: A model of communication for optical data storage with birefringent voxels. To store a
source-coded message M, it is firstly encoded into a sequence of voxel symbols, X, as the input of
a communication channel. The channel consists of voxel writing with femtosecond lasers, storage of
glass, and the voxel reading process with polarisation microscopy, each of which introduces noises to
the channel. The output of the channel is the polarisation measurement of voxels, §, from which the
sequence of voxel symbols is estimated and decoded into the estimated message M.

investigate how the channel capacity is influenced by physically meaningful parameters in the
optical system, such as photon shot noise, defocus, and aberrations, for which experimental

results will be presented and compared to simulations.

7.1 A communication model for optical data storage

From an informational perspective, data storage is considered as a communication process,
for which the process can be abstracted using Shannon’s linear model [181], as illustrated in
Figure 7.1. Consider a source-coded message M that needs to be stored. A deterministic
channel-coding algorithm determines a sequence of symbols to be written as voxels in glass. A
(noisy) communication channel, C, can be defined for the process of voxel writing, the storage
of glass, and the polarimetry of voxels using a read head like the PPC. The decoder then try

to determine the voxel symbols, from which the original message can be estimated.
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From the communication model, it is apparent that the whole process includes many elements
beyond the scope of this thesis, such as the coding strategy and the writing and storage of voxels.
Instead, we are interested in how well a method of polarisation imaging serves as the read head
of ODS, and how that performance may be affected in various situations. Therefore, rather
than investigating the input and output messages M and M, or focusing primarily on how well
X estimates the original voxel symbols X, we mostly limit our discussion to the communication
channel C itself. As illustrated in the figure, the input of the channel is the ground truth of
the voxel symbol, treated as a discrete random variable. In contrast, the output of the channel
can be continuous, as it represents the polarisation measurements made on the voxels. In the
case of single-shot polarimetry with a PolCam, the measurement is a 2D projection of the
Stokes parameter on the normalised linear Stokes plane (NLSP), § = [Sl, SQ]T, as discussed
in Chapter 2. As a result, the statistical relationship between the input and the output can be
used to quantify the performance of the channel itself, largely independently of the particular

encoder and decoder.

At the same time, to demonstrate the feasibility of voxel-based ODS in a concrete setting, we will
later introduce a symbol-determination step that maps measurements Y to estimated symbols
X , enabling direct comparisons between X and X. With an assumed Gray-code mapping [182],
this also permits illustrative comparisons between messages M and M. Nevertheless, the pair
(X,Y) remains the most relevant basis for evaluating the intrinsic performance of the PPC read
head, since in practical applications the encoder and decoder can be designed around a well-
characterised channel, for example by introducing an appropriate amount of data redundancy
depending on the channel capacity, which is in turn affected by channel impairments such as

photon shot noise and optical aberrations in the microscopy system.

7.2 Entropy, mutual information, and channel capacity

The statistical relationship between the channel input X and the corresponding output Y is ul-

timately governed by the joint distribution px y (x,y) between the two random variables. In the
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context of communication, we are particularly interested in how much information is conveyed
about the input when we measure the output, which is the mutual information (MI) [183]. In

cases where X is discrete while Y is continuous, the MI is given as!

I(X,Y) Z/pxy x,y) log P )( v) dy, (7.1)

py ()

where py(x) denotes the marginal probability

px () = / Py (2, y) dy, (7.2)

and py (y) denotes the marginal probability density function (PDF), given as

y) =Y pxy(@y). (7.3)

MI is a particularly powerful metric, because it quantifies how much information is actually
received at the channel output Y for any given input distribution px(z), regardless of how
the measurements may be classified into symbols. In other words, it measures how much the
uncertainty in X is reduced given the knowledge of Y, which can be seen by expressing MI

using Shannon entropies, given as
MI(X,Y)=H(X)—-H(X |Y). (7.4)
In this equation, H(X) represents the Shannon entropy of X, defined as

ZPX ) log px (z), (7.5)

!Throughout the chapter, the base of the logarithm is omitted for simplicity, as it can be arbitrarily chosen
depending on the unit of information in use. In particular, a quantity is given in bits if base 2 is used, or in
nats if base e is used instead.
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and the conditional entropy H(X | Y') can be written as

HX|Y) Z/pxy z,y) log {p”(( ,)y)] dy. (7.6)

The conditional entropy H(X | Y) is the average uncertainty that remains about X after
the channel output Y is observed. In perfect communication, the channel input X can be
determined from Y without ambiguity, in which case H(X | Y) = 0. In contrast, the noisier the
communication, the greater the ambiguity that remains after observing Y, leading to a larger
H(X | Y). Therefore, the difference between the input entropy H(X) and the conditional
entropy H(X | Y) quantifies the expected reduction in uncertainty about X by observing Y,

and thus represents the amount of information conveyed through the communication channel.

From Equation 7.4, it can be seen that the maximum possible value for MI is the input entropy
H(X). This happens only in the absence of any channel imperfections, so that perfect inference
of input X from the output Y is possible, resulting in the conditional entropy H (X | V) being
zero. If the input X is one of Ny possible symbols denoted with integers from 0 to Ny — 1,

the entropy H(X) is maximised when X follows a discrete uniform distribution, i.e.
X ~U{0,Nx —1}. (7.7)

In a perfect channel, the maximum MI takes the maximum possible value of log Nx.

Nevertheless, realistically, some information is inevitably lost in a noisy channel, as the channel
noise introduces uncertainty in the process through H(X | Y). In fact, an informational limit
can be set for a noisy channel C beyond which no further information may be transmitted even
with the increase of the input entropy H(X). The limit is quantified as the channel capacity
C' [183], given as

ciC) = max MI(X,Y), (7.8)

and Shannon’s noisy channel coding theorem states that error-free communication is possible
through a noisy channel at a rate C' [181, 183]. The theorem thus enables the performance of

the channel to be characterised without the specification of a coding strategy or a classification
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algorithm. In fact, the coding strategy and classification algorithm should instead be designed

according to the channel characteristics, in order to make the best use of the channel capacity.

It should be noted that, in the expression of the channel capacity, the input probability px ought
to be determined in a way that maximises the mutual information given the joint distribution
px.y(z,y), which, in general, may not be a uniform distribution. In our particular channel,
there is a rotational symmetry that can be taken advantage of. Consider a writing scheme

where the birefringent azimuths of the voxel symbols spreads evenly within [0, 7), i.e.

™

- (7.9)

Va

Upon imaging, PPC introduces an enhancement in degree of linear polarisation (DoLP) and a
constant offset in angle of linear polarisation (AoLP), according to our analysis in Chapter 3.
Nevertheless, given the illumination polarisation state of PPC is circular, the polarisation con-
trast is uniform for any birefringent azimuth of the sample. As a result, a different input symbol

X should only result in a rotation of the measured Stokes vector § in the NLSP, i.e.

r—zxr+1 = 8~ R(n/Nx)Ss, (7.10)

where R denotes the 2D rotation matrix, given as

cosf@ —sinf
R(0) = . (7.11)
sinf cos®

Assuming the channel noises to be also independent of the azimuth, this creates a symmetry

in the communication channel, as one should expect

p(8| X=2)=p(R(x/Nx)s| X =z+1) (7.12)

to hold for any x. As a result, the channel is said to be symmetric, for which the MI is

maximised when the input symbol follows a uniform distribution [184].
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In the process of characterising the channel capacity, we therefore use a discrete uniform distri-
bution for the voxel symbols, and use MI to set a lower bound for the channel capacity, which
is usually also a good estimate as long as H(X) > MI(X,Y') and the imaging process is reason-
ably rotationally symmetric on the NLSP. This provides a practical and decoder-agnostic way
to quantify the intrinsic performance of PPC for voxel reading, and motivates the remainder
of this chapter where MI(X,Y") is used to characterise how factors such as noise, defocus, and

aberrations impact voxel readout.

7.3 The voxel image processing pipeline

To estimate the MI between the ground-truth voxel symbols X and the polarisation mea-
surements Y = §, it is necessary to obtain a dataset of paired samples {(z,,v,)}, where v
denotes the voxel index. The polarisation-camera image processing (PCIP) module introduced
in Section 6.2 is helpful to compute a map of § across the whole field-of-view (FoV), but the
polarisation measurements need to be extracted at the voxel level and be associated with the
correct ground truth X for that symbol. To achieve this, it is necessary to develop a pipeline
that not only performs the low-level polarisation calibration and image processing, but also
automatically localises the voxels in the image. The corresponding Stokes measurements can
then be resampled at these voxel positions and paired with the relevant ground-truth symbols,

enabling statistical analysis and MI estimation.

The voxel image processing pipeline (VIPP) is developed to be responsible for this process, for
which a schematic diagram is shown in Figure 7.2. Receiving raw PolCam images as inputs,
the pipeline firstly carries out the polarisation-field correction (PFC) when appropriate bright-
field and dark-field reference images are provided. As described in Section 2.6.3, the PFC
calibration is particularly effective in removing any fixed pattern noise (FPN) in the PolCam.
This is especially critical for imaging birefringent voxels, because any polarisation modulation
introduced by voxels is inferred from small differences between the raw polarisation channels.

Without the PFC, these differences would be dominated by the FPN of the PolCam. In



162 Chapter 7. Informational analysis of voxel imaging

Bright- Dark-
field field
image image Voxel localisation
N <
inl?\zwe - PFC [ pcrp |— Srt::es _,J| BoLP | [ Sector |_, Grid
1(771,,971,) calibration é(mﬁ) map isolation estimation
Resampling || < {(my, ) o

Glass - l
Mutual
information

Figure 7.2: Block diagram for the voxel image processing pipeline (VIPP) to obtain MI estimations
from raw images. The pipeline starts with low-level image processing including polarisation-field
correction (PFC) and polarisation camera image processing (PCIP) that obtains a map of normalised
2D Stokes vectors § across the image (m,n). To resample the Stokes measurements at the voxel
locations, a voxel localisation process is carried out on the degree of linear polarisation (DoLP) map
of the image that estimates the pixel coordinates (m,,n,) of any voxel v. Finally, by comparing the
Stokes measurements at voxel locations 8§, with their corresponding ground-truth symbols x,, mutual
information (MI) can be estimated.

addition, the PFC corrects for any polarisation offset in the illumination of the system, by
taking the difference between the raw image and the bright-field image that would have the

same offset.

The second step of the VIPP is to compute the polarimetric parameters at the image level,
by making use of the PCIP module introduced in Section 6.2. Within the PCIP processing,
the raw image is split into polarisation channels, from which the Stokes images Sy—Ss can be
computed. From the Stokes images, the § vectors in the NLSP can therefore be estimated for
every superpixel of the PolCam. In addition, any residual polarisation background is estimated
and removed using a 2D Gaussian kernel described in Equation 6.1. Together with the PFC
correction, this step eliminates from the image any DoLP background as much as possible,

enabling the subsequent voxel localisation to be performed on the DoLP signal.

7.3.1 Instantaneous field-of-view error (IFOV) correction

As discussed in Chapter 2, a consequence of PolCam polarimetry as a division of focal plane

(DoFP) method is the generation of instantaneous field-of-view (IFoV) errors. This ultimately
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Figure 7.3: Generation and correction of instantaneous field-of-view (IFoV) errors in the presence of
an intensity gradient. A 2D Gaussian intensity profile (a) is provided to the polarisation-camera image
processing (PCIP) module without IFOV correction. The resulting false-colour output (b) exhibits
false polarisation signal as IFoV errors. With correction enabled, the false-colour output (c) shows
no visually perceivable artefact. False-colour scheme in (b) and (c): Hue, AoLP; value, DoLP under
identical normalisation.

stems from the ambiguity between an intensity gradient and a polarisation signal, because the
four polarisation channels are sampled at different pixel locations and are therefore misaligned
by one pixel with each other on the sensor. To illustrate the generation of IFoV errors, a
computationally generated 2D Gaussian intensity profile is provided to the PCIP module, as
an example of a pure intensity signal with no polarisation signal, as shown in Figure 7.3(a).
Without any [FoV correction, a spurious polarisation contrast can be seen in the false-colour

output in Figure 7.3(b), where annular artefacts arise with a varying estimated AoLP.

To correct for the error, polarisation channels must be co-registered with each other, which
requires some form of interpolation or resampling [70]. Within the PCIP module, a number of
methods have been implemented and can be selected by specifying it in the options. Here, we
present one interpolation-based method and one resampling method that generally performs

well in voxel imaging.

In applications where no prior bandwidth model is available, the underlying polarimetric im-
ages may not be well approximated as band-limited. In contrast, in a well-sampled microscopy
system like PPC, the true signal is band-limited by the Stokes transfer function (STF) and
Nyquist-sampled by the PolCam, as discussed in Section 3.3 and 2.5, respectively. Therefore,
the Whittaker—Shannon interpolation [81] (also known as the sinc interpolation) is deemed ideal,

because it interpolates without introducing additional spatial-frequency content in the Fourier
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spectrum. For PolCam images, this can be implemented through zero-padding, by first comput-
ing the Fourier spectra fp(f ,m) of the polarisation channels using a discrete Fourier transform
(DFT) algorithm, zero-padding them by a factor of two in both x and y-directions, and inverse
Fourier transforming the images. The resultant images are oversampled by a factor of two in
each direction, and the misalignment between channels then becomes an offset by one pixel. As
a result, channel registration is realised by shifting the arrays by one column and/or row accord-
ing to the micro-polariser array (MPA) layout, and the registered polarisation-channel images
are then used to compute Stokes images and any subsequent measurements in the pipeline. The
Whittaker—Shannon interpolation outperforms commonly used methods such as bilinear [185]
and bicubic spline [186] in voxel imaging, by taking advantage of the prior knowledge that the

Fourier spectrum of the true signal should be negligible outside the Nyquist region.

Alternatively, one could perform a translation in I,(m, n) itself to correct for the misalignment
between polarisation channels. Nevertheless, as each polarisation channel contains one sample
from each superpixel, sub-pixel shifts on I,(m,n) are required for channel registration. To
preserve the Fourier spectrum, we employ the Fourier shift theorem [85], which states that the
translation of a function f(z) by an amount of zy corresponds to a multiplication with a tilted

phase in its Fourier spectrum, i.e.

F{f(@ = 0)}(€) = e F{f}(¢), (7.13)

which enables sub-pixel shifts by an arbitrary offset.

For channel registration in PolCam, the desired shift is (+0.5,+0.5) in pixels, so the corrected

polarisation-channel images can be computed as

[;orrected<7n7 n) — JT_'*l {eiﬂ'(ifin)f' {]p(m7 n)} (6, 77)} . (714)

Similar to the Whittaker—-Shannon interpolation method, the Fourier shift method also intro-
duces no additional spatial-frequency content, as it is a multiplication in the Fourier spectrum.

This method is usually preferred when PCIP is supposed to be running in real-time (for example



7.3. The voxel image processing pipeline 165

within ScopeFoundry), as it does not result in a larger image like the interpolation method that
slows further processing down. In contrast, the Whittaker—Shannon interpolation method usu-
ally yields a higher estimated MI, due to a larger, accurately reconstructed image from which
the subsequent voxel resampling may benefit. For the example of a simulated 2D Gaussian,
both methods are very effective and yield a false-colour image with no visible IFoV error, as

shown in Figure 7.3(c).

7.3.2 Voxel localisation

After image-level processing through the PCIP module, the next step in the VIPP pipeline is
to determine the voxel locations (m,,n,) in image coordinates, such that the Stokes parameter
S can be resampled at these locations. The voxel pitch within a sector is typically smaller
than one micrometer, in contrast to the accuracy of +3pm for the translation stage, so it
becomes infeasible to determine the voxel locations from stage coordinates alone. Instead, an

image-based procedure is developed.

In voxel localisation, rather than detecting each voxel individually, the voxels are assumed to

lie on a finite affine grid [187], i.e.

{(mu, ) }o = {Vo + V1 + qValpy, (7.15)

where v; and vy represent the two basis vectors of the affine grid, v, represents a translational
offset, and p,q are integers used for indexing voxel coordinates. Such an affine grid can be
obtained by applying an affine transformation to an underlying rectangular grid. The transfor-
mation may include rotation, scaling, and shear, which maps the fundamental unit element to
a parallelogram. Without loss of generality, vy can be chosen so that it lies in the fundamental

parallelogram of the affine grid, i.e.

Vo = avy + bVQ, (7].6)
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where

—5Sab<g. (7.17)

In an ideal situation, the basis vectors correspond to the horizontal and vertical voxel pitches
specified for writing, adjusted by the microscope magnification and the pixel pitch of the camera.
In reality, however, such an estimate is not usually accurate, due to a variety of factors such
as magnification discrepancy, sample placement, writing error, or misalignment in the system.
The task of voxel localisation is therefore to estimate the affine parameters (vg, v, vo) and the

ranges of p, ¢ such that the voxel coordinates can be computed using Equation 7.15.

As the voxel localisation algorithm should be agnostic to the symbols, the determination process
should not rely on the AoLP information in the image. Instead, we use the DoLLP image, which
is expected to be largely free from any polarisation background after PFC calibration and
Gaussian-filter-based background subtraction. The voxel localisation algorithm therefore takes

DoLP as its input, and provides robust localisation in practice.

Sector isolation

The voxel localisation process is broken down into two steps, sector isolation and grid esti-
mation, because there are usually multiple voxel sectors within the FoV, as can be seen from
the DoLP map in Figure 7.4(a). Sector isolation aims to compute a Boolean mask that covers
only the sector of interest. This is not only helpful for determining the valid range of grid
indices (p, ¢), but is also vital for estimating the affine grid parameters (vg, vy, vq), which can
take different values across different sectors. Rather than providing a theoretically optimal
segmentation, this procedure is primarily pragmatic: a simple and effective method that works
robustly across the datasets considered in this project, enabling grid estimation and subsequent

informational analysis.

Starting with the DoLP image (a), a maximum filtering (b) is first applied such that the
spacing between voxels is connected while that between sectors is not. After that, a simple

thresholding operation produces a Boolean mask of all data sectors (c), from which different
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6,

Figure 7.4: Sector isolation with morphological operations and Hough transformation. (a) DoLP
image for the whole FoV that contains multiple voxel sectors. (b) Maximum-filtered DoLP image. (c)
Boolean mask for all voxel sectors. (d) Labelled masks for voxel sectors. (e) Largest voxel sector. (f)
Largest voxel sector from a noisy image. (g) Hole-filled mask for the largest detected voxel sector. (h)
Edge of the sector. (i) Detected sector edge in Hough space (r;,6;). (j) Boolean mask for the voxel
sector with straight-line edges, constructed from estimated parameters in the Hough space.

connected regions can be labelled (d). The desired sector (e) is then chosen by assuming it
is the largest connected component in the FoV. If the desired sector is not the largest one by
area, cropping should be specified such that it is. In cases where the original image is noisy, a
‘broken’ sector mask M (m,n) is sometimes generated (f), where holes exist within the sector

region and the boundary may be fragmented.

To overcome this problem, a morphological hole-filling is carried out (g). In practice, this step
is implemented by iterative binary erosion [188] under a constraint mask, which fills holes while
preserving the outer boundary of the sector. Erosion is a morphological operation that ‘shrinks’
a binary mask, upon which a pixel remains True only if a chosen kernel (the structuring element)
fits entirely inside the True region of the mask. Symbolically, the hole-filling process can be
described as

AR — AW & B v M, (7.18)

where © denotes erosion and V denotes the binary OR. A 3 x 3 squarely-connected kernel is
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used as the structuring element B for the erosion, i.e.

B=111 1/, (7.19)

and A® is a Boolean mask in the k-th iteration, starting with A° being a full matrix of
the same dimension as M (m,n), with every entry being True except at the edge where it is
False. Through iterations, the mask A is gradually eroded from its boundary until it reaches
the outermost edge of M. At that point erosion no longer proceeds and A*+D = A% The

converged mask A% is then regarded as the hole-filled mask M f#ed,

After hole filling, an edge map (h) is extracted using erosion followed by an exclusive OR

operation, given as

Mlilled o g v ppfilled (7.20)

where ¥ denotes the binary exclusive OR (XOR).

To obtain straight edges, a Hough transformation [189] is then carried out on the edge map.

Expressing straight lines in the form of

r; = ncosf; +msin 6, (7.21)

each point in the Hough space (r;,0;) represents a straight line in the image. The Hough
transform is therefore computed by letting each True pixel in the Boolean edge map vote
for all parameters (r;,6;) corresponding to lines passing through that pixel, as illustrated in
Figure 7.4(i). By summing votes from all edge pixels, four peaks in the Hough space correspond
to the dominant straight edges in the mask boundary. Finally, the four vertices are obtained
from the intersections of the four detected lines, and used to produce a reliable Boolean mask
of a single data sector (j). The mask can then be applied to the original DoLLP image for grid

estimation.
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Figure 7.5: Estimation of voxel pitch vectors v; and vg with Fourier analysis. The Fourier spectrum
of a masked DoLLP image contains discrete peaks due to the underlying affine grid of voxels. Using
a chirp z-transform (CZT), the spectrum near the zeroth-order (black) and first-order (red, green)
peaks is evaluated with a spectral zoom by a factor of 100, enabling high-precision estimation of both
peak locations and phases.

Grid estimation

To estimate the affine parameters (vg, vy, vo), the masked DoLLP image is passed to a Fourier-
based grid estimation algorithm. As the voxels lie on an affine grid, the Fourier transform of the
masked DoL.P image exhibits strong discrete peaks, as shown in Figure 7.5. The zeroth-order
peak (circled in black) sits at the centre of the spectrum and corresponds to the DC component
of the masked DoLLP image. The first-order peaks (circled in red and green) are the strongest
non-zero peaks closest to the centre, and their positions encode the two fundamental reciprocal

vectors of the voxel grid.

The vector positions of the first-order peaks relative to the zeroth-order are denoted v; and vy,
in cycles per pixel, and their complex phases are denoted ¢; and ¢, respectively. With these

quantities, several useful relationships with the affine parameters can be identified. Firstly, the
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Fourier transform demands a reciprocal relationship, given as

for i € {1,2}. Nevertheless, the reciprocal vectors and basis vectors are, in general, not nec-
essarily parallel, so the element-wise division v; = 1/v; may not hold. Instead, a reciprocal

vector is orthogonal to the other basis vector, i.e.

Vv, -V; = O, (723)

for j = 1. To see this, vy corresponds to a set of constant-phase lines normal to v;. Each such
line contains voxels with the same index p, and these lines are therefore parallel to the other

basis vector vo. Combining the two constraints yields

v, -v; = 5ij7 (724)

which is a standard relationship in lattice geometry [190].

In addition, the phases at the first-order peaks, ¢; and ¢, can be related to the translation

vector vq of the affine grid, given as

v vy = —ﬁ, (7.25)
2T
as a consequence of the Fourier shift theorem in Equation 7.13.
In summary, these relationships can be written in the following matrix equation:
vl —2 10
Vo Vi1 Vol — . (726)
vy -2 0 1

Therefore, the affine parameters vy, v, and vy can be estimated by matrix inversion if the
reciprocal vectors vy, v, and phases ¢1, ¢ of the first-order peaks can be determined accurately

from the Fourier spectrum.
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In practice, the localisation accuracy is limited because the DFT of a discrete signal is itself
sampled on a discrete frequency grid. When a conventional algorithm such as the fast-Fourier
transform (FFT) is employed, the localisation of a peak is therefore limited to a resolution of
(Mim, M%,% where M, and M, are the pixel dimensions of the masked DoLP image in the x and

y-directions, respectively. This also limits the accuracy of the phase estimation.

To overcome this limitation, the chirp Z-transform (CZT) is used [85, 191] instead of conven-
tional DFT algorithms, enabling spectral zooming by an arbitrary factor! around any specified
spatial frequency of interest. By using the FF'T result as an initial guess, the Fourier spectrum
around each peak is evaluated with CZT, as shown on the right of Figure 7.5. A 2D sinc-like
pattern is observed for each peak, which arises from the finite size of the Boolean mask act-
ing as a windowing function. In addition, because the mask is not centred in the image, the
Fourier transform of the windowing function carries a tilted phase, which is most visible in the
phase map around the zeroth-order peak. With CZT, the peak locations and the corresponding
phases can be determined with dramatically improved accuracy, enabling robust construction

of the affine parameters.

With additional knowledge of the sector size in terms of the number of voxels in each direction, a
finite affine grid can then be constructed according to Equation 7.15. The Stokes vector §(m, n)
can then be resampled at these locations {m,, n,}, using interpolation, such that {s,}, may be
provided for subsequently MI estimation. Empirically, the choice of the interpolation method
at this stage was found to have negligible practical influence, especially when IFoV error has
been corrected using the Whittaker—Shannon interpolation method, because the voxel pitch is

much larger than the pixel pitch. In VIPP, bicubic spline interpolation is employed in this step.

Finally, as the estimated sector mask is typically slightly larger than the true extent of the
sector due to maximum filtering, the valid index ranges for (p,q) in the finite affine grid need
be determined. This can usually be achieved by optimising a small translation of the grid to

maximise the total resampled DoLLP.

!The CZT implementation used for spectral zooming is adapted from MATLAB [192], ported by Mark A.
A. Neil who incorporated the Fourier shift theorem to enable zooming around an arbitrary spatial frequency,
and was subsequently revised and integrated into the present work by the author.
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7.3.3 Mutual information estimation

Now that the Stokes measurements at the voxel positions {8,}, have been obtained, they
can be compared with the corresponding ground-truth symbols {x,}, such that the MI can be
estimated. The ground-truth symbols are read from the glass library, a database containing the
specifications according to which the voxel samples are written, as introduced in Section 5.2.2.
The goal of this section is therefore to estimate MI(X,Y’) between the discrete input random
variable X and the continuous output random variable Y of the communication channel, from

the measurement pairs {(z,,8,)}, within a voxel sector.

Binning estimator

A conceptually simple approach is to estimate the MI according to its definition in Equation 7.1,
by first estimating the joint distribution pyy. The corresponding marginals py and py can
then be obtained by summation or integration. A practical challenge arises, however, due to
the continuous nature of the channel output ¥ =8 € R2. A common approach is therefore to
discretise Y by binning, and treat the binned measurement as a discrete variable Yz. The MI

can then be estimated by a finite sum, given as

MI(X,Y) ~ MI(X, Yg) = }:px]bg JMQO) (7.27)

where j denotes the bin index. The binned marginal probability can then be defined as

mﬂﬁ:/mww% (7.28)

and can be estimated in practice by counting the number of measurements in bin j, denoted

n;, and dividing it by the total number of measurements N in the dataset.

In the limit where the bin size tends to zero and the number of voxels tends to infinity, the
binning estimator converges to the true MI. Nevertheless, in realistic settings the estimator is

known to be biased [193, 194]. When the number of bins is too large relative to the number
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of voxels, many bins are poorly populated and the estimations of py,(j) and p(x,j) become
unreliable. As each bin contributes non-negatively to the sum, these fluctuations tend to yield a
spurious positive contribution on average, leading to an overestimate. Conversely, when the bins
are too wide, information within each bin is discarded and lost, leading to an underestimate.
Between the two regimes there is an optimal binning choice, but Ross [194] showed that the
determination of this optimum is not straightforward, and is in general not possible from simple

statistics of the data.

k-nearest neighbour (k-NN) estimator

To avoid the bias associated with binning, or an arbitrary discretisation of the continuous
measurement Y, the VIPP employs a k-nearest neighbour (k-NN)-based estimator [194] that
does not require estimating pxy explicitly. The approach builds on the relationship between

MI and Shannon entropies [183], given by

MI(X,Y)=H(X)+ H(Y) - HX,Y), (7.29)

where H(X,Y) is the joint entropy, representing the overall uncertainty of the pair (X,Y"). The

joint entropy thus relates to the conditional entropy according to

H(X,Y)=H(Y)+H(X|Y), (7.30)

so that Equation 7.29 follows directly from Equation 7.4.

As the entropy of a continuous variable can be estimated using a k-NN algorithm [195], MI
can be computed without discretising Y. In the present case where X is discrete and Y = s
is continuous, the algorithm iterates through each measurement s, and finds the distance d,
to its k-th nearest neighbour on the NLSP, only counting measurements that share the same
label with s,. Here, the Euclidean distance is adopted for simplicity, rather than, for example,
the angular distance on the Poincaré sphere. For each voxel v, the algorithm then counts the

number of measurements of any label ., that lie within distance d,, of §,. The MI can then be
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estimated as

MI(X,Y) = (O(N) = O(Ny) + (k) = d(pw)), (7.31)

where N, denotes the number of voxels in the dataset that share the same input symbol as

voxel v, 1 is the digamma function [148], and (- - - ), denotes averaging over all voxels.

The k-NN estimator has been shown to be reasonably stable with respect to the choice of k [194]
when it takes a small integer. Unless otherwise stated, k = 3 is used for all results reported in

this work.

7.4 Single-layer voxel imaging results

7.4.1 Baseline demonstration of voxel reading

To demonstrate the capability of the PPC system in resolving voxels, the results from an
example imaging session are presented in Figure 7.6. The sector of interest contains 162 x 162
voxels, separated by 0.7 pm with each other both horizontally and vertically. In the 3-bits per
voxel (bpv) scheme, there are 8 possible symbols (labelled as A-H) for which each voxel may
represent, and the step in birefringent azimuth is 22.5° between each of them. The sector sits at
a depth of 150 pm from the top surface of the glass, and the spherical aberrations are corrected

for by manually setting the correction collar of the objective.

Figure 7.6(a,b) shows the false-colour image computed by the PCIP module. As expected,
point-like features of various colours can be observed for the birefringent voxels, and the back-
ground is black due to successful polarisation background removal by the PFC and Gaussian

filtering introduced in the previous section.

It is, however, difficult to judge from visual inspection alone whether individual voxels are truly
well resolved. In some cases, adjacent voxels appear to visually connect, particularly when
they encode symbols with similar birefringent azimuths. In such situations, the polarisation

responses from neighbouring voxels partially overlap and mix, which can lead to a non-zero
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Figure 7.6: False-colour image and constellation diagram for a single-layer voxel sector. (a) False-
colour image as the output from the PCIP module. The sector contains 162 x 162 voxels, with a voxel
pitch of 0.7 pm in both directions, sitting at a depth of 150 pm from the top surface of the glass. (b) An
enlarged image of the region-of-interest, marked with a red rectangle in (a). (c) Scatter plot of Stokes
measurements § resampled at estimated voxel locations, in the normalised linear Stokes plane (NLSP).
Voxel symbols are labelled as alphabets from A to H for a 3-bit-per-voxel scheme. False-colour scheme
in (a) and (b): Hue, AoLP; value, DoLP. Bar=100 pm.

DoLP and an apparently continuous false-colour region, as discussed in Section 2.3. It may,
of course, be a result of the underlying voxel morphology. Conversely, neighbouring voxels
may appear visually well separated even if the polarisation signals they produce overlap with
each other, as long as the polarisation states are of a nearly orthogonal AoLP. It should be
emphasised that, in general, the DoLLP (and hence the false-colour rendering) is not band-
limited, because the STF acts on the Stokes parameters. As a result, the apparent connectivity
between voxels depends on multiple factors, including the extent of the STF, the sampling of

the PolCam, and the voxel morphology and the ground truth.

A scatter plot in the NLSP of Stokes measurements S, after resampling at estimated voxel
locations is shown in Figure 7.6(c). The data points are plotted in different colours, depending
on their corresponding ground-truth symbol. It is obvious that eight well-separated clusters

are present, as expected in a 3-bpv scheme. In digital communications, the plot is known as a
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Table 7.1: Mutual information and 2D data density for single-layer sectors at different voxel pitches.

Input entropy (bpv) Voxel pitch (nm) MI (bpv) Data density per layer

(Mbit mm~2)
4 0.9 3.754 4.63
4 0.8 3.795 5.93
3 0.7 2.964 6.05
4 0.5 1.541 6.16
3 0.45 0.376 1.86

constellation diagram [196], representing how a digitally modulated signal is received.

The eight clusters are mostly well separated with little overlap, and therefore leaving little
chance that a voxel may be misinterpreted. That is to say, given the knowledge of a voxel
measurement, the uncertainty of the corresponding input is minimal, i.e. H(X |Y) =~ 0, such
that one can expect

MI(X,Y) ~ H(X) ~ 3bpv. (7.32)

In fact, the k-NN method estimated an MI of 2.964 bpv, which is remarkably close to the
maximal possible MI dictated by the 3-bpv scheme. If allowed to be extrapolated, the MI
also translates to a data density of 6.05 Mbit mm~2 per layer, which shows great potential as a
single-layer characterisation. In addition, the fact that the estimated MI is close to the Shannon

entropy of the input implies that the channel capacity is very likely to be higher.

In addition, the eight clusters exhibit similar spreads and comparable mean radial distances
from the origin. Their angular separations are also approximately uniform. Any residual non-
uniformity is small, and is potentially due to a weak background polarisation due to the circular
polariser. Overall, the constellation remains close to rotationally symmetric, supporting the
symmetric-channel assumption discussed earlier and making a uniform input distribution a

reasonable choice for channel coding.

7.4.2 Impact of voxel pitch

Among the physical parameters related to voxel writing, the voxel pitch is of obvious impor-

tance, as a smaller pitch apparently imposes challenges to any imaging system due to a finite
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resolution. Table 7.1 summarises the results of imaged voxel sectors at several voxel pitches.
When the input entropy increases to 4 bpv, the MI is no longer capped at 3 bpv and can increase
accordingly. At a pitch of 0.8 pm, an MI as high as 3.795 bpv was achieved, beyond which further
increasing the pitch brings no noticeable improvement in this dataset. Conversely, decreasing
the pitch increases crosstalk between neighbouring voxels, as polarisation signals from them
increasingly overlap. When the pitch drops below the diffraction limit of 589 nm estimated
in Section 3.3, the MI decreases substantially. A smaller pitch also makes voxel localisation
more challenging, which directly impacts the resampling of Stokes measurements. At 0.45 pm,

localisation was no longer reliable, and the estimated MI drops to 0.376 bpv.

Even when the MI per voxel is strongly compromised, error-free storage can in principle still be
achieved by introducing redundancy through channel coding, due to Shannon’s noisy-channel
coding theorem. From a storage perspective, there is therefore a trade-off between the informa-
tion conveyed per voxel and the area occupied by each voxel, and the relevant metric becomes
the data density. In Table 7.1, the highest per-layer data density, 6.16 Mbit mm~2, occurs at
a pitch of 0.5 um, even though this pitch lies below the diffraction limit and yields a reduced
MI of 1.541bpv. This illustrates that sacrificing MI per voxel can still increase the overall
data density, at the cost of a more demanding coding strategy and a more challenging symbol

determination.

7.4.3 Write-side effects and intra-layer crosstalk

In building a physical model for numerical simulations in Section 5.1, the voxels were modelled
as birefringent disks of a definite radius. In reality, this is never strictly true. For both type-
X [31] and type-S modifications [32], voxels arise from nanovoid structures whose typical sizes
are far below the diffraction limit. Moreover, their actual morphology depends strongly on
the writing parameters [38], including the number, duration, energy, and polarisation state of
the writing pulses. It is therefore unrealistic, within the scope of this work, to build a fully

physics-accurate model for individual voxels.

Instead, we focus on the typical characteristics of the signals produced by voxels, and how



178 Chapter 7. Informational analysis of voxel imaging

they affect the performance of ODS. Since PPC does not resolve features below the diffraction
limit, we perform a statistical analysis over all voxels in a sector to study how the polarisation
measurement § transitions from one voxel to its neighbour, either horizontally or vertically.
Because voxel locations are provided by the VIPP, the corresponding image coordinates (m,, n,)
and (Mmy41,ny41) on the Stokes map §(m,n) are known. We can therefore interpolate along
the straight line segment between these two locations to obtain a trace that describes how the
measured Stokes vector varies between adjacent voxels. Repeating this procedure for every
adjacent voxel pair in the sector, and averaging the traces according to on their corresponding
ground-truth symbols a and [, an average trace for each ordered pair («, #) can be obtained,

given by

Sap(w) = <§(m = (1 —w)my, + wmys1,n = (1 —w)n, + wnv+1)> : (7.33)

Ty=0Q, Ty+1 :6

where w € [0, 1] parametrises the spatial position along the segment. Plotting these averaged
traces in the NLSP reveals how clusters in the constellation diagram (Figure 7.6) are typically
connected. This is conceptually close to the example on mixing of polarisation states in Sec-
tion 2.3, but here w represents a spatial interpolation parameter rather than a mixing ratio

between two pure states.

Figure 7.7 shows these traces in the NLSP, for horizontally (a) and vertically (b) adjacent
voxels, obtained from the image discussed in Section 7.4.1. The traces are colour-coded using

the 8-cyclic symbol difference between the two ground-truth symbols, defined as

Ag(a, 8) = (f — «) mod 8. (7.34)

For both horizontal and vertical cases, when the birefringent axes of adjacent voxels are perpen-
dicular to each other, the connected trace are roughly straight lines going through the origin.
As discussed previously, the absence of DoLLP signal between the corresponding voxel images
may come purely from the mixing of polarisation signals, instead of indicating a physical sep-

aration of the voxels. Nevertheless, when examining the vertical traces for adjacent symbols
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Figure 7.7: Average traces of the measured Stokes vector between adjacent voxels in a sector sepa-
rated by 0.7um, plotted in the NLSP. For each neighbouring voxel pair (v,v + 1), the Stokes map
§(m,n) is sampled along the straight line segment connecting their localised coordinates (m., n,) and
(My41,Nyt1) obtained from the VIPP, and the resulting traces are averaged according to the ground-
truth symbol pair (a, 8) for the voxels. (a) Horizontal traces, where v + 1 is the voxel immediately to
the right of v, corresponding to an increment in the affine-grid index p. (b) Vertical traces, where v+ 1
is the voxel immediately below v, corresponding to an increment in the affine-grid index g. Traces
are colour-coded by the cyclic symbol difference Ag(a, ) to highlight how spatial mixing depends on
symbol separation.
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(i.e. |Ag(a, B)| = 1), there is clearly a strong reduction in the DoLP signal. The mixing of
polarisation states in itself cannot explain the shape of the trace, because that should produce
traces that either bend outwards for a coherent mixture, or straight-line traces for an incoher-
ent mixture. The fact that these |Ag(a, 5)| = 1 lines bends inwards is clear evidence that the

voxels at the pitch of 0.7 pm can be resolved.

The horizontal traces, in contrast, are distinctively different for |Ag(c, 5)| = 1 that no reduction
in DoLLP can be observed. Every two clusters in the diagram of horizontal traces are connected
roughly by straight lines, which is consistent with the mixing of polarisation signals. This
difference between the horizontal and vertical traces cannot be explained in terms of the imaging
process, as the PPC should have a uniform resolving power in all lateral directions. Instead,
this strongly implies a write-side effect, and likely arises due to the direction of laser scanning.
It is likely that the voxels are in fact continuous in the horizontal direction, only with a periodic

modulation in the birefringent azimuth corresponding to the ground truth.

It should be noted that the measured traces are affected by the finite pixel size of the sensor,
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or more generally by its pixel response function [83]. As a result, each sampled pixel value
represents a spatially averaged signal rather than a perfect point, which can reduce the measured
polarisation contrast and potentially lead to an underestimation of the DoLP. Nonetheless,
this averaging effect is expected to act similarly in the horizontal and vertical directions, and

therefore does not explain the strong difference between the two sets of traces.

Another important feature of interest is where a trace starts and ends. In both cases, all traces
starts and ends approximately at a maximal DoLP, indicating a successful voxel localisation
in both directions. Nevertheless, the endpoints of the traces for horizontally adjacent voxels
separate from each other, which cannot be observed for the vertically adjacent voxels. As
the endpoints represent the actual polarisation measurement sampled for MI estimation, this
indicates an intra-layer crosstalk in the horizontal direction, because the polarisation measure-
ment depends on the symbol of the adjacent voxel. This is, again, a write-side artefact, as it
happens preferably in the horizontal direction, and contributes to the spread of clusters in the

constellation diagram in Figure 7.6(c).

To investigate the intra-layer crosstalk further, an analysis of the ‘spread’ of voxel information
is carried out, using biased grids. Starting with the best-estimate grid from the VIPP, a
translational bias of (A, Ay) is applied to shift the grid to a slightly different location, where
A; lies in the direction of v; in the affine grid and is measured in the physical distance in the

object space.

For each bias configuration, the Stokes measurement § can then be sampled at the corresponding
biased grid, from which a MI with the ground truth can then be estimated. By plotting the
estimated MI with respect to the translational bias, a map can be obtained showing how a

typical voxel crosstalks into its neighbouring region.

Figure 7.8(a) shows such a map, computed from the baseline dataset discussed in Section 7.4.1.
As anticipated from the traces, the map shows significant difference in the horizontal and
vertical directions. It can be seen that, an increased level of crosstalk happens preferably in the
horizontal direction, which goes as far as the position for the neighbouring voxel (marked with

white dashed lines). Conversely, in the vertical direction, the amount of information spread is
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Figure 7.8: Mutual information (in bits) sampled from a biased grid. The estimated grid from VIPP
was shifted in the v and vo directions, by a physical distance of Ay and As, respectively. MI is then
estimated by sampling the Stokes measurement § with the biased grid. (a) Sector of type-X-modified
3-bpv voxels at a pitch of 0.7 pm, with a maximum MI of 2.964 bpv. (b) Sector of type-S-modified
4-bpv voxels at a pitch of 0.5 pm, with a maximum MI of 1.541 bpv. White lines sit one voxel pitch
away from the origin.

much reduced, which is consistent with the traces shown in Figure 7.7(b). This further confirms
that, due to the direction in which writing of voxels took place, an increased level of crosstalk
happens between neighbour voxels, even if the read head is capable of resolving at the voxel

pitch.

In contrast, Figure 7.8(b) shows the result for another dataset, which differs in both the voxel
pitch (0.5 pm instead of 0.7 pm) and the type of voxel (type-S instead of type-X). The MI spread
in this case has much less directionality compared to the previous example. The spread is not
in a perfect round shape, which may be potentially caused by an imperfect grid estimation
as the voxel pitch goes below the diffraction limit, but its width in the horizontal and the
vertical directions are approximately equal. Conceptually, this can be explained with the
qualitative knowledge of the sub-diffractive nature of the voxels, as introduced in Section 1.2.
Instead of being made from a collection of nanopores in type-X modifications, type-S voxels are
formed from a single round-shaped nanovoid [197] before being modified at its edge [37] for the
anisotropic nanostructure it needs for birefringence. As a result, the MI peak obtained for this
dataset sees no evident write-side artefact, and the broadening of the MI peak may be mostly

due to the finite resolving power of PPC at the read-side.
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Overall, the two analyses presented in Figures 7.7 and 7.8 attempts to investigate the sub-
diffractive morphology of the voxels by carrying out a statistical analysis for the whole sector.
Results suggest that intra-layer crosstalk may not always be determined by the optical per-
formance of PPC at the read-side, but may also be affected by the writing process. While
the readout appears capable of resolving the voxel pitch in one direction in Figure 7.7(b),
the inconsistency between the traces for horizontal and vertical neighbouring voxels indicates
an additional write-side contribution that breaks the expected lateral isotropy of the imaging

system.

The biased-grid analysis in Figure 7.8 takes an informational perspective, visualising this effect
as a spatial ‘information spread’ around the neighbouring region of each voxel. An increased
level of crosstalk between neighbour voxels is observed for type-X voxels along the writing
direction. In contrast, type-S voxels do not show such directionality, and the corresponding MI
peak appears mostly circular, consistent with the laterally isotropic resolving power of PPC

and the underlying voxel morphology.

In conclusion, it should be remembered that the MI characterisation presented in this work is
not a measure of the read side alone. Though it serves a convenient metric of the statistical
correlation between the ground truth X and the polarisation measurement Y, the MI is set
by the full end-to-end communication channel, including write-side effects and, in theory, any
degradation of the glass sample during the storage period. In [25], a lifetime of more than
10,000 years was estimated for the voxels, so the span of a few years of this PhD project is not
likely to introduce any measurable effects. Nevertheless, our analysis shows that the write-side

effects are not negligible, and they can contribute to MI degradation meaningfully.

7.4.4 Camera noise

On the read side, an apparent source of noise is that introduced by the camera. As discussed in
Section 2.6, the PolCam operates well in the shot-noise-dominated regime, as the illumination
is circularly polarised, and the birefringence introduced at the sample is weak. The use of a

high-power light-emitting diode (LED) also ensures the full-well capacity (FWC) is well utilised
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with a minimal exposure time, such that the amount of dark current produced is small. With

these assumptions, the standard deviation of the noise at each pixel can simply be written as

o, = g/ Ne, (7.35)

where o, denotes the pixel standard deviation in digital numbers (DNs), g representing the gain,
and N, being the number of photo-electrons. The fewer photo-electrons there are, the lower
the signal-to-noise ratio (SNR) becomes for each pixel, such that the computed polarisation
measurement § becomes unreliable. The propagation of this uncertainty has been discussed in

detail in Section 2.7.

In this section, instead, we take an informational perspective, to investigate how the camera
noise (in particular, the shot noise), affects the MI. The experiment was carried out by taking
100 frames of the same sector, and averaging a varying number of frames to provide to VIPP for
informational analysis. The sector consists of 3-bpv voxels, and the dataset in use is actually
the same as 7.4.1. The more frames from which an image is averaged from, the more photo-
electrons are included to produce the image, which can be calculated using the measurement
of camera gain in Table 2.5. To prevent voxel-localisation errors from contaminating the MI
estimation, the voxel coordinates were determined once from the average of all 100 frames and
then reused for every VIPP session, regardless of how many frames were averaged to form the

raw image in that session.

In addition, simulations at different noise level were carried out to provide a comparison to the
experimental results. In this case, the only channel noise considered was the camera shot noise,
so an image-based simulation using the pipeline in Chapter 5 was deemed not necessary because
the imaging process itself is irrelevant. Instead, a Monte—Carlo simulation was performed, by
generating a noisy constellation diagram by adding shot noise to ideal polarisation channel

measurements.

In a 3-bpv scheme, the Stokes measurements in a noise-free constellation diagram are expected
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to be

DoLP x cos (2A0LL.P) (736)

DoLP x sin (2A0oLP)

wn>

where a typical value from the experiment can be used for DoLP, and AoLP can be modelled
as AoLP = ZE. As a global phase of the constellation diagram is irrelevant to MI estimation,
any offset of the AoLLP with respect to the birefringent azimuth can be safely ignored. For any
polarisation channel whose transmission axis sits at an orientation of ~, the intensity at each
polarisation channel can then be obtained by considering the first row of the Miiller matrix of

a linear polariser, resulting in

S,
L(y) = 70 (1 + 81 cos 2y + S98in 27) (7.37)

where Sy represents the intensity of light before the MPA on the PolCam. The average number

of photo-electrons in each polarisation channel, N,(v), can then be obtained as

N,y(v) = % {1+ DoLP cos[2(y — AoLP)|} . (7.38)

To introduce shot noise to the simulation, Poisson statistics were applied to the number of
photo-electrons in each polarisation channel with a standard deviation of \/W , and their
corresponding grey value could then be obtained with a multiplication with the camera gain.
Finally, a noisy Stokes measurement s could be obtained using the PCIP module. With a large
number of realisations, a noisy dataset of s could be obtained, whose MI with their ground

truth could be estimated.

Figure 7.9 summarises how the estimated MI depends on the mean number of photo-electrons
N, per pixel, using both experimental data and Monte-Carlo simulations. For the experimental
dataset, four estimators are shown for comparison of both MI estimating method (binning or
k-NN), and the representation of the channel output (i.e. using either AoLP alone or the
2D Stokes measurement §). All estimators exhibit the same qualitative behaviour, with MI

increasing rapidly at low N, and then approaching an asymptote as shot noise is reduced.
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Figure 7.9: Effect of PolCam shot noise on the estimated mutual information for a sector of 3 bpv
voxels. Experimental results are compared with Monte—Carlo simulations assuming the camera is
operating at the shot-noise-dominated regime, estimated using the k-NN method from simulated §
measurements. Four estimators are shown for the experimental data, corresponding to binning and
k-NN estimators, each applied to either the scalar AoLP or the 2D Stokes measurement § as the
channel output.

A clear discrepancy is observed for the binning estimator when Y = §, which produces consis-
tently larger MI values than the other three estimators, and also converges to a higher value at
large N.. This behaviour is consistent with the known positive bias of the estimator, especially
when many bins are poorly populated. The effect is especially relevant when the 2D vector §
is regarded as the channel output, because a 2D histogram contains substantially more poorly
populated bins for the same number of samples. For this reason, the binning estimator applied

to § is deemed not reliable in the present analysis.

The remaining three estimators agree closely across the full range of N,. Among them, the
k-NN estimator using § yields a slightly higher value than those based on AoLP alone. This is
expected if the Stokes vector carries weak additional information beyond the angle, for example
through a small residual dependence of DoLLP on the ground-truth symbol. In this dataset, it

is very possible that this dependence arises from a small background polarisation introduced
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by the circular polariser, which breaks the rotational symmetry in the NLSP. In practice,
this suggests that using s as the channel output is advantageous when paired with the £-NN
estimator that is not significantly biased at 2D. Therefore, the k-NN estimator on § is adopted

as the default estimator in this work.

Comparing experiments with Monte—-Carlo simulations, the curves follow the same overall trend,
while the simulations consistently predict a higher MI. This difference is expected, because the
simulations isolate shot noise out by construction, whereas the experimental measurements
include additional channel noises through the writing and the imaging process. In the limit
of sufficient photo-electrons, the Monte—Carlo result converges at 3bpv as expected, while the

experimental curves flatten at a slightly smaller value due to other channel noises.

Finally, Figure 7.9 also illustrates a diminishing return when averaging multiple frames from
decreasing gradients of the curves with respect to N.. In addition, it may not make sense to
always obtain enough frames and try to eliminate the effect of shot noise as much as possible,
which takes a longer time. On the other side, if the level of shot noise is high in a working
system, a higher amount of redundancy is then required at channel coding, to compensate
for a lower channel capacity. This implies a trade-off between the data density and the read
throughput, which is ultimately a system-design problem. For the purpose of characterising the
intrinsic performance of the read head, however, it is beneficial to always capture a sufficient
number of frames so that the contribution of shot noise is minimised, such that other factors

can be isolated more clearly.

7.5 Axial performance and multi-layer reading

For efficient ODS, it is critical that the sectors can be stacked in the vertical direction into
‘tracks’ of many layers. In a well-optimised system, a glass of a few millimetres can con-
tain hundreds of layers of voxel arrays, enabling a much higher data density of more than
1 Gbitmm ™2 [24, 25]. Therefore, it is critical to understand the axial performance of using

PPC as a read head, and to identify what potential challenges there are.



7.5. Axial performance and multi-layer reading 187
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Figure 7.10: Ray diagram illustrating the axial shift of focus under a mismatch between the refractive
indices of the glass (nglass) and the immersion medium (n,;; = 1). As a result, upon a stage movement,
the shift of the true focus is scaled by a factor of ngjags.

7.5.1 Baseline demonstration of multi-layer reading

As a baseline, we attempt to read a track of 10 layers at an interlayer spacing of 20 pm, starting
from 150 pm below the glass surface. In each layer, the sector contains 162 x 162 3-bpv voxels at
a pitch of 0.7 pm. From Section 7.4.1, it has been demonstrated that such a sector configuration
can be read almost perfectly (at an MI of 2.964 bpv) in a single-layer setting, so any degradation
from that should be a result of axial effects. In this section, the same set of ground-truth
symbols is shared across all layers, due to the sample availabilities. Although it is not ideal
for demonstrating an increased volumetric data density, it is convenient for analysis, since it

allows a single MI to be estimated using the same ground truth.

Thanks to the motorised focus drive (MFD) built in the PPC system, the glass sample can
be moved reliably in the vertical direction at a sub-micron precision. A z-stack for a range of

240 pm was imaged at a step of 0.5 pm for the stage.

It should be noted that, due to the refraction at the glass-air interface when light exits, a focus-
shifting effect exists in the axial direction, which is illustrated in Figure 7.10. Using the Snell’s
law, it can be shown that any axial movement of the stage is amplified by a factor determined
by the ratio of the refractive indices of the sample (nglass) and the immersion medium (ny, = 1).
As a result, the range of 240 pm by the MFD translates to the true focus travelling by 360 pm,

at a step of about 0.75 pm.

At each z-position, 100 frames were captured to produce an average that is practically free from



188 Chapter 7. Informational analysis of voxel imaging

2o T ﬂ

1.5+

1.0 4

Mutual information (bits)

0.5 A

A AN

0 50 100 150 200 250 300 350
Depth into glass (um)

Figure 7.11: Mutual information (in bits) plotted against the depth of true focus from the top surface
of the glass. The track contains 10 layers of voxel sectors, from a depth of 150 pm to 330 pm, with an
interlayer spacing of 20 pm.

camera shot noise, before the resulting image is provided to VIPP for informational analysis.
All VIPP sessions uses the same voxel localisation result obtained from the nearest in-focus
layer. Otherwise, many VIPP sessions would fail due to the difficulty in estimating a voxel
grid. The in-focus z-positions were accurately determined by finding the frames where the sum

of coefficients of variation [198] across polarisation channels is maximised, given as

02

p
E, (7.39)
p p
where o0, and p,, denote the standard deviation and mean of a polarisation channel p over all

pixels.

Figure 7.11 shows the result of the estimated MI from each z-position, plotted against the
depth of the true focus from the top of the glass. Ten dominant peaks of more than 1.5 bpv are
clearly shown, with a corrected separation of 20 pm between each other, showing the viability

of using PPC for reading multi-layer voxel samples in this configuration.
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Across the layers, the top layer at a depth of 150 pm provides the highest MI of 2.554 bpv.
Beyond this depth, the MI generally decreases with increasing depth until the 8th layer at
270 pm, where the MI is 1.766 bpv. This overall reduction is consistent with increasing uncor-
rected aberrations when imaging deeper into the glass. The current implementation of PPC
cannot automate the objective correction collar, so it was fixed during acquisition. In this
dataset, the collar was set for a depth of 150 pm. As the focus moves deeper, depth-dependent
aberrations, primarily the spherical aberration, reduce the resolving power of the readout and
therefore reduce the estimated MI. The MI peaks also broaden and become increasingly asym-
metric with depth, which is consistent with an increasing separation between the paraxial and

marginal foci along the axial direction.

Spherical aberration alone does not explain all features in Figure 7.11. Interlayer crosstalk is
another significant factor, because the reduction in MI near the top layer cannot be attributed
to depth-induced aberrations when the collar is correctly set for that depth. Interlayer crosstalk
is also suggested by the increase in MI for the last two layers. In the absence of crosstalk, one
would expect the deepest layer to have the lowest MI because it experiences the strongest

spherical aberration.

A further feature is the presence of smaller MI side lobes, which are most apparent before the
first layer and after the last layer. This behaviour is likely to be a read-side effect as well, which
prompted the experiments and modelling of how MI side lobes may be produced from a nearby,

defocused layer.

7.5.2 Effect of defocus for single-layer voxel samples

Experimental results

To gain a deeper understanding of the axial performance of PPC, especially the emergence of
side lobes in the MI plot, it is helpful to first investigate what happens when a single voxel layer
is imaged under defocus. Therefore, an experiment was carried out in which a single layer of

voxels was imaged while scanning in the axial direction. Similar to the multi-layer experiment
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Figure 7.12: Mutual information from a single layer of voxels plotted against defocus distance. Signif-
icant side lobes can be seen on both sides. The voxels are type-X modifications using a 4 bpv scheme
at a pitch of 0.5 pm.

discussed above, frames at each z-position were averaged to minimise the effect of camera
noise. The in-focus position was then determined, from which voxel locations were estimated
with VIPP. The averaged image at each z-position was then processed through VIPP using the
same set of voxel coordinates. This enabled estimation of MI under low-SNR conditions that

would otherwise be impractical when the defocus is large.

Figure 7.12 shows the estimated MI as a function of the stage defocus for a single layer of
type-X voxels at a pitch of 0.5 pm and a symbol entropy of 4 bpv. Significant side lobes are
clearly visible on both sides of the in-focus position. These side lobes plausibly correspond to

the smaller peaks above the first layer and below the last layer in the multi-layer results.

There is also a degree of asymmetry between the two side lobes, which is likely due to residual
spherical aberration in the system. In practice, manual setting of the correction collar is
challenging, because the collar is so sensitive that even a small rotation produces a large change
in the amount of spherical-aberration correction. Through repeated experiments, it was found
that the shapes, positions, and relative heights of these side lobes are all very sensitive to the

exact correction-collar setting.
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McCutchen’s theorem for axial response

To understand the origin of these side lobes, it is helpful to relate them to the axial char-
acteristics of the imaging process. In conventional imaging methods where the system is ei-
ther coherent or incoherent and the measurements are non-polarimetric, point-spread functions
(PSFs) are well-defined to describe the response of the system to a point source. In the axial
direction, the field and intensity distributions can be described analytically using McCutchen’s
theorem [199]. For a system with rotationally symmetric pupils like the PPC, the pupil function
P becomes a one-dimensional function of the radial coordinate r, and McCutchen’s theorem
takes the form of a one-dimensional Fourier transform. For a bright-field objective with a pupil
radius R, the pupil function is a top-hat function, and the normalised axial field distribution

takes the form of a sinc function, given by

A

)= -t |- [ 10

[T (7.40)

where [(r) denotes the cosine component of a pupil coordinate r projected to the spherical

principal plane, which can be expressed as
r)y=4/1——= (7.41)

where f, denotes the focal length of the objective.

A similar expression can be obtained for an annular pupil function. If the annulus has an inner

radius R; and an outer radius R,, the axial field distribution is given by

U,(d) = —iexp |—

(7.42)

The equations indicate a Fourier relation between the cosine-adjusted width of the pupil func-
tion and the axial extent of the amplitude PSF. As the annular aperture becomes thinner,
the axial PSF broadens, which extends the axial range over which the system has an optical

response.
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Figure 7.13: Axial distribution of amplitude PSF for a phase-contrast objective computed with Mc-
Cutchen’s theorem, compared with bright field. The field amplitude is logarithmically scaled and
normalised for visualisation.

This provides a plausible semi-quantitative explanation for the side lobes in PPC due to the
thin phase ring in the phase-contrast objective. Effectively, the pupil function in PPC can be
written as the difference between a bright-field pupil function P,; and that of a thin annulus
P,, given by

Pppe = Poy — (1 —itp) Py, (7.43)

where it, denotes the transmission coefficient of the phase ring that includes both phase and
amplitude modulation. By linearity of the Fourier transform, the amplitude response of a

phase-contrast objective can then be written as

Uppe = Upp — (1 — it,)U,. (7.44)

Figure 7.13 compares the axial amplitude PSF for a phase-contrast objective shown in blue and

a bright-field objective shown in orange. At small defocus, the two objectives behave similarly,

due to the same numerical aperture (NA) of 0.6 for both objectives. This is consistent with
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the well-known relationship between depth of focus and NA [80], given by

Depth of focus =~ ~ 1.5 nm. (7.45)

A2

At larger defocus, the two axial profiles start to deviate. Both profiles remain oscillatory with
a similar period. The phase-contrast amplitude PSF becomes considerably higher than the

bright-field one over a range of tens of micrometres.

Strictly speaking, this analysis based on McCutchen’s theorem is not directly applicable to
PPC. As discussed in Chapter 3, a more complete imaging model of PPC depends on both
the illumination side and the detection side, with the resulting STF given by a convolution
of the two. McCutchen’s theorem takes the Fourier transform of the objective pupil only,
and it does not include illumination-side optics, which indicates that this approach is not the
full picture for a partially coherent imaging method like PPC. In addition, the vector nature
of the polarimetric measurements in PPC complicates the interpretation, as the concept of a
scalar PSF cannot be trivially translated. Nevertheless, McCutchen’s theorem provides useful
intuition and points to the phase ring as a physical origin of the side lobes. It also predicts
a higher optical response for a phase-contrast objective over a range of tens of micrometres,

which is sufficient for a semi-quantitative explanation.

Simulation result and the thick-voxel model

To recreate the side lobes observed in the experiments, it is necessary to consider a full imaging
model rather than the pupil function alone. The simulation pipeline introduced in Chapter 5
is suitable for this purpose, because it models the full optical system and properly represents
partial coherence. The simulation also accounts for the finite extent of voxels, in contrast to a
point-source response. Finally, the simulation pipeline supports informational analysis of the

generated images using VIPP, which enables direct comparison with experimental MI results.

Batch simulations described in Section 5.2.5 were performed using the high-performance com-

puting (HPC) facility at Imperial College London’s Research Computing Service [170]. The
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Figure 7.14: Comparison between experiment and simulation results on the degradation of mutual
information of a single-layer sample under defocus. The single-slice simulation shows oscillatory be-
haviour similar to the field distribution from McCutchen’s theorem, while a multi-slice model gives
a result closer to experiments. All three curves are obtained from a 3-bpv voxel sector at a pitch of
0.7 pm and show significant side lobes at a similar relative height.

base configuration includes a single layer of voxels modelled as an array of thin, birefringent
disks, following the description in Section 5.1.3. The layer sits at a depth of 150 pm from the
top surface of the glass with a refractive index of 1.5. It also lies 1850 pm from the bottom sur-
face, recreating the experimental conditions as closely as possible. Objective collar correction
is set to cancel the depth-induced aberrations at focus, and it is kept constant for all simulation
sessions. At focus, the objective front focal plane is set to a depth of 225 ym to compensate for
the optical path between the voxel layer and the glass-air interface, and it is then shifted axially
to simulate defocus across the simulation sessions. For processing, each simulation session pro-
vides four polarisation-channel images that are perfectly registered without DoFP mosaicking,
so that no IFoV is introduced. In addition, the true voxel coordinates are provided from the

simulation pipeline to VIPP, eliminating voxel-localisation error.

Figure 7.14 shows the estimated MI from these simulations shown in blue, compared with the

experimental results shown in green. The side lobes observed in the experiment were successfully
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recreated by the single-layer simulation, which supports the interpretation that this is a read-
side effect of the imaging process. The single-slice simulation also shows oscillatory behaviour
similar to the field distribution Up,. in Figure 7.13. Such high-frequency oscillations in MI were

not observed experimentally.

Physically, the absence of this high-frequency feature in the experiment was likely due to the
finite axial extent of the voxels. Lei et al. [32] reported that the axial extension of a voxel can
range from 3.5 pm to over 5 pm. This scale is comparable to, or larger than, the period of these
axial fluctuations, which makes the thin-voxel model invalid in this regime. To include the axial
extension of a voxel, a multi-slice model is introduced, where many slices of thin birefringent

disks are stacked with an axial spacing much smaller than the depth of focus of the system.

The orange curve in Figure 7.14 shows the result from simulations using this multi-slice model.
In this model, 20 identical slices of birefringent disks are stacked within a thickness of 4 pm.
The multi-slice simulations show a low-pass filtering effect compared with the single-slice model.

The overall trend of MI remains similar, while the high-frequency oscillations are suppressed.

Compared with the experiment, the multi-slice simulations agree well in general. For small
defocus, the main peak has a similar width, and this width is primarily determined by the
imaging process because it changes little between the single-slice and multi-slice models. The
side lobes in the multi-slice simulations and the experiment are, however, centred at different
axial positions. This mismatch can be caused by multiple factors. The emergence of side
lobes is a consequence of phase-ring modulation at the objective, so it depends on phase-ring
parameters including the radius, the width, and the phase modulation. Although the size
parameters were measured experimentally using a Bertrand lens, systematic errors can arise
from misalignment or magnification error. In the simulations, the phase modulation introduced
by the phase ring is assumed to be an ideal quarter-wave, which is not guaranteed in practice.
Any phase deviation changes the relative phase between Uy; and U,, which can shift the side
lobes in the z-direction. In addition, the axial MI profile in the experiment is highly sensitive to

the correction-collar setting, which affects both the positions and the heights of the side lobes.

Despite the mismatch in the exact side-lobe positions, the results support the conclusion that
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the side lobes observed in the multi-layer experiment arise from the phase ring extending the
axial response of the imaging process. This behaviour can be recreated by the simulation
pipeline. The results also show that a multi-slice model is necessary to account for the axial
extension of the voxels, which enables the informational analysis of multi-layer samples using

simulations in the following sections.

7.5.3 Multi-layer simulations and interlayer crosstalk

Now that the multi-slice model has been validated against experiments in reproducing the axial
MI profile, including the main-peak degradation and the side lobes, the simulations could be
extended to multi-layer samples. Although it is possible to simulate an arbitrary number of
layers, such as the 10-layer configuration discussed in Section 7.5.1, this would be conceptu-
ally unnecessary and computationally expensive, due to the hundreds of slices needed in each

simulation and the extended defocus range required.

Instead, to investigate how interlayer crosstalk affects voxel reading, a three-layer configuration
was adopted, where the middle layer was expected to experience a higher level of crosstalk than
the other two. Each of the three layers was a 3-bpv sector at a pitch of 0.7 ym, at a depth
of 140 pm (top), 150 pm (middle), and 160 pm (bottom) below the glass-air interface. In each
layer, 20 slices of birefringent disks were evenly spaced across a thickness of 4 pm. In contrast to
the experimental demonstration, the three layers in this case had different sets of ground-truth
symbols, so three estimates of MI could be computed for each image, each corresponding to

the ground truth of one layer.

Figure 7.15 plots these MI estimates against a simulated amount of defocus, with a step size of
0.2 um. Three peaks can be clearly identified for the different layers, with the top and bottom
peaks centred at 4+6.4 pm of defocus from the middle peak, which can be explained by the
shift of focus due to the refractive-index mismatch. In contrast to the single-layer simulations
where the MI maximises close to 3 bpv, all three layers in this simulation show a significantly
compromised MI, which indicates the presence of interlayer crosstalk in this configuration. The

middle layer, in particular, was estimated with a MI as low as 2.634 bpv, due to the increased
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Figure 7.15: Mutual information from a simulated 3-layer sample against defocus from the middle
layer, with an interlayer spacing of 10 pm. Each layer represents a 3-bpv voxel sector with a different
ground truth from the other two. A multi-slice model is employed for each layer, which consists of
20 slices of thin birefringent disks across an axial range of 4 pm. Significant reduction of MI can be
observed for the central peak due to interlayer crosstalk.

Table 7.2: Mutual information between defocused images and the ground truth of every layer in three-
layer simulations.

Interlayer MI (bpv) MI (bpv) MI (bpv)
spacing (pm) bottom layer middle layer top layer
10 2.769 2.634 2.776
20 2.955 2.911 2.937

amount of crosstalk from both sides. In fact, the middle layer shows an increased level of DoLP
at voxel positions compared with the other two layers, which suggests a stronger polarisation
signal. The fact that the MI is reduced in spite of a stronger signal further supports the

interpretation that interlayer crosstalk is the dominant factor.

For comparison, another set of simulations was carried out at an interlayer spacing of 20 pm,
consistent with the configuration used in the multi-layer experiment in Section 7.5.1, and the
peak MI values for both sets of simulations are summarised in Table 7.2. As expected, increasing
the interlayer spacing reduces crosstalk and therefore increases the MI of the middle layer to
2.911 bpv. It is worth noting that, in all simulations, the objective correction collar was set to a

depth of 150 pm for the middle layer, so the top and bottom layers in the larger-spacing setting
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Figure 7.16: Mutual information for a simulated 2-layer sample at varying interlayer spacings. Both
layers contain 3-bpv voxel sectors at a pitch of 0.7 pm, with a thickness of 4 ym simulated using 20
evenly spaced slices of birefringent disks. In each session, the stationary layer at 150 pm is in focus
with perfect correction of depth-induced aberrations, while a moving layer contaminates the image
of the stationary layer from a varying axial distance. FEach simulated image is compared against the
ground truth of both (a) the stationary layer and (b) the moving layer.

experienced a higher level of spherical aberration. The fact that their MI increases despite a

higher level of aberration indicates that crosstalk is more important at this distance scale.

To further understand how crosstalk is affected by the interlayer spacing, another set of sim-
ulations was carried out involving two layers of sectors in the multi-slice model. A stationary
layer sat at a depth of 150 pm and was in focus in all sessions, while a moving layer sat at a
different distance from the stationary layer in each session. As the moving layer got closer,
the image of the stationary layer became contaminated, and the MI could be estimated with
respect to the ground truth of both the stationary layer and the moving layer. For comparison,
the bright-field setting was also simulated under the same conditions, where a clear aperture
was used instead of the annular aperture on the illumination side, and a normal objective was

used instead of a phase-contrast objective.

Figure 7.16 shows the results of VIPP processing on the simulated images, evaluated against
the ground truth of (a) the stationary layer and (b) the moving layer. As the moving layer got

closer, the MI for the stationary layer decreased substantially from 3 bpv, while that for the
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moving layer increased sharply, which is direct evidence of interlayer crosstalk. The PPC curve
for the moving layer followed its single-layer profile in Figure 7.14, apart from an axial scaling

factor of 1.5 due to the shift of focus caused by the refractive-index mismatch.

Although a side lobe is observed for the moving layer under PPC, no significant features were
found for the stationary layer when the interlayer spacing increased beyond 20 pm. From an
imaging perspective, this could be understood as a reduced contribution of the polarisation
signal from the moving layer when it is considerably out of focus, which was outweighed by the
signal from the in-focus stationary layer. From an informational perspective, it is a consequence
of underutilisation of the communication channel, since the source entropy H(X) is likely
smaller than the true channel capacity C at large interlayer spacing, resulting in the lack of
features for the stationary layer. In practice, other sources of channel noise would limit the
channel capacity, and the capacity itself may decrease under optimisation of channel parameters
such as the voxel pitch. It is therefore unnecessary to increase the source entropy dramatically
to the true channel capacity of the simulations, since such a high SNR is practically impossible.
Accordingly, the MI degradation caused by long-range interlayer crosstalk associated with side

lobes is likely less significant than other sources of channel noise in realistic conditions.

Nevertheless, the short-range interlayer crosstalk is significant, as seen in Figure 7.16(a). As
the MI drops well below the source entropy of 3bpv, short-range interlayer crosstalk clearly
limits the channel capacity, which ultimately limits the achievable data density. Compared with
the bright-field configuration, PPC appears to suffer a greater level of short-range interlayer
crosstalk at the same NA, which is likely due to inferior optical sectioning characteristic to
Zernike’s phase contrast (ZPC) methods, as reported by Munro and T6rék [200]. Nevertheless,
the enhancement of polarisation signal provided by PPC remains critical, enabling voxel reading
in the first place. In practice, when a bright-field configuration was used, voxel localisation

became unreliable or failed due to the low SNR.

This evaluation also highlights the advantage of using a simulation pipeline whose results are
reliable and validated against experiment in a single-layer setting, since these conditions are

difficult to create experimentally. Firstly, in practice, a voxel layer cannot physically move, so
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such an experiment would require a different track for each interlayer spacing. This required
a specific sample to be written and was also prone to writing inconsistencies across tracks, for
example due to depth-induced aberrations or thermal effects, and it required high precision of
the written sector depth. Secondly, on the read side, it was difficult to focus on the stationary
layer with a sub-micrometre accuracy, especially when the two layers were close to each other.
Thirdly, experimental images could be too noisy for voxel localisation, especially in the bright-
field configuration where the polarisation signal is much weaker than PPC. Even for PPC
images, voxel localisation could become unreliable when layers were this close, which could
lead to failed MI estimation or an uncalibrated amount of MI degradation. By providing the
set of true voxel coordinates, the simulation pipeline removed voxel-localisation error from the

analysis and isolated the impact of interlayer crosstalk and defocus on the estimated MI.

7.5.4 Depth-induced aberrations

As observed in the baseline demonstration of multi-layer voxel reading in Section 7.5.1, another
observable source of channel noise is the depth-induced optical aberrations. These aberrations
can lead to both an asymmetric axial profile and a reduced maximum MI. The wavefront aber-
ration introduced through this process is detailed in Section 5.1.4, from which the uncorrected

aberration can be written as

Wuncorrected(p) = W(d97 n97 p) - [W<dca Ne, /0) - W(dm 17 p)] ) (746)

where d,; denotes the sector depth in glass, n, denotes the refractive index of glass, d. represents
the collar setting for depth correction, n. represents the design refractive index for which the
correction is specified, p is the radial coordinate of the normalised pupil, and W denotes the
wavefront aberration due to refractive-index mismatch, given in Equation 5.21. In general, n,
and n. may not perfectly match, which leaves a residual aberration that cannot be removed by

the collar setting alone and can in principle limit the channel capacity.

In practice, this residual aberration can be further reduced by refocusing. Introducing an
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additional defocus d is equivalent to adding an extra axial distance in air, and the expression
becomes

Wuncorrected(p) = W(dga Ng, p) - [W(dm Ne, p) - W<dc + d7 17 p)] ) (747)

which can be optimised with respect to both d and d.. Using n, = 1.461 for fused silica at a
wavelength of 530 nm [201, 202] and n. = 1.515 as a representative design refractive index for
cover-glass correction [77, 203], the optimisation predicts a Strehl ratio above 0.9994 for depths
up to 2mm when both the correction collar and refocusing are set optimally. Here the Strehl

ratio is defined as [204]
2

S = —

T2

1
/ e 2rpdp (7.48)
0

These results indicate that, under an idealised model where the collar setting and refocus
can be adjusted accurately, depth-induced aberrations can be reduced to a negligible level
over the whole thickness of the glass. With motorised collar correction [25], depth-induced
aberrations can in principle be compensated with the collar setting and the stage moving
in coordination, and the residual amount of depth-induced aberration is mostly limited by
engineering constraints such as the precision of the collar setting and its calibration with respect
to the vertical position of the stage, rather than posing a fundamental informational limit
in the system. A detailed experimental characterisation of MI as a function of uncorrected
depth was not pursued here, because it would require single-layer sectors written at multiple
depths, and because manual collar adjustment is highly sensitive and difficult to reproduce
consistently across sessions, as discussed before. A similarly comprehensive simulation study
is also possible within the existing pipeline, but it was not prioritised because the results in
the previous subsection indicate that interlayer crosstalk is a more important limitation in the
configurations considered. In future work, a combined study using motorised collar control and
corresponding simulations could quantify the residual impact of depth-induced aberrations on
MI under realistic calibration errors and practical constraints. Alternatively, depth-induced
optical aberrations may be reduced using a remote-refocusing approach, where an aberration-
free optical copy of the sample is formed in a remote space and then reimaged [205]. This

provides another potential route for imaging at depth into the glass without relying on the
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correction collar of the objective, which can be of interest for future work.

7.6 Conclusion

This chapter studied the performance of PPC on voxel imaging from an informational perspec-
tive, motivated by the need to evaluate voxel readout for the application of ODS. In contrast to
image-based analysis, this chapter aims to quantify how much information the PPC read head
preserves from the written voxel symbols. Using Shannon’s linear model, a communication
channel is identified where the input is the ground-truth voxel symbol X and the output is the
polarisation measurement § in the NLSP. The estimated MI between them can then serve as
a practical, decoder-agnostic metric that captures the information available for reliable decod-
ing thanks to Shannon’s noisy-channel coding theorem, which also sets a lower bound for the

channel capacity.

The chapter then established the VIPP, a dedicated image-processing pipeline for informational
analysis on voxel images, consisting of both image-level processing and voxel-level characteri-
sation. Specifically, the PolCam images were firstly calibrated for PFC and handled by PCIP,
where IFoV error is effectively corrected for using a Fourier-based technique. The resultant
DoLP image is then provided to a voxel localisation algorithm, which isolates a voxel sector
using morphological operations and affine transform, before a finite affine grid is found to a sub-
pixel level using CZT, according to which polarisation measurements are resampled. For MI
estimation, both binning and £-NN-based estimators were considered, and the default choice in
this work is the k-NN estimator operating on the 2D § measurement, as the binning estimator

was found to be significantly biased in certain situations.

With this framework and pipeline in place, the chapter then demonstrated that voxel reading
with PPC is already strong in both single-layer and multi-layer settings. In the single-layer
demonstration, a sector of 162 x 162 voxels at a pitch of 0.7 pm and a depth of 150 pm produced
well-separated clusters for a 3-bpv scheme. The estimated MI for this dataset is 2.964 bpv, which

is close to the input entropy of 3 bpv, indicating that most of the information encoded in the
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voxel symbols are effectively preserved throughout the communication process.

The single-layer results also quantified trade-offs that govern achievable data density. Across
voxel pitches from 0.9 pm to 0.45 pm, the estimated MI decreases as the pitch is reduced, con-
sistent with increasing crosstalk and increasing difficulty in voxel localisation at small pitches.
At a pitch of 0.8 um with a 4-bpv scheme, a high MI of 3.795bpv was achieved. At a pitch
of 0.5 um, the MI is reduced to 1.541bpv for a 4-bpv scheme, while the data density reaches
6.16 Mbit mm~2 per layer. This illustrates that maximum per-layer density does not necessarily
coincide with maximum MI per voxel, and that higher density can be achieved at the cost of

the more challenging coding and decoding.

The analyses of adjacent-voxel traces and biased-grid MI maps further showed that intra-layer
crosstalk can be anisotropic and can depend strongly on write-side effects. For the baseline
3-bpv dataset at 0.7 pm pitch, the traces and the MI spread indicate stronger crosstalk along
the writing direction. In contrast, a type-S dataset at 0.5 pm pitch showed a more laterally
symmetric MI spread, consistent with a reduced write-side directional artefact. These results
reinforce that MI(X,Y") characterises the full end-to-end channel rather than the read head

alone, which is essential when interpreting information loss in experimental data.

The shot-noise study quantified how the available information depends on the photon budget.
An experimental series was obtained by capturing 100 frames of the same sector and averaging
a varying number of frames, while reusing voxel coordinates determined from the 100-frame
average to avoid localisation failures at low SNR. Across the range of mean photo-electrons per
pixel, MI increases rapidly at low photon budgets and then approaches an asymptote, show-
ing diminishing returns for further frame averaging once shot noise is sufficiently suppressed.
Monte—Carlo simulations that include shot noise alone converge to 3bpv for a 3-bpv scheme,
while the experimental curves flatten below 3 bpv, consistent with additional sources of channel

noise besides camera noise.

The chapter then extended the analysis to axial performance and multi-layer reading, motivated
by the requirement that practical ODS should operate with many stacked layers. As a baseline,

a track of 10 layers at an interlayer spacing of 20 pm was imaged from a nominal depth of 150 pm
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down to 330 pm. A z-stack was acquired over 240 pm of stage travel with a step of 0.5 pm, which
corresponds to a 0.75 pm of true focus due to refractive-index mismatch. Distinct MI peaks
were observed for all layers, demonstrating that stacked readout is feasible within the same
pipeline used for single-layer evaluation. The highest MI peak in this dataset is 2.554 bpv at
the top layer near 150 pm, and the MI generally decreases with depth to 1.766 bpv at 270 pm.
The effects of side lobes, interlayer crosstalk, and depth-induced optical aberrations were all

observable from the multi-layer profile, prompting detailed analysis and modelling.

Firstly, defocus experiments on single layers showed a main MI peak together with pronounced
side lobes, consistent with the multi-layer profile. McCutchen’s theorem was used to compute
the axial field distributions from pupil functions, which points to the phase ring as a plausible
origin of an extended axial response, although the theorem was not directly applicable to PPC
due to PPC being a partially coherent method. Full simulations, in contrast, take the whole
partially coherent imaging process into account, and successfully reproduced the main features
of the measured MI profiles and showed that a multi-slice voxel model is needed to represent
finite voxel thickness. In the simulations, 20 slices over 4 pm suppress high-frequency oscillations

present in thin-voxel simulations and yield MI profiles that agree better with experiments.

Secondly, as for the interlayer crosstalk, three-layer simulations of thick voxels show MI of
2.634 bpv for the middle layer at an interlayer spacing of 10 um, which is, despite less depth-
induced optical aberrations and a higher measured DoLP, lower than the MI for the top and
bottom layers, indicating the information loss due to interlayer crosstalk. At a spacing of
20 m, all three layers see an increased amount of MI, indicating that the increased spacing
can recover information even when depth-induced aberrations are increased for the top and
bottom layers, placing interlayer crosstalk as a major source of channel noise. A two-layer
spacing sweep further showed that, as a moving layer approaches an in-focus stationary layer
axially, the MI evaluated against the stationary ground truth decreases while the MI evaluated
against the moving ground truth increases, providing direct evidence of crosstalk between these
layers. The two-layer simulations also reveal that the long-range features like the side lobes
are unlikely to cause an information loss as significantly as the short-range interlayer crosstalk

does, and the poor optical-sectioning capability of ZPC methods puts PPC at a worse position
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than bright-field configurations, although the enhancement of polarisation signal enables voxel

reading in PPC in the first place.

Lastly, depth-induced aberrations such as the spherical aberration were discussed as another
potential sources of channel noise. Nevertheless, analysis with wavefront aberration shows
that any depth-induced optical aberrations can be effectively corrected with a combination of
objective collar adjustment and refocusing, predicting a Strehl ratio of over 0.9994 at a depth
up to 2mm where the system is effectively aberration-free. It was therefore concluded that it
is possible to practically eliminate any MI degradation with a well-calibrated motorised collar
correction, and depth-induced optical aberration does not place a fundamental informational
limit in voxel reading. Potential future work includes the implementation of such automation,
which also enables precise control of collar coordinate that can be compared with simulation
results using the pipelines. In addition, remote-refocusing offers a potential alternative where

such aberrations may be removed without the need of a depth-correcting objective.

Overall, this chapter established an informational framework for characterising voxel imaging
as part of a communication process, together with a practical pipeline for extracting per-voxel
measurements from experimental images and estimating MI for the communication channel.
Importantly, the voxel-reading capability of PPC and the VIPP pipeline was demonstrated for
samples with both single and multiple layers, while MI provided a decoder-agnostic metric for
understanding how factors such as voxel pitch, noise, defocus, and crosstalk limit the infor-
mation available at the measurement stage. This perspective is valuable because it separates
readout quality from the particular choice of symbol determination and coding, and it provides
a principled basis for system-level characterisation with respect to these potential sources of
channel noise. Nevertheless, an end-to-end storage demonstration ultimately requires a de-
coding process that maps from measurements ¥ = § to estimated symbols X , so that the
recovered data can be evaluated directly against the written ground truth. The next chap-
ter therefore takes a more practical approach by proposing a machine-learning decoder based
on a multilayer perceptron (MLP) network, together with data preparation and polarisation
augmentation strategies. By extending the present channel characterisation to explicit symbol

decoding, the thesis provides a complete end-to-end demonstration from voxel symbols to po-
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larisation measurements and back to recovered symbols, supporting the viability of ODS based

on birefringent voxels and PPC readout.



Chapter 8

Decoding voxel data using machine

learning

In the previous chapter, an informational framework was established to evaluate the perfor-
mance of polarisation imaging for voxel readout. By using mutual information (MI) as a
decoder-agnostic metric, factors such as camera noise and defocus were studied to characterise
polarisation-sensitive phase contrast (PPC) as a read head for optical data storage (ODS).
Shannon’s noisy-channel coding theorem implies that the information quantified by the esti-
mated MI can, in principle, be recovered with an appropriate coding and decoding strategy.
This chapter goes beyond that existence statement by introducing a practical decoder and

demonstrating that symbol information is indeed recovered from experimental images.

With the decoder added to the readout pipeline, the aim of this chapter is therefore an end-to-
end demonstration of ODS with birefringent voxels. Within Project Silica, sector-level decoding
has been demonstrated using a multi-scale convolutional neural network (CNN) [6, 25], where
the input is images of an entire sector and the output is an array of symbol predictions for all
voxels within it. This approach can be robust because the network can learn to account for
factors such as intra-layer crosstalk and sector geometry, and it does not require explicit voxel
localisation. At the same time, it typically requires a large amount of training data because

the input is high dimensional and the model complexity is correspondingly higher.

207



208 Chapter 8. Decoding voxel data using machine learning

In this work, we take a different approach and focus on voxel-wise decoding using a shallow
neural network enabled by voxel image processing pipeline (VIPP). Given voxel coordinates
and polarimetric measurements estimated by VIPP, the decoder operates at a voxel level,
predicting the symbol of a single voxel from local pixels around its estimated position. This
formulation reduces the input dimensionality and allows training with a substantially smaller
dataset. The results in this chapter therefore test whether a shallow neural network is sufficient
for voxel decoding when the polarisation imaging and voxel localisation are reliable, establishing

a foundation from which more advanced decoders can be developed in future work.

8.1 Multilayer perceptron decoder

From the perspective of machine learning (ML), decoding can be interpreted as a supervised
classification task, where polarimetric measurements are provided as inputs and a probability
distribution over symbols is predicted. In contrast to the informational analysis where the
Stokes images are resampled at voxel positions, the neural-network-based decoder can accept a
higher-dimensional input than typical MI estimators, enabling the use of polarimetric measure-
ments extracted from multiple pixels in the local neighbourhood of a voxel. For each estimated
voxel coordinate, a 16 x 16 pixel region is extracted from the vicinity of the voxel for all three
Stokes parameters. By using Stokes measurements at multiple nearby pixels, the decoder is
expected to be more robust to voxel localisation errors and intra-layer crosstalk. The input
to the network is therefore a (3,16, 16) array, and the output is a set of probabilities over all

symbols.

By imaging a sector of interest, the Stokes images So(m, n) to Sa(m, n) and the voxel coordinates
(my,n,) are provided by VIPP, as introduced in the previous chapter. For the example sector
used as a baseline demonstration in Section 7.4.1, 26 244 voxels are available from one imaging
session. With 8 possible symbols, voxels from a single sector are usually sufficient for both
training and testing a shallow neural network using an 80-20 split between training and test

sets. The ground-truth symbol z, for each voxel is used as the target on the training set, or
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Figure 8.1: False-colour visualisations of example Stokes images provided to the decoder as training
dataset. Labelled by the ground-truth symbols (A-H), each false-colour image contains a voxel at the
centre, with different crosstalk from adjacent voxels. Hue, AoLP; value, DoLP.

provides the reference for evaluating predictions on the test set. False-colour representation of
some example images in the training dataset is shown in Figure 8.1, labelled against their ground
truth (A—H). From the images, it can be seen that a voxel of a similar colour corresponding
to their ground truth is visible at the centre of each image, while adjacent voxels crosstalk
differently in these images. The Stokes images, therefore, provide information both at the

voxel location itself and the surrounding context.

Unlike many image classification tasks, voxel classification in this work has a relatively small
dimensionality and does not require translational invariance, due to the voxel localisation pro-
vided by VIPP. This motivates the use of a small and shallow model such as the multilayer
perceptron (MLP) [206], whose architecture is illustrated in Figure 8.2. The (3,16, 16) input
array is flattened into a vector before being passed as input. Two hidden layers are used in this
feedforward neural network, and nodes in adjacent layers are connected by a fully-connected

layer (FCL) [206] followed by a rectified linear unit (ReLU) activation function [207]. Therefore,
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Symbol predictions

A B C D

Figure 8.2: Architecture of the multilayer perceptron decoder. The feedforward network contains
three fully-connected layers with learnable weights, taking flattened Stokes images around each voxel
as the input, and gives probabilities for every symbol as the output.

a node A} in the next layer can be computed from those in the previous layer h;, according to

h; — Imax (Z U}Z]hZ -+ woj, 0) y (81)

=1

where w;; denotes the weights in the FCL. Through training, the model learns these weights
from the ground-truth labels. Nonlinearity is introduced by the ReL.U activation functions to
the affine transforms at the FCLs, which is critical in enabling non-trivial decision boundaries

of the decoder.

Feedforward networks of this form have been well studied [208-210], showing that such networks
can represent an arbitrary decision boundary to an arbitrary accuracy [206], given sufficient
network width. The so-called universal approximators are therefore, in principle, capable of

serving as the voxel decoder, in spite of the simplicity of the architecture.

8.2 Training and decoding results

The decoder network was implemented and trained with PyTorch [211], with layer sizes of 768
for the input, 512 and 128 for the two hidden layers, and an output size of 8 for 3-bits per voxel

(bpv) voxels or 16 for 4-bpv voxels. For each input voxel image, the model outputs a vector
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of logits z, [212], where = denotes the voxel symbol. The logits are related to the predicted

probabilities ¢(z) by a softmax function, given by

es

q(z) = S o (8.2)

Z..
[k
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Training proceeded in epochs, where each epoch corresponds to a full pass through the training
set. Within an epoch, the training data was iterated in mini-batches, and the model performed a
forward pass to produce logits for each voxel. Using cross-entropy loss, the loss for a mini-batch

of B samples with ground-truth labels x; is

B
1
L=-% ;log @ (), (83)

where ¢,(z,) denotes the predicted probability of the correct class for sample b. A backward
propagation was then performed to compute gradients of the loss with respect to the weights
in the FCLs, and a momentum stochastic gradient descent (SGD) optimiser [213] updated
the parameters accordingly. Through multiple epochs, the model parameters were gradually
adjusted to minimise the average loss over the training set. Prediction accuracy was recorded
after each epoch by assigning each voxel to the symbol with the largest predicted probability

q(z), and computing the fraction of voxels whose predicted symbols matched the ground truth.

As a proof of viability, the network was trained on a sector image of 162 x 162 voxels in a 3-bpv
scheme, with a voxel pitch of 0.7 pm in both directions. As demonstrated in Section 7.4.1, such a
sector was estimated with a MI of 2.964 bpv, implying near-perfect decoding should be possible.
For this sector, each voxel was assigned one of eight possible symbols drawn independently from
a discrete uniform distribution. No line coding, run-length-limited coding, or error-correction
coding was applied before writing the sample. Although no significant local clustering was
observed in this particular realisation, such clusters or long runs of similar symbols could occur
by random chance, in a sequence of sufficient length containing independently generated sym-
bols. In a practical storage system, sequence-level coding schemes could be important, because

local clusters of similar symbols can cause the local average of polarisation measurements to
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Figure 8.3: Accuracy of voxel-symbol prediction against number of epochs in an MLP network, trained
on the sector image of a 3 bpv voxel sector containing 26 244 voxels at a pitch of 0.7pm. A final test
accuracy of 0.9996 was reached for the test set.

significantly deviate from zero, introducing systematic errors to background estimations. In
addition, it may bias the polarisation measurements of nearby voxels and neighbouring layers.
Coding schemes such as the run-length-limited coding [214, 215] could therefore be helpful, by
suppressing long runs or clusters of similar symbols, although imposing such constraints may
reduce the effective information density by restricting the set of allowed symbol sequences. The
analysis reported in this thesis should therefore be interpreted for this uncoded, independently

and uniformly distributed symbol sequences.

Figure 8.3 shows the prediction accuracy against the number of epochs, for both the training
and test datasets. From the plot, it is evident that the MLP learns the decoding process quickly,
and within 5 epochs, a prediction accuracy of 0.9996 was reached. This proves the capability

of a shallow MLP network in decoding on a voxel level.

Besides prediction accuracy, the decoding performance can be assessed with MI, offering com-
parison with the VIPP-estimated results. Instead of computing the MI between the input
symbol X and the polarisation measurement ¥ = s, MI is now computed between X and the

estimated symbol, X, given as

ZZPXX €, T log p)zx; (;) (84)



8.2. 'Training and decoding results 213

0.09

0.08

0.07

0.06

0.05

0.04
So S 52

Figure 8.4: First-layer weights of a trained MLP network for decoding of 3-bpv voxels. For the i-th
input node and the j-th node in the first FCL, the quantity max; w;; is computed and reshaped into
a 3 x 16 x 16 array, corresponding to the original Stokes images for a voxel.

For the test set after 5 epochs, out of the ground-truth entropy of 2.999 bpv, the MI was
evaluated to be 2.995bpv. Note that this number is even higher than the 2.964 bpv quoted
for MI(X,Y = §), which would not be expected if X were obtained solely by classifying the
single-point measurement 8, since no additional information can be created by post-processing.
Instead, because X is decoded from 3 x 16 x 16 pixels from the Stokes images, more information

is provided to the MLP network than a single Stokes measurement in the case of VIPP.

To visualise which input pixels the trained model relied on most strongly, the weights of the
first FCL were inspected. For each input node ¢, the maximum weight over the first hidden
layer, max; w;;, was computed and then reshaped into a 3 x 16 x 16 array corresponding to the

original Stokes images.

The resulting maps are shown in Figure 8.4. The trained network relies mainly on pixels in the
central regions of the S; and Sy images. In contrast, the Sy image carries limited information
about the voxel symbol, since its variation is dominated by the phase-contrast signal arising
from residual phase changes of the voxels. Intensity variations can also arise from transmission
loss introduced by voxel modifications, but this effect is expected to be very small for the type-X
voxels used here [37]. The central regions of S; and Sy, by comparison, contain the polarimetric
features needed to distinguish symbols. As discussed in Section 7.4.3, the polarisation signal
extends over a finite area, due to a combination of the finite modified volume from the write

side, and the resolving power of the microscope from the read side. By using multiple pixels
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within this area, the model is expected to be more robust to camera noise, voxel-localisation
error, and crosstalk from neighbouring voxels, offering a plausible explanation to the increase

in MI.

In digital communications, the reliability of a noisy channel is often measured by the bit error
rate (BER) [216], defined as the number of bit errors divided by the total number of received
bits. It should be noted that the BER is not simply the complement of the symbol accuracy,
because it depends on the mapping between symbols and bits. In this work with birefringent
voxels and PPC reading, voxel symbols are primarily distinguished through angle of linear
polarisation (AoLP) when the degree of linear polarisation (DoLP) signal is sufficiently high,
so symbol errors are most likely to occur between neighbouring symbols. It is therefore natural,
when assigning bit labels to these symbols, to minimise the bit difference between neighbouring
states. Therefore, the Gray code [182], as shown in Table 8.1, is used as the symbol-to-bit

mapping in this work.

In the 3-bpv scheme, the Gray code ensures that adjacent symbols differ by only one binary
digit (i.e. a Hamming distance [217] of one). Therefore, for the present system in which symbol
errors are most likely to occur between neighbouring AoLP-encoded states, a symbol error
typically corresponds to one bit error under this labelling. In general, the specific mapping
between symbols and bits could be optimised according to the joint probability py ¢, but for
symmetric channels and with the number of possible symbols being an exponential of 2, the

Gray code is usually a sensible choice.

It is important to emphasise that this symbol labelling does not change the underlying symbol
accuracies, the symbol confusion matrix, or the information throughput of the communication
channel. The apparent reduction from symbol error rate (SER) to BER should therefore not
be interpreted as an improvement in the readout process or as an increase in the amount of
information conveyed. This is the reason why the information analysis in Chapter 7 was based

on MI, which is independent of the actual bit labels assigned to the symbols.

Assuming Gray coding, the BER was estimated to be (1.3040.92) x 10~ from the test set, which

is approximately one third of the original SER, since in this dataset symbol confusion typically
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Table 8.1: Voxel symbols and their corresponding Gray code in a 3-bpv scheme. Adjacent symbols
are assigned bit labels with a Hamming distance of 1.

Voxel symbol 3-bit Gray code

A 000
001
011
010
110
111
101
100

T o EHOQW

occurs at a Hamming distance of 1. This value is therefore a useful bit-level description of the
measured symbol errors under the specified labelling, rather than a separate measure of the
information throughput. In a 3-bpv scheme and a voxel pitch of 0.7 pm, the BER corresponds

to a decoded data density of 6.12 Mbit mm~2 per layer.

8.3 Polarisation-based image augmentation

Now that successful decoding had been demonstrated using a 3-bpv image, a natural next step
was to attempt decoding a more challenging sector, such as the 0.5 pm-pitch sector presented
in Figure 7.8(b). As the voxel pitch decreases below the diffraction limit, there is inevitably
crosstalk between neighbouring voxels, and the ML-based decoder can potentially help by taking
into account the surrounding context. A practical challenge, however, was the insufficiency of
training data from a single sector, due to the smaller number of voxels present in the sector,

and the increased number of possible symbols each voxel represents.

To see how the insufficiency may arise, it is helpful to consider a simple argument based on local
symbol configurations. If the task is defined as classifying the centre voxel while being robust
to nearest-neighbour crosstalk from the four adjacent voxels, the local configuration contains
five voxels in total, as shown in Figure 8.5(a). Results presented in the previous section were
obtained from a 3-bpv sector, for which the total number of possible local configurations is

8 = 32768. The available training set was 80% of a 162 x 162 voxel sector, resulting in
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Figure 8.5: Polarisation-based image augmentation for training on 4-bpv sector of 114 x 108 voxels,
with a voxel pitch of 0.5um. (a) Schematic showing intra-layer crosstalk comes mostly from the
four closest neighbouring voxels. (b) A nearly-circular constellation diagram produced by the VIPP
showing the channel is highly symmetric. (c) False-colour images of the original image (A) and the 15
augmented images (B-P) by rotating the Stokes vectors in the normalised linear Stokes plane (NLSP)
by 22.5° each time. Hue, AoLP; value, DoLP.

5

20995 training voxels. In contrast, the more challenging sector uses a 4-bpv scheme with
165 = 1048576 possible local configurations, and the sector contains only 114 x 108 voxels.
After an 80 to 20 split, this leads to a smaller training set containing 9850 voxels. As a result,
the training set can cover at most 0.94 % of all possible configurations, whereas in the previous
section it could cover about 64 %. This makes the training set for the challenging sector

inevitably sparse, which can limit the generalisability of the model to unseen configurations.

It should be noted that this argument is only approximate, to illustrate why the training dataset
is likely to be insufficient, as a model can generalise without observing every configuration dur-
ing training. Nevertheless, the sharp increase in the number of possible local configurations,

together with the more limited experimental data available for the sector, makes data insuffi-
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ciency a real concern. This motivates the use of image augmentation techniques to increase the

effective size of the training set.

In Section 7.2, it was noted that the communication channel is symmetric, due to the uniform
polarisation contrast of PPC across all AoLP. In particular, it was noted that a rotation in the

normalised linear Stokes plane (NLSP) corresponds to a shift in voxel symbol, i.e.

r—zxr+1 = 8~ R(71/Nx)Ss, (8.5)

where R denotes a 2D rotator matrix, and Nx denotes the number of possible symbols for a
voxel. Implicit assumption of this symmetry has been made through the uniform distribution
of the ground-truth symbols, and is supported with the rotational symmetry observed in the
constellation diagram provided by the VIPP, as shown in Figure 8.5(b). By exploiting this
symmetry, images can be augmented by rotating the Stokes measurement § in the NLSP for all
pixels by 22.5° while labelling the ground truth as the next symbol, as shown in the false-colour
images in Figure 8.5(c). Repeating this operation for each training image therefore increases

the effective training set size by a factor of 16.

For comparison, the same MLP model was trained with and without image augmentation, and
the resulting accuracies are plotted against the number of epochs in Figure 8.6. In both cases,
the test accuracy improves rapidly over the first tens of epochs and then increases more slowly
towards an asymptote well below unity. Meanwhile, the training accuracy continues to increase,
suggesting that the model fits characteristics of the training set that do not generalise to the

test set.

Relative to the 3-bpv result in Figure 8.3 where training and test accuracies converge close to
unity within five epochs, training on the 4-bpv sector is slower and converges to a lower final
accuracy. The slower convergence and degraded final performance on the 4-bpv sector illustrate
the increased difficulty of the decoding task and the limited amount of training data available

for this dataset.

Despite these challenges, image augmentation provides a clear improvement. At any given
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Figure 8.6: Prediction accuracy for a 4-bpv sector at a voxel pitch of 0.5 pm, trained with datasets
with and without polarisation-based image augmentation.

number of epochs, the model trained with augmentation achieves a higher test accuracy, and
it also converges to a higher final accuracy compared to the same decoder trained without aug-
mentation. At 89 epochs, the augmented model reaches a test accuracy of 0.565, corresponding
to a symbol MI of 2.15bpv, a significant improvement from the 1.34 bpv evaluated by VIPP

with the Stokes measurement at a single point.

The improvement obtained after decoding is a clear indication of the effectiveness of a ML-based
decoder in exploiting the local polarisation context for symbol classification. This advantage
is particularly relevant as the voxel pitch decreases below the diffraction limit, where crosstalk
becomes more severe. At the same time, the MI computed from decoded symbols, MI(X, X ),
is intrinsically dependent on the choice and performance of the decoder. Small changes in the
model, the training strategy, or dataset can change the estimation significantly even when the
PPC measurements remain unchanged. This sensitivity further justifies the use of MI(X,§) in
the previous chapter, where the informational analysis was performed on the Stokes measure-

ments themselves for a decoder-agnostic characterisation of PPC as a read head.

In addition, assuming 4-bit Gray code, the corresponding BER is 0.1354-0.004, giving a decoded
data density of 13.85(6) Mbit mm~2 per layer. This decoded data density is higher than that
obtained for the 0.7 nm 3-bpv sector despite the worse BER, which shows that a higher data

density can be achieved even when decoding is less reliable.
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8.4 Conclusion and future work

This chapter completes an end-to-end demonstration of ODS with birefringent voxels spanning
voxel writing, PPC readout, VIPP-based image processing and voxel localisation, and ML-
based decoding. Together with the decoder-agnostic informational analysis in the previous
chapter, these results establish both that information is recoverable in principle and that symbol

information is recovered in practice from experimental images.

For the 3-bpv sector at a voxel pitch of 0.7 nm, a shallow MLP network achieved classification
of single-voxel images with a test accuracy of 0.9996 after 5 epochs. The decoded MI reached
2.995 bpv out of a ground-truth entropy of 2.999 bpv, indicating near-lossless recovery of symbol
information. Assuming Gray coding, the corresponding BER was evaluated as (1.30 £ 0.92) x
107, giving a decoded data density of 6.12 Mbit mm~2 per layer. This decoded data density

can be regarded as a system-level metric for the whole ODS process.

Decoding was further demonstrated in a more challenging regime using the 4-bpv sector at a
voxel pitch of 0.5 pm, where intra-layer crosstalk is stronger and the experimental training set
from a single sector is inevitably sparse. By exploiting the rotational symmetry of the channel,
polarisation-based image augmentation was developed to increase the size of the training set
and hence improve the decoding performance. Assuming 4-bit Gray coding, the augmented
MLP achieved a decoded data density of (13.85 + 0.06) Mbit mm~—2 per layer, despite a worse

BER than the 3-bpv experiment.

As future possibilities, the voxel-wise decoding strategy can be extended in several ways. Firstly,
the current model is trained and tested with data extracted from a single polarisation cam-
era (PolCam) image, which limits generalisation. By including images across different sectors,
depths, and imaging sessions, the model is expected to be more robust to variations in these
factors. Alternatively, training data can be synthesised with the simulation pipeline presented
in Chapter 5. Practical factors can then be introduced to the simulated images through aug-
mentation, for example by adding camera noise consistent with the noise model illustrated in

Section 2.6, or by applying a varying amount of translation to model voxel localisation errors.
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A second direction is to incorporate a larger spatial context for the model by expanding the
neighbourhood used by the decoder beyond the 16 x 16 pixel region, which can potentially help
when intra-layer crosstalk extends beyond the four nearest neighbours. Nevertheless, this also
requires a much larger training set, either acquired experimentally or through simulations, due
to the exponentially increasing number of possible configurations. In addition, a much larger
context is likely to provide diminishing benefit in crosstalk correction and will also require a

more complex network.

Thirdly, there are possibilities in exploring alternative architectures for the decoder. In a
preliminary comparison on the 4-bpv dataset, a voxel-wise CNN reduced the BER from 0.135+
0.004 to 0.12340.004, indicating that further optimisation of the network architecture or width

may provide improved performance.

In addition to predicting voxel symbols, a decoder can alternatively be trained to predict the
bits represented by each voxel directly, as a more direct objective for optimising the BER [25].
Bit prediction requires the definition of a coding strategy, which can also go beyond the Gray

code and be optimised for the particular communication channel.

Overall, this chapter establishes ML-based voxel-wise decoder as a viable constituent of an
end-to-end ODS process, and it motivates work on generalisation across sectors and imaging
conditions, robustness to practical factors, and the use of a larger spatial context or alternative

architectures as future possibilities.



Chapter 9

Clear-aperture polarisation imaging

with a diattenuative module

In the previous chapters, polarisation-sensitive phase contrast (PPC) microscopy was developed
and employed for readout of birefringent voxels for optical data storage (ODS). As a read head,
PPC has been shown to provide reliable reading at voxel pitches close to the diffraction limit,
before read-side crosstalk becomes dominant. The implementation of PPC can be realised
relatively simply through modification of a standard Zernike’s phase contrast (ZPC) system,
by introducing a circular polariser at the illumination side, and replacing the camera with a

polarisation camera (PolCam), providing a major advantage in practical systems.

Nevertheless, closer examination of the system is required to make further improvements on the
PPC setup, in areas such as enhancing the resolution, minimising the interlayer crosstalk, and
biological applications. The underlying ZPC configuration was originally developed to image
phase signals rather than polarisation signals. As a result, some components that are critical
for phase imaging are not necessarily ideal when the primary goal becomes the detection of
weak polarisation signals. In PPC, the key role of the phase-contrast objective is to attenuate
the S wave relative to the D wave, thereby enhancing polarisation contrast. Nonetheless, the
associated phase modulation does not provide additional benefit and can introduce artefacts

such as halo and shade-off [69, 124]. This motivates an alternative implementation in which

221
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the required S-wave attenuation is achieved without a phase ring, which also removes the need

for an annular aperture.

Firstly, lateral resolution is affected by the limited illumination numerical aperture (NA) due
to the annular aperture, as the diffraction limit [80] is given by A/(NAjj, +NAgp;). In addition,
a ZPC setup requires objectives with an integrated phase ring, which reduces the range of
suitable stock lenses. When combined with practical constraints such as working distance,
depth correction range, immersion media, and NA, identifying an appropriate objective can

become challenging.

Secondly, the ZPC configuration can lead to a degraded axial performance. While this thesis
does not include experimental measurements on voxel tracks with sufficiently small interlayer
spacings to directly observe the effect, simulations in Section 7.5.3 predict increased interlayer
crosstalk for PPC compared with a bright-field configuration for interlayer spacings below
approximately 15 um. For practical ODS applications, degraded axial performance would limit

the optimal interlayer spacing and therefore the achievable data density [25].

In addition, the imaging of weak polarisation signal is not limited to ODS applications, but also
of interest in biological imaging of anisotropic structures which can also exhibit birefringence,
such as collagen fibres, actin filaments, and mitotic microtubules [52, 102, 218, 219]. In biologi-
cal imaging, the mixing between phase and polarisation contrast can be problematic, because a
much stronger phase signal can be found in many biological samples [75, 220] compared to the
weak residual phase of type-X and type-S modifications. While PPC is sensitive to both phase
and polarisation signals, the former is translated to the average across polarisation channels in
a PolCam, while the latter translates to the difference between the channels. As a result, the
phase signal usually overpowers the polarisation features, making PPC less ideal for observing

weak polarisation signals in biological contexts.

Furthermore, the ZPC setup is known to be susceptible to image artefacts such as halo and
shade-off [69, 124], due to the crosstalk between the S and D waves with a finite width of the
phase ring. The problem can become especially severe if the condenser annulus and the phase

ring are slightly misaligned.
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A further issue for polarisation microscopy with PPC arises from the non-zero complex phase of
the Stokes transfer function (STF), as formulated in Section 3.3.1. The STF phase introduces
a systematic offset in the measured angle of linear polarisation (AoLP), which, in the thin-
annulus limit, corresponds to the phase modulation at the objective. In practice, however,
the offset can deviate from the expected 7/2 radians due to the difference between the design
wavelength and the illumination, as well as the finite spectral bandwidth of the source. The
finite width of the phase ring also introduces crosstalk between S and D waves, producing a
spatial-frequency-dependent AoLP offset that makes calibration difficult. In ODS applications,
this offset is much less consequential as voxel reading is a classification problem in nature. In
biological polarisation microscopy, however, an accurate AoLP measurement is often of interest
because it can carry orientational information about the underlying biological structure. Lastly,
removing the annular aperture can greatly improve light throughput, which is beneficial in a

commercial setting.

These considerations, therefore, motivate the development of an alternative system that en-
hances polarisation contrast without introducing any phase modulation with a phase-contrast
objective. In the following sections, a polarisation-based system will be presented that aims to
image weak polarisation features in a specimen without complication from its phase. The po-
larisation mechanism will be described, followed by the practical implementation of the system,

and the imaging results on a range of samples.

9.1 Polarisation mechanism of the diattenuative module

To start with, we shall first recall the polarisation mechanism of PPC. From Section 3.2, it was

found that the unmodulated P wave can be expressed as

[P) =[5) + D) + |Dr), (9.1)

in the presence of weak birefringence and a weak residual phase of the object. Besides the

S wave component |S) for the left-handed circularly polarised background, the emergence of
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the left- and right-handed D waves are caused by the phase and birefringence at the sample,

respectively, given as

15) = 1) 9.2
|DL> = i¢o|L>a (93)
D) = 220 ), (9.4)

where ¢, denotes the residual phase of the object, d, denotes the birefringent retardance, and

v, denotes its fast-axis orientation.

In ZPC, the S wave is then modulated by spatial filtering using a matched pair of condenser
annulus and phase ring. As discussed in Section 3.3, this spatial filtering also results in a
narrower STF, poor optical sectioning, and image artefacts such as shade-off and halo. Over
the years, improvements to this scheme of spatial filtering have been developed, including the
use of apodised phase plates [124] and spatial light modulators (SLMs) [125, 126], in efforts of

reducing crosstalk between the S and D waves and increasing the effective illumination NA.

For polarisation imaging, however, polarisation modulation can be used in place of spatial
filtering. This is because the signal of our interest is the right-handed circularly polarised com-
ponent of the D wave, |Dg), only, as the orthogonal component |Dy) encodes phase instead of
birefringent information. A module attenuating the left-handed circularly polarised component
selectively would therefore reduce the polarisation background from the S wave while retaining
the polarisation signal in |Dg), enhancing the polarisation contrast. Such optical behaviour is

called circular diattenuation [72, 221], and can be described by a Jones matrix of

ts 0
Tia = : (9.5)
0 1

C

where t; € R denotes the amplitude transmittance for the left-circular component (correspond-

ing to the S wave).

With a diattenuative module installed at the detection side, the Jones vector of the modulated
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P wave would therefore become

) ts (14 ido)
1P =TaalP) = | 5, : (9.6)
_e 170
2 c

and the degree of linear polarisation (DoLP) therefore becomes

t.0on/1 + 02
DoLP — % (9.7)
71+ )+ 02/
e,
T2 4 62/4

Compared to the expression of DoLLP for PPC in Equation 3.19, it can be observed that the
two expressions coincide in the limit of ¢, — 0 with a substitution of ¢; with the phase ring

attenuation ¢,. In this limit, DoLP is optimised to unity when ¢, (or t,) is set to J,/2.

Nevertheless, as discussed in Chapter 3, this optimal ¢, is not realistic in PPC, because the
transmittance is fixed by the design of the phase-contrast objective. Even if ¢, could be adjusted,
its optimum would in general depend on both ¢, and ¢,, because the weak phase assumption
does not necessarily imply ¢,/t, < 1. In contrast, it is always reasonable to assume ¢? < 1,
such that the DoLLP for the diattenuative module becomes independent of ¢,, including in the
regime where ¢, is close to its optimum at d,/2. This provides the diattenuative module with the
potential to be optimised for imaging of weak birefringent features beyond what is achievable

with PPC.

As for the practical design of the diattenuative module, it is useful to write its Jones matrix
in the linear basis, because this makes it easier to identify how the module can be constructed
from standard polarisation components. As discussed in Section 2.4.1, the Jones matrices in

the linear and circular bases are related by

Tlin - ULTcircwlcv (99)
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where

(9.10)

Therefore, in the linear basis, the Jones matrix of the diattenuative module can be written as

ts 0
Tyiq = UL Uy (9.11)
0 1

In the linear basis, the diagonal matrix diag(ts,1) corresponds to a partial polariser. The

unitary matrix Uj. can be implemented using quarter-wave plates (QWPs) by noting that
Uy = LR <7: %, 5= —), (9.12)

where LR (v = /4, § = 7/2) denotes a QWP with its fast axis oriented at 45°. A QWP at 45°
maps the linear basis to the circular basis, up to the additional phase difference of a quarter

wave.

The Jones matrix of the diattenuative module therefore becomes

1 0| |t of |10
Ty = LR (”y - —%,5 - g) LR (’y - %,5 - g) , (9.13)
0 —i| |0 1] [0 1
t, 0
—LR(y=-3,0=7) LR (y=7.6=2), (9.14)
1°72) ), 40773

because the additional phases from the two QWPs cancel out since the Jones matrix of the
partial polariser is diagonal. As a result, the diattenuative module can be built by cascading a

QWP at 45°, a partial polariser, and another QWP at —45°.

Regarding the imaging model, the analytical model presented in Chapter 3 is still applicable.

In the point-source model, the diattenuative configuration shares the same STF as a bright-
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Figure 9.1: Schematic of a microscopy system with the diattenuative module installed between the
objective and the tube lens. The diattenuative module consists of a partial linear polariser (P2) placed
between two quarter-wave plates (QWP2 and QWP3), at an offset of 45° and —45°, respectively. At the
illumination side, the combination of a linear polariser (P1) and another quarter-wave plate (QWP1)
is employed for circularly polarised light.

field system, up to a normalisation factor, as neither an annular aperture nor a phase ring is
required. As presented in Section 3.3, the bright-field STF has a cut-off at a spatial frequency of
2NA/ A, and therefore a finer diffraction limit. In addition, in the absence of phase modulation,
the STF is real over all spatial frequencies, so the AoLP measurements are not offset as they
are in PPC. Finally, since both illumination and detection are circularly symmetric, the STF
exhibits Hermitian symmetry, leading to no transfer of phase signal to any Stokes parameter

under the weak object assumption.

9.2 System implementation

The hardware implementation of the diattenuative system is a relatively simple upgrade from
the PPC system discussed in Chapter 6. Based on the same microscope frame (Olympus,
BX41), bright-field imaging can be achieved by simply disengaging the annular aperture of
the phase-contrast condenser (Olympus, U-PCD-2). The only modification required is the
installation of the diattenuative module between the objective and the tube lens, as illustrated
in Figure 9.1. All other components remain identical to PPC, including high-power light-

emitting diode (LED) illumination, 3D sample positioning, and the control software.
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In the system, three identical QWPs (Thorlabs, WPQ10E-532) were employed, one at the
illumination side to produce circularly polarised light, and the other two being part of the
diattenuative module. In the ideal case, the relative orientation between the illumination side
and the detection side should have no impact on the imaging process, because the illumination
polarisation in the object space would be perfectly circular and therefore rotationally symmet-
ric. Nevertheless, due to the finite bandwidth of the source, not all spectral components are
modulated by an exact quarter-wave by QWP1, resulting in a small spread of the illumination
polarisation. By employing identical QWPs and orienting QWP2 perpendicularly to QWP1,
such spectral error can be corrected for all wavelengths in the S wave component. Using Jones

algebra, it is a consequence of the following identity, given as

T T
LR (7:1,5) LR (7:—1,5) —1, (9.15)
which holds for all values of 9.

It should also be noted that, in the limit of P2 becoming a full polariser instead of a partial
one, the PI-QWP1-QWP2-P2 setup resembles a classic setup for a polarised light microscope
(PLM) [222, 223] for imaging birefringent structures. Nevertheless, such a setup would com-
pletely remove the S wave from being imaged. As discussed in Section 2.4, it is the relative
phase between the S and D waves that encodes AoLP information, so complete removal of the

S wave would make it impossible to measure the birefringent azimuth.

A practical setup requires careful consideration on the implementation of P2. Although theoret-
ical analysis implies its extinction ratio can be as high as possible up to 4/6?2 for a maximal DoL.P
signal, practical considerations have to be taken. Firstly, the extinction ratio has to be much
smaller than that of P1 (Thorlabs, LPVISE200-A), otherwise a non-negligible right-handed S
wave would become comparable to the attenuated left-handed S wave. Secondly, the use of
a high-extinction-ratio polariser as a partial polariser would make the system very difficult to
align. For a given angular misalignment, a higher extinction ratio leads to a larger percentage
increase in the transmitted S wave relative to the aligned case. Thirdly, as it is placed in the

infinity space, it needs to be flat enough to minimise the wavefront error it produces.
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Table 9.1: Summary of different types of polarisers with their extinction ratio and wavefront quality.
Values are either cited from manufacturer specifications or measured experimentally in this work.

Extinction RMS wavefront RMS phase
Type Thorlabs Item # ratio error (nm) error

(A =530nm)
Film polariser LPVISE2X2 1000 [224] 215 0.406

Crystal polariser ~ GT10 100000 [225] — 0.250 [225]

WGP WP25M-VIS 683 [226] 27 0.051
PBS (in reflection) PBS251 20-100 [227] 16 0.031
Custom polariser — — 89 40 0.075

The combination of a low extinction ratio and a good wavefront performance makes the se-
lection of P2 a practically difficult task. A few common types of polarisers are summarised
in Table 9.1, with their quoted extinction ratio, and root-mean-square (RMS) wavefront error
measured with a Zygo interferometer. Film polarisers typically quote an extinction ratio of
over 1000 at 530 nm, and usually associate with a large transmitted wavefront error that intro-
duces significant aberrations to the imaging process. Crystal polarisers have a better wavefront
performance, with a distortion well below a wavelength, but their extinction ratio is usually on
the order of 10 to 10°, too high for our purpose. Wired-grid polarisers (WGPs) usually have a
lower extinction ratio and a transmitted wavefront error, but the reflection they produce in the
—z-direction can lead to a ghost image superimposed onto the intended image. Polarising beam
splitters (PBSs), in contrast, can be used in the reflection mode that has an extinction ratio
less than 100 [227], and it usually has a wavefront error much less than a quarter wavelength,

making it a potential candidate for the partial polariser.

9.3 Results on birefringent voxel imaging

Birefringent voxel samples were used to assess the practical performance of the diattenuative
system. A PBS in reflection was first used as P2, and its limitations will motivate the use of a

custom polariser for an improved uniformity.
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Figure 9.2: Imaging of a sector of birefringent voxels with the PBS-based diattenuative module. (a)
A significant intensity gradient can be observed on the raw image, which translates to severe instan-
taneous field-of-view (IFoV) errors in the false-colour image without correction. With correction, the
IFoV error was effectively removed, but the voxels in false colour are shown only in purple and green.
Hue, AoLP; value, DoLP. Bar=100 pm. (b) Constellation diagram corresponding to the background-
corrected image, showing an anisotropic polarisation contrast in the normalised linear Stokes plane.

9.3.1 Voxel imaging with a PBS-based diattenuative module

To characterise the capability of a PBS-based diattenuative module, a sector of birefringent
voxels were imaged and processed through the voxel image processing pipeline (VIPP). The
sector contains 162 x 162 voxels at a pitch of 0.7 pm and a source entropy of 3 bpv, a configuration
that has been shown to be imaged and decoded reliably with PPC. Nevertheless, as can be seen
from Figure 9.2(a), the raw image contains a large intensity gradient across the field-of-view
(FoV), leading to a severe level of instantaneous field-of-view (IFoV) error shown as an apparent
polarisation gradient in the false-colour image. With the help of polarisation-field correction
(PFC), the IFoV-error correction, and the Gaussian filtering in VIPP, the IFoV error can be
seen effectively corrected in the lower-left image in Figure 9.2(a). Nonetheless, the voxels are
shown almost exclusively in green and purple, as opposed to the more varied colour palette one

would expect.

As the DoLLP signal was reliable enough to enable voxel localisation, the local Stokes measure-
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Figure 9.3: Comparison of the angular dependence of the cross-polarised transmission intensity for a
PBS and a custom polariser. (a) Normalised cross-polarised intensity as a function of the incident
angle. (b) Schematic of the custom polariser, built by sandwiching a film polariser between two right-
angled prisms. The transmission axis is perpendicular to the page, and the configuration reduces the
extinction ratio.

ments § were plotted in the normalised linear Stokes plane (NLSP) as a constellation diagram,
as shown in Figure 9.2(b). It is evident that the polarisation contrast became anisotropic, as

the constellation became elliptical with a major axis roughly in the S5 direction.

9.3.2 Angular dependence of a PBS and its impact on polarisation

contrast

A possible explanation for the anisotropic contrast enhancement from the PBS-based diatten-
uation module is the angular dependence of the PBS itself. As the diattenuative module sits
within the infinity space between the objective and the tube lens, any angular dependence
translates into non-uniformity across the FoV. Characterisation was carried out using a diode
laser (Thorlabs, PL201) at 520nm as the source, and a crystal polariser was used whose ex-
tinction ratio was assumed to be much higher than that of the PBS. The PBS was placed after
the crystal polariser to analyse the field. The resultant intensity is plotted against the incident
angle and shown in Figure 9.3. From the figure, it is evident that the intensity varies signifi-

cantly with respect to the incident angle. Particularly, around normal incidence, the gradient
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of intensity with respect to the incident angle is large, explaining the large intensity gradient

across the FoV.

To understand how this intensity gradient is turned into an anisotropic polarisation contrast
after background correction, consider the measured intensity in general being a function of the
three Stokes parameters, i.e.

Iy = fp (50,51, 52) . (9.16)

In cases where the illumination is non-uniform, an extra factor g can be introduced to account
for the illumination non-uniformity across the superpixel. When the intensity non-uniformity
happens on the illumination side, all Stokes parameters arriving at the PolCam are adjusted

by the factor g,, and the intensity therefore becomes

[I/? = fp (gpSO, gpSl, gpSQ) . (917)

For polarisation channels with g, > 1, their contribution to the relevant Stokes parameter S;
or S is therefore overestimated, and vice versa. This leads to the IFoV error depending on the
distribution of g, and the particular layout of the micro-polariser array (MPA) at the PolCam.

A perfect algorithm would eliminate the IFoV error by estimating I, from I,

Nevertheless, for a diattenuative system, the non-uniformity arises from the detection side. In
addition, nothing prevents the S and D waves from experiencing different modulation with
respect to the incident angle. In particular, the intensity gradient observed from the PolCam is
evidence that the amplitude of the S wave was angularly dependent, but when the background
intensity increases due to the S wave, there is no promise that the D wave increases by the same
amount. For example, suppose the intensity increase purely comes from an increased amplitude

of the S wave by ,/g. The measured intensity would become

I = fo (99505 v/pS1: V/9p52) 5 (9.18)

assuming the S wave is much stronger than the D wave. As there is a fundamental ambiguity

between intensity variation and the variation due to polarisation state within a superpixel, the
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background correction algorithm still estimates a global correction of g for all Stokes parameters.

This results in a corrected intensity of

S, S
L=, (SO, \/—;_p, V—;_p) , (9.19)

leading to an underestimation of their contribution to S; and S;. It should be noted that
this operates in opposition to the IFoV error. The polarisation channels whose contribution
to Stokes parameters are overestimated in the presence of IFoV error have their contribution
underestimated after correction, and vice versa. This leads to a reduction in polarisation

contrast for states orthogonal to the apparent polarisation state produced by the IFoV error.

Finally, it should be noted that this explanation only illustrates how an anisotropic polarisa-
tion contrast may arise from the over-compensation of background correction and IFoV-error
removal. The exact mechanism depends not only on the particular combination of PFC, IFoV
correction, and the Gaussian filtering, but also depends heavily on the actual angular depen-
dence of the intensity and the extinction ratio of the PBS. Although this anisotropic contrast
can in principle be calibrated through accurate measurements of the PBS, the underlying com-
promised noise performance cannot, as an intensity gradient naturally leads to many pixels
whose full-well capacities (FWCs) are underutilised. For this image, the mutual information
(MI) with the ground truth was estimated by the VIPP to be 2.517 bpv, a significant drop from
the 2.964 bpv obtained from a sector in the same configuration using PPC. As the polarisation
contrast is no longer isotropic, the assumption of symmetric channel breaks, so the MI could

be improved if the source were channel-coded accordingly.

9.3.3 Improved voxel imaging with a custom polariser

A better option would be to build the diattenuative module with a different partial polariser
that has a more uniform angular performance, and a design is presented in Figure 9.3(b).
A film polariser (Edmund Optics, #86-189) was cut into a 35mm X 25 mm rectangle whose

transmission axis aligned with the shorter side. The film polariser was then sandwiched between
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a pair of right-angled prisms (Comar, 25 RQ 01) with UV cement, whose right-angled sides are
coated with anti-reflective coating while the hypotenuses are not. As the film polariser is tilted
around its transmission axis, the incident field sees a reduced projection of the absorbing axis,

and therefore resulting in a much lower extinction ratio.

Sandwiching the film polariser between two prisms also helps, by providing refractive-index
matching between the polariser and the surrounding media, reducing refraction as light enters
and exits the film. This ensures that light also propagates at an angle of 45° within the polariser,
which would otherwise be reduced by the Snell’s law, thereby making the tilt more effective.
Although the geometric interpretation is not a rigorous picture and the actual extinction ratio
depends on how exactly the polariser interacts with a longitudinal component of the electric
field, Korger et al. [228] showed the picture works well for realistic polarisers. In fact, the
extinction ratio was measured to be 89, comparable with that of the PBS in the reflection

mode.

Placing the film polariser between prisms is also critical to ensuring a minimal wavefront error.
Using a Zygo interferometer, the RMS phase error was measured as 0.075, much lower than the
quarter-wave criterion. In addition, when refocusing is allowed to compensate for the quadratic

term in the wavefront, the RMS error can be further reduced to 0.044.

Compared to the PBS, the custom polariser only slightly compromises in wavefront quality, but
the cross-polarised intensity is measured to be much less dependent on the incident angle, as
shown in Figure 9.3(a). The much weaker angular dependence also translates to a much smaller
intensity gradient across the FoV in voxel imaging, as shown in Figure 9.4(a). The resultant
constellation diagram in Figure 9.4(b) is also much more symmetric, although slight asymmetry
can still be observed. The MI was estimated as 2.859 bpv. Although it is still not as good as the
2.964 bpv obtained with the PPC, the custom-polariser-based diattenuative module has great
potential for further improvements. Firstly, the tilt angle of the film polariser within the cube
can be further optimised for a higher extinction ratio that matches the particular characteristics
of birefringent voxels, which is much more practical in comparison to manufacturing a phase-

contrast objective with a different level of amplitude modulation. Secondly, the disposal of the
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Figure 9.4: Imaging of a sector of birefringent voxels with the diattenuative module implemented
with the custom polariser. (a) An intensity gradient can be observed on both the raw image and
the false-colour visualisation with no correction, although significantly weaker than the PBS-based
system. With correction, the IFoV error was also effectively removed, and the voxels in false colour
are shown in a variety of colours, in contrast to the PBS-based system. Hue, AoLP; value, DoLP.
Bar=100 pm. (b) Constellation diagram corresponding to the background-corrected image, showing a
roughly isotropic polarisation contrast in all directions in the NLSP.

Correcte

annular illumination scheme allows for the phase-contrast objective to be replaced with others
with a higher NA, improving the lateral resolution beyond what is currently achievable. The
axial resolution is also expected to be better for clear-aperture illumination, according to which

the interlayer spacing may be optimised for.

9.4 Results on samples beyond birefringent voxels

As the diattenuative module is designed for imaging weak polarisation signals, it can be used
not only in ODS, but also for imaging samples beyond birefringent voxels. In particular, it can
be advantageous compared to PPC when imaging a sample with strong phase features but weak

polarisation features, as in PPC the phase signal can dominate over the polarisation signal.
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Figure 9.5: False-colour images of glass fibres acquired with the diattenuative module, (a) with and
(b) without IFoV-error correction. (c) Schematic of reflected and refracted rays at the glass-media
interfaces. (d) Region of interest after IFoV-error correction, with local AoLP visualised as white rods.
Hue, AoLP; value, DoLP.

9.4.1 Glass fibres

Glass fibres were imaged to demonstrate this comparative advantage of the diattenuative mod-
ule. They were mounted in a polymer medium (BIO-133) with a refractive index of 1.33 [229].
Due to the refractive-index mismatch, the sample exhibits strong phase features that can in-
troduce an optical path difference of multiple wavelengths, leading to PPC detecting little

polarisation contrast.

Using the diattenuative module, clear polarisation contrast was observed, due to the differing

Fresnel transmission coefficients for light passing through the curved surfaces of the glass fibre,
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as shown in Figure 9.5. Figure 9.5(a) shows a representative false-colour image after [FoV-error
correction. Without [FoV-error correction, the signal is accompanied by significant IFoV error,

as shown in Figure 9.5(b).

The polarisation signal arises not from structural anisotropy of the fibre, but from surface re-
flection and refraction at the glass-media boundary. Given the size of the glass fibre, whose
diameter was measured as 9 pm, the effect can be explained in the regime of geometric optics.
A ray diagram is shown for illustrative purposes in Figure 9.5(c), indicating the plane of in-
cidence for both a reflected and a refracted ray. When light is reflected at the boundary, the
S polarisation, which is perpendicular to the plane of incidence, is favoured according to the
Fresnel equations [116]. As a result, the local AoLP aligns the fibre direction. In contrast,
when light is transmitted through the glass fibre, refraction favours the P polarisation in the
plane of incidence, leading to a local AoLP perpendicular to the fibre direction. This effect can

be clearly observed in Figure 9.5(d), where local AoLP is visualised as white rods.

Overall, this example shows that the diattenuative module can reveal weak polarisation fea-
tures that are difficult to observe with PPC in the presence of strong phase contrast. It also
demonstrates that the system can capture weak polarisation signals arising from refractive-

index mismatch.

9.4.2 Mycobacteria

To demonstrate the potential of such a system in a biological context, Mycobacterium smegmatis
(M. smegmatis) was imaged with the diattenuative module. There is ongoing interest in M.
smegmatis within our research group [117, 230], due to its similar cell structure and physiology

to Mycobacterium tuberculosis (Mtb) [231], the primary cause of tuberculosis (TB).

Figure 9.6 shows an example image of M. smegmatis. The outlines of the cells can clearly be
seen in polarisation contrast, and appear to depend on the cell orientation. In many cells, an

additional line within the cell can also be observed, with a different measured AoLP.

Regarding the origin of the polarisation signal, two possible mechanisms are proposed. The first
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Figure 9.6: False-colour images of Mycobacterium smegmatis observed with a diattenuative module.
Each mycobacterium is outlined by a polarisation signal that depends on its orientation, and in some
cases polarisation signals within the cells can also be observed. Hue, AoLLP; value, DoLP. Bar=50 pm.

is structural anisotropy within the mycobacteria. M. smegmatis is known to have a complex and
unusual cell envelope structure [231, 232], which is critical to its physiology. The polarisation
contrast could plausibly arise from anisotropic organisation at the cell wall or envelope, such
as mycomembrane lipids, which can be birefringent. In addition, birefringence may also arise

from internal organisation within the cell, such as cytosolic proteins.

Besides structural anisotropy, polarisation signals can also be produced by scattering of light
due to refractive-index mismatch between the cells and the mounting medium, as observed for
glass fibres. For this sample, the mycobacteria were mounted in polyvinyl alcohol (PVA), which
has a refractive index of 1.5 [233]. In contrast, mycobacteria have a refractive index much closer

to water, which is reported to be 1.34-1.35 for Mtb [234].

Nevertheless, since mycobacteria are much smaller, with a typically sub-micron width, geo-

metric optics and scalar diffraction theory are no longer applicable for modelling polarisation-
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Figure 9.7: Simulated false-colour image of a Mie scatterer of a diameter of 2 pm and a refractive index
of 1.5. Polarisation signal arises despite the scatterer being a homogeneous sphere, with a radially
varying AoLP and DoLP profile. Hue, AoLP; value, DoLP.

dependent scattering [235]. Instead, a Mie scatterer was considered using the simulation pipeline
described in Chapter 5. For simplicity, the scatterer was modelled as a homogeneous sphere
with a refractive index different from its surroundings. Using the analytic form of the scattering
amplitudes [236], a scattering kernel can be constructed as a function of the input and out-
put wave vectors in the angular spectrum, following the description in Section 5.1.2. The Mie
scattering amplitudes were obtained numerically using the miepython package [237], and then

transformed to the lab frame for the scattering kernel required by Equation 5.7 for simulations®.

Figure 9.7 shows the simulated false-colour image for a homogeneous sphere with a refractive
index of 1.5. As the simulation was performed without polarisation-channel mosaicking, all
polarisation channels are perfectly registered, and no IFoV error is present. Polarisation con-
trast is most prominent near the outline of the sphere, indicating that such signals can arise
from refractive-index mismatch even in the absence of an underlying anisotropic structure. In
addition, the AoLP varies radially, which can be understood qualitatively as an additional rel-
ative phase accumulated between the S and D components due to the varying thickness of the
sphere. Although this model is not intended to represent mycobacteria realistically, it provides
supporting evidence that scattering is another plausible mechanism for the polarisation signals

observed in mycobacteria.

Further studies on imaging mycobacteria with the diattenuative system could help determine
whether the observed polarisation contrast arises from structural anisotropy, scattering due

to refractive-index mismatch, or a combination of both. If the signal originates from the

1Full algebraic working can be found in Appendix A.
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anisotropic cell envelope, comparative experiments could be performed in which selected en-
velope components are chemically removed using detergents such as Triton-X100 [238]. If
scattering is a dominant contributor, the refractive-index mismatch could be significantly re-
duced by mounting the mycobacteria in a medium with a refractive index closer to that of the
cells, such as phosphate-buffered saline. In addition, objectives with higher magnification and
NA could be used to resolve finer spatial features. Overall, these results demonstrate that the
diattenuative system can capture weak polarisation signals in biological specimens, and provide

a practical basis for further investigation of their physical origin.

9.5 Conclusion and outlook

This chapter introduced a clear-aperture polarisation-imaging approach based on a diattenu-
ative module, motivated by practical limitations of PPC inherited from the underlying ZPC
configuration. By attenuating the left-handed circular component selectively, the module re-
duces the polarisation background from the S wave while retaining the right-handed D-wave
component, and therefore enhancing polarisation contrast without requiring an annular aper-
ture or a phase ring. The theoretical description shows that the resulting imaging configuration
has the same STF as the bright-field configuration, while avoiding the AoLP offset introduced

by the phase modulation in PPC.

A practical implementation was realised by placing a partial linear polariser between two QWPs
at £45°, and the choice of the partial polariser was shown to be constrained by the simultaneous
requirements of low extinction ratio, good wavefront quality, and low angular dependence.
Using a PBS in reflection as the partial polariser enabled voxel imaging, but introduced a strong
angular dependence in the infinity space, leading to a large intensity gradient across the FoV
and an anisotropic polarisation contrast after background correction and [FoV-error removal.
These limitations motivated the design of a custom polariser that improves angular uniformity
while maintaining a sufficiently low extinction ratio and acceptable wavefront performance,

by placing a tilted polariser between two right-angled prisms. With this custom polariser,
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the voxel constellation became substantially more symmetric and the estimated MI improved,
demonstrating that the diattenuative approach is practically viable for imaging of birefringent

voxels.

Beyond ODS, the diattenuative module provides a useful basis for imaging weak polarisation
features in the presence of strong phase signals, where PPC can be less suitable because phase
variations dominate the polarimetric measurements. This was illustrated by the imaging of
glass fibres, where polarisation contrast arises from surface reflection and refraction, and by
imaging M. smegmatis, where the observed polarisation contrast may originate from structural
anisotropy, scattering due to a refractive-index mismatch, or a combination of both. A support-
ing simulation of a homogeneous Mie scatterer further indicates that weak polarisation signals

can arise from scattering alone, highlighting the need for future studies.

In the future, the diattenuative system can be improved by optimising the effective diattenua-
tion via the extinction ratio of the partial polariser, for a potentially even stronger polarisation
contrast. For ODS, an important next step is to evaluate the clear-aperture configuration
on true multi-layer tracks with small interlayer spacings, where simulations predict that ax-
ial performance and interlayer crosstalk can improve from PPC. More broadly, the ability to
decouple polarisation contrast enhancement from phase-contrast optics, together with the in-
creased flexibility in objective selection, suggests that the diattenuative module could serve as
a useful platform for voxel readout and polarisation imaging with improved lateral and axial

resolutions, more accurate AoLP measurements, and a broader scope of application.
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Conclusion

10.1 Summary of thesis achievements

In this thesis, polarisation microscopy was developed for readout of birefringent voxels for
long-term optical data storage (ODS). In particular, a key challenge was identified, that the
voxel-induced polarisation signals are typically very weak. The signal could therefore be com-
promised by many factors including photon noise, intra- and interlayer crosstalk, and aberra-
tions in the system. This work showed how division of focal plane (DoFP) polarimetry could be
developed for imaging weak birefringence. The thesis spanned system design and polarisation
control, modelling and numerical simulation, practical implementation, and image calibration
and processing methods. Building on both simulation and experimental results, voxel readout
was evaluated in an information-theoretic framework. This enabled quantitative analysis of
readout quality via mutual information (MI) and of how the performance changed under dif-
ferent conditions. The thesis further demonstrated explicit symbol recovery with a voxel-wise

machine learning (ML) decoder, which completed an end-to-end ODS readout pipeline.

After establishing the application context, the thesis first described polarisation camera (Pol-
Cam) in Chapter 2, which enabled single-shot DoFP polarimetry. With a micro-polariser array
(MPA) at the camera, the incident field was analysed simultaneously in four linear polarisation

states. Three of the four Stokes parameters could then be obtained. This gave rise to ambiguity

242
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in the circularly polarised component of the field, which was demonstrated with an example

involving mixing of polarisation signals with and without coherence.

We showed that the polarisation measurement was a projection of the Stokes vector in the
normalised linear Stokes plane (NLSP), and the degree of linear polarisation (DoLP) and angle
of linear polarisation (AoLP) were identified as key obtainable measurements. With circularly
polarised illumination, weak linear birefringence produced an orthogonally circular component.
Its amplitude and relative phase encoded the retardance and azimuth of the sample birefringence
respectively. The capture of three Stokes parameters could also be understood through Fourier
analysis of PolCam images. The sampling criterion for PolCam was evaluated to avoid crosstalk
between Stokes parameters. A linear noise model was presented, and the noise performance
for PolCam was characterised with automated camera characterization via electron noise tool
(ACCeNT), concluding that the dominant source was photon shot noise, provided that spatial
non-uniformity was effectively corrected with the polarisation-field correction (PFC) routine

we proposed.

The analysis of PolCam motivated design considerations for an ideal system for weak birefrin-
gence in which the DoLLP signal should be maximised. The full-well capacity (FWC) offered
by the PolCam should also be utilised as much as possible. These considerations motivated
the design of both polarisation-sensitive phase contrast (PPC) and the diattenuative module,

which became central to our methodology.

On this foundation, PPC was proposed in Chapter 3 by employing a Zernike’s phase contrast
(ZPC) setup. Under the weak object assumption, an analytical model could be built by split-
ting the wave into a surround (S) wave and a diffracted (D) wave. It was shown that selective
attenuation of the S wave at the objective phase ring enhanced the DoLP signal and therefore
the polarisation contrast. By assuming incoherent illumination at the condenser aperture, a
model was derived that described the captured Stokes images with the Stokes transfer functions
(STFs). By comparing the STFs in PPC with those in a bright-field setup, imaging charac-
teristics were discussed, such as the compromised spatial resolution and the AoLP bias due to

phase modulation.
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The analytical model itself, however, was deemed not sufficiently accurate. This was not only
due to the weak object approximation and the split of S and D waves, but also due to an inaccu-
rate account of the partially coherent imaging process. Chapter 4 and Chapter 5 addressed this
challenge by developing a simulation pipeline that took the second-order statistics of the field
into account. Through coherent-mode decomposition of an apertured Gaussian Schell-model
(GSM) source, propagation of the partially coherent field could be simulated more accurately
and flexibly than the analytical model. An efficient implementation was developed based on
multiprocessing for mode generation, Fourier propagation accelerated with a graphics pro-
cessing unit (GPU), and cluster deployment on high-performance computing (HPC) facilities.
Together, this allowed simulations of the partially coherent system at high throughput, which

complemented experimental results for quantitative analysis.

The practical implementation of PPC was then introduced in Chapter 6. Particular emphasis
was placed on automation and reproducibility. The accompanying software unified acquisition
and calibration of 3D sample positioning, automation, and real-time processing and visuali-
sation using the polarisation-camera image processing (PCIP) module. This implementation
provided the experimental basis for quantitative evaluation, which also enabled generation of

the datasets required for informational analysis and decoding.

With both modelling and implementation in place, the thesis evaluated voxel readout as a
communication process in an information-theoretic framework, as presented in Chapter 7. The
channel input was identified as the voxel symbol, while the polarisation measurement in the
NLSP was regarded as the output. MI between the two quantities then provided a decoder-
agnostic metric that quantified how much information was preserved, due to Shannon’s noisy
channel coding theorem. To make informational analysis operational on polarisation images, the
voxel image processing pipeline (VIPP) pipeline was developed. It comprised PFC calibration,
PCIP-based image processing, correction of instantaneous field-of-view (IFoV) errors, sub-pixel
voxel localisation, and MI estimation using a k-nearest neighbour (k-NN)-based estimator. The
pipeline was applicable to both simulation and experimental images. An MI of 2.964 bpv was
demonstrated experimentally for a 3-bpv sector at a pitch of 0.7 pm, while trade-offs between

voxel pitch, crosstalk, and achievable density were identified.
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With experimental and simulation results, the framework was used to study the degradation
of MI with respect to the photon shot noise. It also established feasible multi-layer readout
with resolvable information peaks across multiple layers. By comparing axial profiles obtained
from simulations and experiments, it was learnt that a thick-voxel model was necessary to
accurately recreate the long- and short-range interlayer crosstalk, which critically limited the
interlayer spacing and thus the usable data capacity. In addition, depth-induced aberration was
analysed, which was shown to be practically mitigable with a combination of collar correction
and sample refocusing. This indicated that the depth-induced aberration did not necessarily

impose a fundamental information limit when the system was well calibrated.

The thesis then completed the demonstration of voxel readout by demonstrating explicit sym-
bol recovery through decoding in Chapter 8. A voxel-wise decoding strategy was adopted,
taking advantage of the voxel localisation functionality provided by VIPP. By providing a local
neighbourhood around a voxel, a shallow multilayer perceptron (MLP) network was able to
map these local measurements to voxel symbols. Compared to a sector-based strategy, this
method reduced input dimensionality dramatically and enabled efficient training from rela-
tively small experimental datasets, while still achieving near-lossless recovery in a 0.7 pm-3 bpv
setup at a symbol MI of 2.995 bpv. For a more challenging configuration where voxel pitch was
smaller, the number of voxels in a sector was much less, and the source entropy was higher,
a polarisation-based image-augmentation strategy was developed by exploiting the channel
symmetry provided by PPC. A data density of (13.85 4 0.06) Mbit mm ™2 per layer was demon-
strated, which, assuming Gray coding, corresponded to a bit error rate (BER) of 0.135 4 0.004

with a MLP network.

Finally, an alternative to PPC was presented, motivated by limitations due to the spatial fil-
tering inherited from the ZPC setup. Chapter 9 introduced the design, implementation, and
imaging of a diattenuative module that selectively attenuated the S wave based on polarisation
instead, enhancing the DoLLP signal without introducing an annular aperture or a phase ring re-
quired by the PPC setup. The resulting configuration shared the bright-field STF and avoided
the AoLP offsets associated with phase modulation in PPC. A practical implementation was

demonstrated using a partial linear polariser placed between two quarter-wave plates (QWPs),
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and the work identified key practical constraints on the partial polariser, including its extinc-
tion ratio, wavefront quality, and angular uniformity. Limitations of a polarising beam splitter
(PBS)-based implementation motivated a custom polariser by placing a tilted film polariser
between two right-angled prisms, to simultaneously reduce the extinction ratio and improve
wavefront quality, while carrying a much smaller angular dependence than a PBS. The diat-
tenuative system was shown to support voxel imaging and to reveal weak polarisation signals
in samples where strong phase features would overwhelm PPC, and provided a platform for
further development both for ODS and for biological polarisation imaging. It further validated
that the enhancement of polarisation contrast could be realised in other ways besides phase-
contrast optics, suggesting a path of improved lateral and axial performance and more faithful

AoLP measurements.

Overall, this thesis developed polarisation microscopy for readout of birefringent voxels. It
used PolCam-based single-shot DoFP polarimetry and circular illumination to link weak bire-
fringence to measurements of DoLP and AoLP. It then improved readout by controlling the
relative amplitudes of the S and D waves, both in PPC and in a clear-aperture diattenuative al-
ternative. Analytical modelling, partially coherent simulation, and a practical implementation
enabled an information-theoretic analysis for characterising the read quality under a variety of

conditions, and an ML-based decoder showed that symbol information could be recovered.

10.2 Future possibilities

While end-to-end ODS is demonstrated, there are many elements within this process that can
be further improved. Firstly, work can be done to enable automated depth correction for multi-
layer acquisition. This is applicable to both PPC and the diattenuative configuration, as both
benefit from high-throughput multi-layer imaging without depth-induced aberrations. One
route is to use a motorised objective collar correction in conjunction with slight refocusing of
the sample, as suggested by the wavefront analysis with a well-calibrated collar. Alternatively,

remote-refocusing techniques can be useful if the depth-dependent aberration can be corrected
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for by matching the remote-refocusing magnification to the refractive index of silica glass. In
this case, an aberration-free copy of the track can be constructed in the remote space to be
re-imaged. Combined with samples of varying interlayer spacing, automated depth correction
enables experimental analysis of the read performance in the presence of substantial interlayer
crosstalk. Together with the intra-layer voxel pitch and source entropy, the trade-off between
crosstalk and read quality can be comprehensively studied, to optimise the usable data density

in a working system.

In parallel, the diattenuative module can be further improved in several practical aspects.
This includes optimising its effective extinction ratio by adjusting the tilt angle of the film
polariser, and using a light source with a smaller bandwidth to reduce the impact of wave-plate
retardance variation. It may also be beneficial to place the diattenuative module outside the
infinity space to minimise the impact of angular dependence, for example by introducing a relay
system. In ODS applications, the extinction ratio may be optimised for a particular level of
glass modification depending on the writing parameters, but the diattenuative system can also

find its applications outside ODS such as mycobacteria biology.

With improved depth robustness and a better-optimised readout, the communication channel
can then be characterised more rigorously. This characterisation should quantify how the chan-
nel depends on interlayer spacing, voxel pitch, source entropy, and any residual non-uniformity
across azimuthal directions and the field-of-view (FoV). Together with write-side choices, such
channel measurements provide a basis for system-level optimisation that aims to maximise

channel capacity.

It is also worth investigating the use of birefringent retardance to encode information in addition
to the azimuth, which should lead to a higher data density. In principle, polarisation microscopy
and the processing pipelines should be able to measure different levels of DoLLP corresponding
to the retardance levels of the voxels. Nevertheless, efficient utilisation of this additional degree
of freedom requires the polarisation contrast to be as uniform as possible in different azimuthal
directions and across the FoV. Challenges are also imposed to the write side and the coding

strategy, as the communication channel becomes no longer symmetric.
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Finally, the decoding strategy can be optimised beyond the simple MLP network presented
in this work. To make decoding more robust against factors such as camera noise, defocus,
uncorrected aberrations, and crosstalk, the model should be trained with more diverse datasets
beyond a single sector. Acquiring the datasets needed requires not only more glass samples,
but also a higher level of automation for functionalities such as sector navigation and focusing.
Besides, the simulation pipeline can be used to generate the larger amount of datasets required,
which can be used in conjunction with the experimental data for transfer learning. A more
robust ML decoder is also likely to require a larger model with a more advanced architecture

beyond the MLP.

10.3 Research outputs

[Related publication (not submitted as part of this thesis)] James Allison and

Zhonghe Feng et al. “Laser writing in glass for dense, fast and efficient archival data

storage”. In Nature 650, no. 8102 (2026), pp. 606-612.

e [Conference presentation] Zhonghe Feng, James Clegg, Matthew R. Foreman, and
Mark A. A. Neil. “Quantitatively Analysing the Read Quality of Polarization Microscopy
for Optical Data Storage Using Mutual Information”. Oral presentation at Focus on

Microscopy 2024. Mar. 2024.

e [Conference poster] Zhonghe Feng, Mark A. A. Neil, Matthew R. Foreman, and James

Clegg. “Polarization-sensitive Phase Contrast Microscopy for Optical Data Storage”.

Poster presentation at Focus on Microscopy 2023. Apr. 2023.

e [Invited talk] Zhonghe Feng. “Polarisation microscopy for optical data storage”. Invited

talk at Politecnico di Milano (host: Andrea Bassi, Department of Physics). Apr. 2025.



Appendix A

Simulating a Mie scatterer

This appendix outlines how the scattering kernel S;(ks, ky, k7, k;)) used in Equation 5.7 can

be obtained for a Mie scatterer, such that the scatterer can be simulated with the simulation

pipeline according to Equation 5.7, which is given as

U (ko by, ) = Z// Siy s oy Ko KU (KL K, 2) dI (A1)
J

A.1 Wave vectors and field components

Let the incident and scattered plane-wave components be indexed by their wave vectors k? and

k®, with a common wave number ko = 27/\. The wave vector therefore becomes

k.
k=1k,| . (A.2)
k.
where
k, = kg—k:%—kg. (A.3)



250 Appendix A. Simulating a Mie scatterer

Define the corresponding propagation unit vector k = k/ko. The spherical angles (6, ¢) can

then be associated with the normalised wave vector R, given as

sin @ cos ¢
k = sinfsing | - (A4)

cos 6

For each direction R, define a local orthonormal basis (i, 2, R), where 1 and 2 are orthogonal to
k. In particular, 1 is normal to the plane in which scattering takes place, and 2 lies within the
scattering plane, following the convention in Tsang et al. [236]. Let U;(k) and Us(k) denote
the complex field amplitudes along 1 and 2, respectively. The corresponding field amplitude is

therefore

Ui(k)
U(k) = . (A.5)

Us(k)

A.2 Scattering in the 1-2 system

For a single incident direction k’ and observation direction k*, the scattered field in the 1-2

system is related to the incident field by a 2 x 2 scattering amplitude matrix,
U'(k) = S02 (1, k) U(K), (A.6)

where

s e k) SHY (ke k)
S (k* k') = ) o e (A7)
Sy (k% k') Sy (k%K)

For scattering by a homogeneous sphere, S(!?) is diagonal in the conventional 1-2 definition
and can be expressed in terms of two angle-dependent amplitude functions S;(©) and S3(©),

. i |51(© 0
5021 1y = - 1) , (A8)

Fol 0 s,(0)
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where © is the deflection angle defined by

cos© = k' - k. (A.9)

In this work, S1(0) and S3(©) can be obtained numerically using the miepython package [237].

A.3 Rotation from the lab transverse basis to the 1-2

basis

The scattering relation in Equation A.6 is defined in the 1-2 system (1,2). To assemble an
angular-spectrum kernel acting on the transverse components in the lab frame, a coordinate

transformation is required.

Let the lab basis be (X,¥,2), and the scattering basis be (1,27, 1A<Z) for the incident wave and
(1,2%,k*) for the scattered wave. Define the 3D matrix Ry, (k’;k*) that transforms a vector

from the lab basis to the scattering basis, requiring

0
R (ki k*)ki = |0 , (A.10)
1
and
1
R (ki k*)ks - [o| =0. (A.11)
0

It can be found that the matrix can be broken down into two components

Rin(Ki; k) = R'(Y) R™(0;, ), (A.12)
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where RE(0;, ¢;) represents the Rodrigues’ rotation [239] given as

cos f; cos? ¢; +sin® ¢;  (cosf; — 1) sin ¢; cos ¢; — sin 6; cos ¢;
RR(@A ¢i) = (cosB; — 1)sin ¢; cos ¢;  cosb; sin? ¢; + cos? ¢;  —siné;sing; | (A.13)
sin 0; cos ¢; sin #; sin ¢; cos 6,
such that
R™(0;, 6k’ = 2. (A.14)

The other matrix, R'(7%), is a simple rotation about [0,0,1]" that then places k® in the 2i-k

plane, which can be found as

cosy’ —sinyt 0

R'(Y') = [siny' cosy® 0], (A.15)
0 0 1
where
. T N
V= 5 (Rsz‘, 0i)k?)g. (A.16)

In general, however, ]Rin(léi; ES) is a 3 x 3 matrix, which is incompatible with the simulation
pipeline. It can however be noticed that in a non-paraxial picture the condenser lens has a
spherical principle surface, leading to a non-zero longitudinal component of the electric field to
begin with. The focusing of the condenser lens can be described by the 3D matrix Q(6;, ¢;),
given as [20]
¢1 + g2 cos 2¢ G2 Sin 2¢ 43 COS ¢
Q(8,9) = 5 g2 Sin 2¢ 1 — q2C082¢ q3s8in¢ | ; (A.17)

—q3 COS ¢ —q3sin ¢ qa
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where

¢ =cosf +1, (A.18)
g2 i=cosf — 1, (A.19)
g3 = 2sind, (A.20)

¢4 = 2cosb, (A.21)
(A.22)

and a(f) is the apodisation factor. The full 3D transformation from the condenser aperture

plane to the scattering basis can then be written as Rin(l;i; k*)Q(6;, ;).

It can then be shown that, in fact,
R (0, 6:)Q(8, ¢:) = a(6;)L. (A.23)

Therefore,
cosy! —siny' 0
Ri, (k' k) Q(6;, ¢;) = al;) | sin v cosyt 0, (A.24)
0 0 1

which is trivial in the longitudinal direction. It is therefore possible to relate the field from the
condenser aperture plane to the incident scattering basis using a reduced 2 x 2 transformation,
given by

a(0;) R ('), (A.25)

where R2*2 denotes a 2 x 2 rotator.

Similarly, the transformation from the scattered basis to the objective pupil plane can be found

as a 2 X 2 matrix as well, given as

R**2 (%), (A.26)

a(t;)
where

4= g + (RE(6,, 65)k),. (A.27)



254 Appendix A. Simulating a Mie scatterer

As a result, the full scattering process from the condenser aperture plane to the objective pupil
plane can be written as

100 gaxe oy [0 0| gaa Ly (A.28)

a(0s)ko 0 S5(0)

using only 2D matrix manipulation, which is now compatible with the simulation pipeline. As
a result, a scattering kernel of

Sii (ks kS kLKD) (A.29)

xr Vyr Yo Yy

can be computed with Equation A.28 to be provided to the pipeline for simulations.
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by you. Failure to receive such notice will not nullify the revocation.

. AIP Publishing makes no representations or warranties with respect to the Material.

You agree to indemnify and hold harmless AIP Publishing, and their officers,
directors, employees or agents from and against any and all claims arising out of
your use of the Material other than as specifically authorized herein.

. The permission granted herein is personal to you and is not transferable or

assignable without the prior written permission of AIP Publishing. This license may
not be amended except in a writing signed by the party to be charged.

. If purchase orders, acknowledgments or check endorsements are issued on any

forms containing terms and conditions which are inconsistent with these provisions,
such inconsistent terms and conditions shall be of no force and effect. This
document, including the CCC Billing and Payment Terms and Conditions, shall be
the entire agreement between the parties relating to the subject matter hereof.

This Agreement shall be governed by and construed in accordance with the laws of the
State of New York. Both parties hereby submit to the jurisdiction of the courts of New
York County for purposes of resolving any disputes that may arise hereunder.

Other Terms and Conditions:

V1.2
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Questions? customercare@copyright.com.
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ccc Marketplace

This is a License Agreement between Zhonghe Feng (“User”) and Copyright Clearance Center, Inc. (“CCC") on behalf
of the Rightsholder identified in the order details below. The license consists of the order details, the Marketplace
Permissions General Terms and Conditions below, and any Rightsholder Terms and Conditions which are included

below.

All payments must be made in full to CCC in accordance with the Marketplace Permissions General Terms and

Conditions below.

Order Date
Order License ID
ISSN

LICENSED CONTENT

Publication Title

Author / Editor

Date

Language

REQUEST DETAILS

Portion Type

Number of Images /
Photos / lllustrations

Format (select all that
apply)

Who Will Republish the
Content?

Duration of Use
Lifetime Unit Quantity
Rights Requested

NEW WORK DETAILS

Title

Instructor Name

19-Feb-2026
1701693-1
1347-4065

Japanese journal of
applied physics : JJAP
online

Institute of Pure and
Applied Physics.

01/01/1962
English

Image/photo/illustration
1

Print, Electronic

Academic institution

Life of current edition
Up to 499

Main product

Polarisation Microscopy
and Its Application to
Optical Data Storage:
Design, Informational
Analysis, and ML-Based
Decoding

Zhonghe Feng

ADDITIONAL DETAILS

Order Reference Number

N/A

Type of Use

Publisher

Portion

Country
Rightsholder
Publication Type
URL

Distribution

Translation

Copies for the Disabled?
Minor Editing Privileges?

Incidental Promotional
Use?

Currency

Institution Name

Expected Presentation
Date

Republishin a
thesis/dissertation

IOP Publishing on behalf
of the Japan Society of
Applied Physics (JSAP)
Image/photo/illustration

Japan
IOP Publishing Limited
e-Journal

http://www.ipap.jp/jjap/in
dex.htm

Worldwide

Original language of
publication

No
Yes
No

GBP

Imperial College London
2026-02-20
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The Requesting Person / Zhonghe Feng
Organization to Appear
on the License

REQUESTED CONTENT DETAILS

Title, Description or Fig. 16. Backscattering Title of the Article / Three-Dimensional Micro-

Numeric Reference of the electron images of the Chapter the Portion Is and Nano-Fabrication in

Portion(s) polished silicate glass From Transparent Materials by
sample after being Femtosecond Laser

polished close to the

Author of Portion(s Yasuhiko Shimotsuma,
depth of the focal spot (s) o : Y

Kazuyuki Hirao, Peter G.

location. The ) )
Kazansky and Jiarong Qiu

magnifications of (a) and Y J gQ
(b) are 10000 and 30000, Issue, if Republishing an 7R
respectively Article From a Serial

Editor of Portion(s) N/A Publication Date of 2005-07-08

. Portion
Volume / Edition 44
Page or Page Range of 4743

Portion

RIGHTSHOLDER TERMS AND CONDITIONS

These special terms and conditions are in addition to the standard terms and conditions for CCC's Republication Service
and, together with those standard terms and conditions, govern the use of the Works. As the User you will make all
reasonable efforts to contact the author(s) of the article which the Work is to be reused from, to seek consent for your
intended use. Contacting one author who is acting expressly as authorised agent for their co-author(s) is acceptable. User
will reproduce the following wording prominently alongside the Work: the source of the Work, including author, article
title, title of journal, volume number, issue number (if relevant), page range (or first page if this is the only information
available) and date of first publication; and a link back to the article (via DOI); and if practicable, and IN ALL CASES for new
works published under any of the Creative Commons licences, the words “© The Japan Society of Applied Physics.
Reproduced by permission of IOP Publishing Ltd. All rights reserved” Without the express permission of the author(s) and
the Rightsholder of the article from which the Work is to be reused, User shall not use it in any way which, in the opinion
of IOP Publishing Ltd, could: (i) distort or alter the author(s) original intention(s) and meaning; (ii) be prejudicial to the
honour or reputation of the author(s); and/or (iii) imply endorsement by the author(s) and/or the Rightsholder and/or IOP
Publishing Ltd. This licence does not apply to any article which is credited to another source and which does not have the
copyright line ‘© The Japan Society of Applied Physics’. User must check the copyright line of the article from which the
Work is to be reused to check that the Rightsholder and I0P Publishing Ltd have all the necessary rights to be able to
grant permission. User is solely responsible for identifying and obtaining separate licences and permissions from the
copyright owner for reuse of any such third party material/figures which the Rightsholder is not the copyright owner of.
The Rightsholder shall not reimburse any fees which User pays for a republication license for such third party content.
This licence does not apply to any material/figure which is credited to another source in the Rightsholder’s publication or
has been obtained from a third party. User must check the Version of Record of the article from which the Work is to be
reused, to check whether any of the material in the Work is third party material. Third party citations and/or copyright
notices and/or permissions statements may not be included in any other version of the article from which the Work is to
be reused and so cannot be relied upon by the User. User is solely responsible for identifying and obtaining separate
licences and permissions from the copyright owner for reuse of any such third party material/figures where the
Rightsholder is not the copyright owner. The Rightsholder shall not reimburse any fees which User pays for a
republication license for such third party content. User and CCC acknowledge that IOP Publishing Ltd and/or the
Rightsholder may, from time to time, make changes or additions to these special terms and conditions without express
notification, provided that these shall not apply to permissions already secured and paid for by User prior to such change
or addition. User acknowledges that the Rightsholder and IOP Publishing Ltd (which includes companies within its group
and third parties for whom it publishes its titles) may make use of personal data collected through the service in the
course of their business. If User is the author of the Work, User may automatically have the right to reuse it under the
rights granted back when User transferred the copyright in the article to the Rightsholder. User should check the
copyright form and the relevant author rights policy to check whether permission is required. If User is the author of the
Work and does require permission for proposed reuse of the Work, User should select ‘Author of requested content’ as
the Requestor Type. The Rightsholder shall not reimburse any fees which User pays for a republication license. As well as
CCC, the Rightsholder and IOP Publishing Ltd shall have the right to bring any legal action that they deem necessary to
enforce their rights should they consider that the Work infringes those rights in any way. For content reuse requests that
qualify for permission under the STM Permissions Guidelines, which may be updated from time to time, the STM

294



Permission document for Figure 1.1(b).

Permissions Guidelines supplement the terms and conditions contained in this license. CCC Republication Terms and
Conditions 1. Description of Service; Defined Terms. This Republication License enables the User to obtain licenses for
republication of one or more copyrighted works as described in detail on the relevant Order Confirmation (the "Work(s)").
Copyright Clearance Center, Inc. ("CCC") grants licenses through the Service on behalf of the rightsholder identified on the
Order Confirmation (the "Rightsholder"). "Republication", as used herein, generally means the inclusion of a Work, in
whole or in part, in a new work or works, also as described on the Order Confirmation. "User", as used herein, means the
person or entity making such republication. 2. The terms set forth in the relevant Order Confirmation, and any terms set
by the Rightsholder with respect to a particular Work, govern the terms of use of Works in connection with the Service. By
using the Service, the person transacting for a republication license on behalf of the User represents and warrants that
he/she/it (a) has been duly authorized by the User to accept, and hereby does accept, all such terms and conditions on
behalf of User, and (b) shall inform User of all such terms and conditions. In the event such person is a "freelancer" or
other third party independent of User and CCC, such party shall be deemed jointly a "User" for purposes of these terms
and conditions. In any event, User shall be deemed to have accepted and agreed to all such terms and conditions if User
republishes the Work in any fashion. 3. Scope of License; Limitations and Obligations. 1. All Works and all rights therein,
including copyright rights, remain the sole and exclusive property of the Rightsholder. The license created by the
exchange of an Order Confirmation (and/or any invoice) and payment by User of the full amount set forth on that
document includes only those rights expressly set forth in the Order Confirmation and in these terms and conditions, and
conveys no other rights in the Work(s) to User. All rights not expressly granted are hereby reserved. 2. General Payment
Terms: You may pay by credit card or through an account with us payable at the end of the month. If you and we agree
that you may establish a standing account with CCC, then the following terms apply: Remit Payment to: Copyright
Clearance Center, 29118 Network Place, Chicago, IL 60673-1291. Payments Due: Invoices are payable upon their delivery
to you (or upon our notice to you that they are available to you for downloading). After 30 days, outstanding amounts will
be subject to a service charge of 1-1/2% per month or, if less, the maximum rate allowed by applicable law. Unless
otherwise specifically set forth in the Order Confirmation or in a separate written agreement signed by CCC, invoices are
due and payable on "net 30" terms. While User may exercise the rights licensed immediately upon issuance of the Order
Confirmation, the license is automatically revoked and is null and void, as if it had never been issued, if complete payment
for the license is not received on a timely basis either from User directly or through a payment agent, such as a credit card
company. 3. Unless otherwise provided in the Order Confirmation, any grant of rights to User (i) is "one-time" (including
the editions and product family specified in the license), (ii) is non-exclusive and non-transferable and (iii) is subject to any
and all limitations and restrictions (such as, but not limited to, limitations on duration of use or circulation) included in the
Order Confirmation or invoice and/or in these terms and conditions. Upon completion of the licensed use, User shall
either secure a new permission for further use of the Work(s) or immediately cease any new use of the Work(s) and shall
render inaccessible (such as by deleting or by removing or severing links or other locators) any further copies of the Work
(except for copies printed on paper in accordance with this license and still in User's stock at the end of such period). 4. In
the event that the material for which a republication license is sought includes third party materials (such as photographs,
illustrations, graphs, inserts and similar materials) which are identified in such material as having been used by
permission, User is responsible for identifying, and seeking separate licenses (under this Service or otherwise) for, any of
such third party materials; without a separate license, such third party materials may not be used. 5. Use of proper
copyright notice for a Work is required as a condition of any license granted under the Service. Unless otherwise provided
in the Order Confirmation, a proper copyright notice will read substantially as follows: "Republished with permission of
[Rightsholder's name], from [Work's title, author, volume, edition number and year of copyright]; permission conveyed
through Copyright Clearance Center, Inc. " Such notice must be provided in a reasonably legible font size and must be
placed either immediately adjacent to the Work as used (for example, as part of a by-line or footnote but not as a
separate electronic link) or in the place where substantially all other credits or notices for the new work containing the
republished Work are located. Failure to include the required notice results in loss to the Rightsholder and CCC, and the
User shall be liable to pay liquidated damages for each such failure equal to twice the use fee specified in the Order
Confirmation, in addition to the use fee itself and any other fees and charges specified. 6. User may only make alterations
to the Work if and as expressly set forth in the Order Confirmation. No Work may be used in any way that is defamatory,
violates the rights of third parties (including such third parties' rights of copyright, privacy, publicity, or other tangible or
intangible property), or is otherwise illegal, sexually explicit or obscene. In addition, User may not conjoin a Work with any
other material that may result in damage to the reputation of the Rightsholder. User agrees to inform CCC if it becomes
aware of any infringement of any rights in a Work and to cooperate with any reasonable request of CCC or the
Rightsholder in connection therewith. 4. Indemnity. User hereby indemnifies and agrees to defend the Rightsholder and
CCC, and their respective employees and directors, against all claims, liability, damages, costs and expenses, including
legal fees and expenses, arising out of any use of a Work beyond the scope of the rights granted herein, or any use of a
Work which has been altered in any unauthorized way by User, including claims of defamation or infringement of rights of
copyright, publicity, privacy or other tangible or intangible property. 5. Limitation of Liability. UNDER NO CIRCUMSTANCES
WILL CCC OR THE RIGHTSHOLDER BE LIABLE FOR ANY DIRECT, INDIRECT, CONSEQUENTIAL OR INCIDENTAL DAMAGES
(INCLUDING WITHOUT LIMITATION DAMAGES FOR LOSS OF BUSINESS PROFITS OR INFORMATION, OR FOR BUSINESS
INTERRUPTION) ARISING OUT OF THE USE OR INABILITY TO USE A WORK, EVEN IF ONE OF THEM HAS BEEN ADVISED OF
THE POSSIBILITY OF SUCH DAMAGES. In any event, the total liability of the Rightsholder and CCC (including their
respective employees and directors) shall not exceed the total amount actually paid by User for this license. User assumes
full liability for the actions and omissions of its principals, employees, agents, affiliates, successors and assigns. 6. Limited
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Warranties. THE WORK(S) AND RIGHT(S) ARE PROVIDED "AS IS". CCC HAS THE RIGHT TO GRANT TO USER THE RIGHTS
GRANTED IN THE ORDER CONFIRMATION DOCUMENT. CCC AND THE RIGHTSHOLDER DISCLAIM ALL OTHER WARRANTIES
RELATING TO THE WORK(S) AND RIGHT(S), EITHER EXPRESS OR IMPLIED, INCLUDING WITHOUT LIMITATION IMPLIED
WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. ADDITIONAL RIGHTS MAY BE REQUIRED
TO USE ILLUSTRATIONS, GRAPHS, PHOTOGRAPHS, ABSTRACTS, INSERTS OR OTHER PORTIONS OF THE WORK (AS
OPPOSED TO THE ENTIRE WORK) IN A MANNER CONTEMPLATED BY USER; USER UNDERSTANDS AND AGREES THAT
NEITHER CCC NOR THE RIGHTSHOLDER MAY HAVE SUCH ADDITIONAL RIGHTS TO GRANT. 7. Effect of Breach. Any failure
by User to pay any amount when due, or any use by User of a Work beyond the scope of the license set forth in the Order
Confirmation and/or these terms and conditions, shall be a material breach of the license created by the Order
Confirmation and these terms and conditions. Any breach not cured within 30 days of written notice thereof shall result in
immediate termination of such license without further notice. Any unauthorized (but licensable) use of a Work that is
terminated immediately upon notice thereof may be liquidated by payment of the Rightsholder's ordinary license price
therefor; any unauthorized (and unlicensable) use that is not terminated immediately for any reason (including, for
example, because materials containing the Work cannot reasonably be recalled) will be subject to all remedies available at
law or in equity, but in no event to a payment of less than three times the Rightsholder's ordinary license price for the
most closely analogous licensable use plus Rightsholder's and/or CCC's costs and expenses incurred in collecting such
payment. 8. Miscellaneous. 1. User acknowledges that CCC may, from time to time, make changes or additions to the
Service or to these terms and conditions, and CCC reserves the right to send notice to the User by electronic mail or
otherwise for the purposes of notifying User of such changes or additions; provided that any such changes or additions
shall not apply to permissions already secured and paid for. 2. Use of User-related information collected through the
Service is governed by CCC's privacy policy, available online here:https://marketplace.copyright.com/rs-ui-
web/mp/privacy-policy 3. The licensing transaction described in the Order Confirmation is personal to User. Therefore,
User may not assign or transfer to any other person (whether a natural person or an organization of any kind) the license
created by the Order Confirmation and these terms and conditions or any rights granted hereunder; provided, however,
that User may assign such license in its entirety on written notice to CCC in the event of a transfer of all or substantially all
of User's rights in the new material which includes the Work(s) licensed under this Service. 4. No amendment or waiver of
any terms is binding unless set forth in writing and signed by the parties. The Rightsholder and CCC hereby object to any
terms contained in any writing prepared by the User or its principals, employees, agents or affiliates and purporting to
govern or otherwise relate to the licensing transaction described in the Order Confirmation, which terms are in any way
inconsistent with any terms set forth in the Order Confirmation and/or in these terms and conditions or CCC's standard
operating procedures, whether such writing is prepared prior to, simultaneously with or subsequent to the Order
Confirmation, and whether such writing appears on a copy of the Order Confirmation or in a separate instrument. 5. The
licensing transaction described in the Order Confirmation document shall be governed by and construed under the law of
the State of New York, USA, without regard to the principles thereof of conflicts of law. Any case, controversy, suit, action,
or proceeding arising out of, in connection with, or related to such licensing transaction shall be brought, at CCC's sole
discretion, in any federal or state court located in the County of New York, State of New York, USA, or in any federal or
state court whose geographical jurisdiction covers the location of the Rightsholder set forth in the Order Confirmation.
The parties expressly submit to the personal jurisdiction and venue of each such federal or state court.If you have any
comments or questions about the Service or Copyright Clearance Center, please contact us at 978-750-8400 or send an e-
mail to support@copyright.com.

If you are producing a new book or article to be published by another STM Signatory publisher, please choose “Reuse in a
book under STM Guidelines” or “Reuse in a journal under STM Guidelines.” You can consult the STM Guidelines website to
see whether your new publisher is a signatory to the STM Permissions Guidelines.

Marketplace Permissions General Terms and Conditions

The following terms and conditions (“General Terms"), together with any applicable Publisher Terms and Conditions,
govern User's use of Works pursuant to the Licenses granted by Copyright Clearance Center, Inc. (“CCC") on behalf of the
applicable Rightsholders of such Works through CCC's applicable Marketplace transactional licensing services (each, a
“Service").

1) Definitions. For purposes of these General Terms, the following definitions apply:

“License” is the licensed use the User obtains via the Marketplace platform in a particular licensing transaction, as set
forth in the Order Confirmation.

“Order Confirmation” is the confirmation CCC provides to the User at the conclusion of each Marketplace transaction.
“Order Confirmation Terms” are additional terms set forth on specific Order Confirmations not set forth in the General
Terms that can include terms applicable to a particular CCC transactional licensing service and/or any Rightsholder-
specific terms.

“Rightsholder(s)” are the holders of copyright rights in the Works for which a User obtains licenses via the Marketplace
platform, which are displayed on specific Order Confirmations.
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“Terms” means the terms and conditions set forth in these General Terms and any additional Order Confirmation Terms
collectively.

“User” or “you" is the person or entity making the use granted under the relevant License. Where the person accepting the
Terms on behalf of a User is a freelancer or other third party who the User authorized to accept the General Terms on the
User’s behalf, such person shall be deemed jointly a User for purposes of such Terms.

“Work(s)" are the copyright protected works described in relevant Order Confirmations.

2) Description of Service. CCC's Marketplace enables Users to obtain Licenses to use one or more Works in accordance
with all relevant Terms. CCC grants Licenses as an agent on behalf of the copyright rightsholder identified in the relevant
Order Confirmation.

3) Applicability of Terms. The Terms govern User's use of Works in connection with the relevant License. In the event of
any conflict between General Terms and Order Confirmation Terms, the latter shall govern. User acknowledges that
Rightsholders have complete discretion whether to grant any permission, and whether to place any limitations on any
grant, and that CCC has no right to supersede or to modify any such discretionary act by a Rightsholder.

4) Representations; Acceptance. By using the Service, User represents and warrants that User has been duly authorized
by the User to accept, and hereby does accept, all Terms.

5) Scope of License; Limitations and Obligations. All Works and all rights therein, including copyright rights, remain the
sole and exclusive property of the Rightsholder. The License provides only those rights expressly set forth in the terms
and conveys no other rights in any Works

6) General Payment Terms. User may pay at time of checkout by credit card or choose to be invoiced. If the User
chooses to be invoiced, the User shall: (i) remit payments in the manner identified on specific invoices, (i) unless
otherwise specifically stated in an Order Confirmation or separate written agreement, Users shall remit payments upon
receipt of the relevant invoice from CCC, either by delivery or notification of availability of the invoice via the Marketplace
platform, and (iii) if the User does not pay the invoice within 30 days of receipt, the User may incur a service charge of
1.5% per month or the maximum rate allowed by applicable law, whichever is less. While User may exercise the rights in
the License immediately upon receiving the Order Confirmation, the License is automatically revoked and is null and void,
as if it had never been issued, if CCC does not receive complete payment on a timely basis.

7) General Limits on Use. Unless otherwise provided in the Order Confirmation, any grant of rights to User (i) involves
only the rights set forth in the Terms and does not include subsequent or additional uses, (ii) is non-exclusive and non-
transferable, and (iii) is subject to any and all limitations and restrictions (such as, but not limited to, limitations on
duration of use or circulation) included in the Terms. Upon completion of the licensed use as set forth in the Order
Confirmation, User shall either secure a new permission for further use of the Work(s) or immediately cease any new use
of the Work(s) and shall render inaccessible (such as by deleting or by removing or severing links or other locators) any
further copies of the Work. User may only make alterations to the Work if and as expressly set forth in the Order
Confirmation. No Work may be used in any way that is unlawful, including without limitation if such use would violate
applicable sanctions laws or regulations, would be defamatory, violate the rights of third parties (including such third
parties’ rights of copyright, privacy, publicity, or other tangible or intangible property), or is otherwise illegal, sexually
explicit, or obscene. In addition, User may not conjoin a Work with any other material that may result in damage to the
reputation of the Rightsholder. Any unlawful use will render any licenses hereunder null and void. User agrees to inform
CCC if it becomes aware of any infringement of any rights in a Work and to cooperate with any reasonable request of CCC
or the Rightsholder in connection therewith.

8) Third Party Materials. In the event that the material for which a License is sought includes third party materials (such
as photographs, illustrations, graphs, inserts and similar materials) that are identified in such material as having been
used by permission (or a similar indicator), User is responsible for identifying, and seeking separate licenses (under this
Service, if available, or otherwise) for any of such third party materials; without a separate license, User may not use such
third party materials via the License.

9) Copyright Notice. Use of proper copyright notice for a Work is required as a condition of any License granted under
the Service. Unless otherwise provided in the Order Confirmation, a proper copyright notice will read substantially as
follows: “Used with permission of [Rightsholder's name], from [Work's title, author, volume, edition number and year of
copyright]; permission conveyed through Copyright Clearance Center, Inc.” Such notice must be provided in a reasonably
legible font size and must be placed either on a cover page or in another location that any person, upon gaining access to
the material which is the subject of a permission, shall see, or in the case of republication Licenses, immediately adjacent
to the Work as used (for example, as part of a by-line or footnote) or in the place where substantially all other credits or
notices for the new work containing the republished Work are located. Failure to include the required notice results in
loss to the Rightsholder and CCC, and the User shall be liable to pay liquidated damages for each such failure equal to
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twice the use fee specified in the Order Confirmation, in addition to the use fee itself and any other fees and charges
specified.

10) Indemnity. User hereby indemnifies and agrees to defend the Rightsholder and CCC, and their respective employees
and directors, against all claims, liability, damages, costs, and expenses, including legal fees and expenses, arising out of
any use of a Work beyond the scope of the rights granted herein and in the Order Confirmation, or any use of a Work
which has been altered in any unauthorized way by User, including claims of defamation or infringement of rights of
copyright, publicity, privacy, or other tangible or intangible property.

11) Limitation of Liability. UNDER NO CIRCUMSTANCES WILL CCC OR THE RIGHTSHOLDER BE LIABLE FOR ANY DIRECT,
INDIRECT, CONSEQUENTIAL, OR INCIDENTAL DAMAGES (INCLUDING WITHOUT LIMITATION DAMAGES FOR LOSS OF
BUSINESS PROFITS OR INFORMATION, OR FOR BUSINESS INTERRUPTION) ARISING OUT OF THE USE OR INABILITY TO USE
A WORK, EVEN IF ONE OR BOTH OF THEM HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES. In any event, the
total liability of the Rightsholder and CCC (including their respective employees and directors) shall not exceed the total
amount actually paid by User for the relevant License. User assumes full liability for the actions and omissions of its
principals, employees, agents, affiliates, successors, and assigns.

12) Limited Warranties. THE WORK(S) AND RIGHT(S) ARE PROVIDED “AS IS.” CCC HAS THE RIGHT TO GRANT TO USER THE
RIGHTS GRANTED IN THE ORDER CONFIRMATION DOCUMENT. CCC AND THE RIGHTSHOLDER DISCLAIM ALL OTHER
WARRANTIES RELATING TO THE WORK(S) AND RIGHT(S), EITHER EXPRESS OR IMPLIED, INCLUDING WITHOUT LIMITATION
IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. ADDITIONAL RIGHTS MAY BE
REQUIRED TO USE ILLUSTRATIONS, GRAPHS, PHOTOGRAPHS, ABSTRACTS, INSERTS, OR OTHER PORTIONS OF THE WORK
(AS OPPOSED TO THE ENTIRE WORK) IN A MANNER CONTEMPLATED BY USER; USER UNDERSTANDS AND AGREES THAT
NEITHER CCC NOR THE RIGHTSHOLDER MAY HAVE SUCH ADDITIONAL RIGHTS TO GRANT.

13) Effect of Breach. Any failure by User to pay any amount when due, or any use by User of a Work beyond the scope of
the License set forth in the Order Confirmation and/or the Terms, shall be a material breach of such License. Any breach
not cured within 10 days of written notice thereof shall result in immediate termination of such License without further
notice. Any unauthorized (but licensable) use of a Work that is terminated immediately upon notice thereof may be
liquidated by payment of the Rightsholder’s ordinary license price therefor; any unauthorized (and unlicensable) use that
is not terminated immediately for any reason (including, for example, because materials containing the Work cannot
reasonably be recalled) will be subject to all remedies available at law or in equity, but in no event to a payment of less
than three times the Rightsholder's ordinary license price for the most closely analogous licensable use plus
Rightsholder's and/or CCC's costs and expenses incurred in collecting such payment.

14) Additional Terms for Specific Products and Services. If a User is making one of the uses described in this Section 14,
the additional terms and conditions apply:

a) Print Uses of Academic Course Content and Materials (photocopies for academic coursepacks or classroom
handouts). For photocopies for academic coursepacks or classroom handouts the following additional terms apply:

i) The copies and anthologies created under this License may be made and assembled by faculty members
individually or at their request by on-campus bookstores or copy centers, or by off-campus copy shops and other
similar entities.

ii) No License granted shall in any way: (i) include any right by User to create a substantively non-identical copy of
the Work or to edit or in any other way modify the Work (except by means of deleting material immediately
preceding or following the entire portion of the Work copied) (ii) permit “publishing ventures” where any particular
anthology would be systematically marketed at multiple institutions.

i) Subject to any Publisher Terms (and notwithstanding any apparent contradiction in the Order Confirmation
arising from data provided by User), any use authorized under the academic pay-per-use service is limited as
follows:

A) any License granted shall apply to only one class (bearing a unique identifier as assigned by the institution,
and thereby including all sections or other subparts of the class) at one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays,
poems or articles;

C) use is limited to no more than the greater of (a) 25% of the text of an issue of a journal or other periodical
or (b) two articles from such an issue;

D) no User may sell or distribute any particular anthology, whether photocopied or electronic, at more than
one institution of learning;
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E) in the case of a photocopy permission, no materials may be entered into electronic memory by User except
in order to produce an identical copy of a Work before or during the academic term (or analogous period) as
to which any particular permission is granted. In the event that User shall choose to retain materials that are
the subject of a photocopy permission in electronic memory for purposes of producing identical copies more
than one day after such retention (but still within the scope of any permission granted), User must notify CCC
of such fact in the applicable permission request and such retention shall constitute one copy actually sold for
purposes of calculating permission fees due; and

F) any permission granted shall expire at the end of the class. No permission granted shall in any way include
any right by User to create a substantively non-identical copy of the Work or to edit or in any other way
modify the Work (except by means of deleting material immediately preceding or following the entire portion
of the Work copied).

iv) Books and Records; Right to Audit. As to each permission granted under the academic pay-per-use Service,
User shall maintain for at least four full calendar years books and records sufficient for CCC to determine the
numbers of copies made by User under such permission. CCC and any representatives it may designate shall have
the right to audit such books and records at any time during User's ordinary business hours, upon two days' prior
notice. If any such audit shall determine that User shall have underpaid for, or underreported, any photocopies
sold or by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC shall
bear the costs of any such audit. Any amount determined by such audit to have been underpaid by User shall
immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from the date
such amount was originally due. The provisions of this paragraph shall survive the termination of this License for
any reason.

b) Digital Pay-Per-Uses of Academic Course Content and Materials (e-coursepacks, electronic reserves, learning
management systems, academic institution intranets). For uses in e-coursepacks, posts in electronic reserves, posts
in learning management systems, or posts on academic institution intranets, the following additional terms apply:

i) The pay-per-uses subject to this Section 14(b) include:

A) Posting e-reserves, course management systems, e-coursepacks for text-based content, which grants
authorizations to import requested material in electronic format, and allows electronic access to this material
to members of a designated college or university class, under the direction of an instructor designated by the
college or university, accessible only under appropriate electronic controls (e.g., password);

B) Posting e-reserves, course management systems, e-coursepacks for material consisting of photographs
or other still images not embedded in text, which grants not only the authorizations described in Section
14(b)(i)(A) above, but also the following authorization: to include the requested material in course materials
for use consistent with Section 14(b)(i)(A) above, including any necessary resizing, reformatting or modification
of the resolution of such requested material (provided that such modification does not alter the underlying
editorial content or meaning of the requested material, and provided that the resulting modified content is
used solely within the scope of, and in a manner consistent with, the particular authorization described in the
Order Confirmation and the Terms), but not including any other form of manipulation, alteration or editing of
the requested material;

C) Posting e-reserves, course management systems, e-coursepacks or other academic distribution for
audiovisual content, which grants not only the authorizations described in Section 14(b)(i)(A) above, but also
the following authorizations: (i) to include the requested material in course materials for use consistent with
Section 14(b)(i)(A) above; (ii) to display and perform the requested material to such members of such class in
the physical classroom or remotely by means of streaming media or other video formats; and (iii) to “clip” or
reformat the requested material for purposes of time or content management or ease of delivery, provided
that such “clipping” or reformatting does not alter the underlying editorial content or meaning of the
requested material and that the resulting material is used solely within the scope of, and in a manner
consistent with, the particular authorization described in the Order Confirmation and the Terms. Unless
expressly set forth in the relevant Order Conformation, the License does not authorize any other form of
manipulation, alteration or editing of the requested material.

ii) Unless expressly set forth in the relevant Order Confirmation, no License granted shall in any way: (i) include
any right by User to create a substantively non-identical copy of the Work or to edit or in any other way modify the
Work (except by means of deleting material immediately preceding or following the entire portion of the Work
copied or, in the case of Works subject to Sections 14(b)(1)(B) or (C) above, as described in such Sections) (ii)
permit “publishing ventures” where any particular course materials would be systematically marketed at multiple
institutions.
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i) Subject to any further limitations determined in the Rightsholder Terms (and notwithstanding any apparent
contradiction in the Order Confirmation arising from data provided by User), any use authorized under the
electronic course content pay-per-use service is limited as follows:

A) any License granted shall apply to only one class (bearing a unique identifier as assigned by the institution,
and thereby including all sections or other subparts of the class) at one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays,
poems or articles;

C) use is limited to not more than the greater of (a) 25% of the text of an issue of a journal or other periodical
or (b) two articles from such an issue;

D) no User may sell or distribute any particular materials, whether photocopied or electronic, at more than
one institution of learning;

E) electronic access to material which is the subject of an electronic-use permission must be limited by means
of electronic password, student identification or other control permitting access solely to students and
instructors in the class;

F) User must ensure (through use of an electronic cover page or other appropriate means) that any person,
upon gaining electronic access to the material, which is the subject of a permission, shall see:

o a proper copyright notice, identifying the Rightsholder in whose name CCC has granted permission,
o astatement to the effect that such copy was made pursuant to permission,

o a statement identifying the class to which the material applies and notifying the reader that the material
has been made available electronically solely for use in the class, and

o a statement to the effect that the material may not be further distributed to any person outside the class,
whether by copying or by transmission and whether electronically or in paper form, and User must also
ensure that such cover page or other means will print out in the event that the person accessing the
material chooses to print out the material or any part thereof.

G) any permission granted shall expire at the end of the class and, absent some other form of authorization,
User is thereupon required to delete the applicable material from any electronic storage or to block electronic
access to the applicable material.

iv) Uses of separate portions of a Work, even if they are to be included in the same course material or the same
university or college class, require separate permissions under the electronic course content pay-per-use Service.
Unless otherwise provided in the Order Confirmation, any grant of rights to User is limited to use completed no
later than the end of the academic term (or analogous period) as to which any particular permission is granted.

v) Books and Records; Right to Audit. As to each permission granted under the electronic course content Service,
User shall maintain for at least four full calendar years books and records sufficient for CCC to determine the
numbers of copies made by User under such permission. CCC and any representatives it may designate shall have
the right to audit such books and records at any time during User's ordinary business hours, upon two days' prior
notice. If any such audit shall determine that User shall have underpaid for, or underreported, any electronic
copies used by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC
shall bear the costs of any such audit. Any amount determined by such audit to have been underpaid by User
shall immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from the
date such amount was originally due. The provisions of this paragraph shall survive the termination of this license
for any reason.

c) Pay-Per-Use Permissions for Certain Reproductions (Academic photocopies for library reserves and interlibrary
loan reporting) (Non-academic internal/external business uses and commercial document delivery). The License
expressly excludes the uses listed in Section (c)(i)-(v) below (which must be subject to separate license from the
applicable Rightsholder) for: academic photocopies for library reserves and interlibrary loan reporting; and non-
academic internal/external business uses and commercial document delivery.

i) electronic storage of any reproduction (whether in plain-text, PDF, or any other format) other than on a
transitory basis;

i) the input of Works or reproductions thereof into any computerized database;
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iii) reproduction of an entire Work (cover-to-cover copying) except where the Work is a single article;
iv) reproduction for resale to anyone other than a specific customer of User;

v) republication in any different form. Please obtain authorizations for these uses through other CCC services or
directly from the rightsholder.

Any license granted is further limited as set forth in any restrictions included in the Order Confirmation and/or in
these Terms.

d) Electronic Reproductions in Online Environments (Non-Academic-email, intranet, internet and extranet). For
“electronic reproductions”, which generally includes e-mail use (including instant messaging or other electronic
transmission to a defined group of recipients) or posting on an intranet, extranet or Intranet site (including any
display or performance incidental thereto), the following additional terms apply:

i) Unless otherwise set forth in the Order Confirmation, the License is limited to use completed within 30 days for
any use on the Internet, 60 days for any use on an intranet or extranet and one year for any other use, all as
measured from the “republication date” as identified in the Order Confirmation, if any, and otherwise from the
date of the Order Confirmation.

ii) User may not make or permit any alterations to the Work, unless expressly set forth in the Order Confirmation
(after request by User and approval by Rightsholder); provided, however, that a Work consisting of photographs
or other still images not embedded in text may, if necessary, be resized, reformatted or have its resolution
modified without additional express permission, and a Work consisting of audiovisual content may, if necessary,
be “clipped” or reformatted for purposes of time or content management or ease of delivery (provided that any
such resizing, reformatting, resolution modification or “clipping” does not alter the underlying editorial content or
meaning of the Work used, and that the resulting material is used solely within the scope of, and in a manner
consistent with, the particular License described in the Order Confirmation and the Terms.

15) Miscellaneous.

a) User acknowledges that CCC may, from time to time, make changes or additions to the Service or to the Terms, and
that Rightsholder may make changes or additions to the Rightsholder Terms. Such updated Terms will replace the
prior terms and conditions in the order workflow and shall be effective as to any subsequent Licenses but shall not
apply to Licenses already granted and paid for under a prior set of terms.

b) Use of User-related information collected through the Service is governed by CCC's privacy policy, available online
at www.copyright.com/about/privacy-policy/.

) The License is personal to User. Therefore, User may not assign or transfer to any other person (whether a natural
person or an organization of any kind) the License or any rights granted thereunder; provided, however, that, where
applicable, User may assign such License in its entirety on written notice to CCC in the event of a transfer of all or
substantially all of User's rights in any new material which includes the Work(s) licensed under this Service.

d) No amendment or waiver of any Terms is binding unless set forth in writing and signed by the appropriate parties,
including, where applicable, the Rightsholder. The Rightsholder and CCC hereby object to any terms contained in any
writing prepared by or on behalf of the User or its principals, employees, agents or affiliates and purporting to govern
or otherwise relate to the License described in the Order Confirmation, which terms are in any way inconsistent with
any Terms set forth in the Order Confirmation, and/or in CCC's standard operating procedures, whether such writing
is prepared prior to, simultaneously with or subsequent to the Order Confirmation, and whether such writing appears
on a copy of the Order Confirmation or in a separate instrument.

e) The License described in the Order Confirmation shall be governed by and construed under the law of the State of
New York, USA, without regard to the principles thereof of conflicts of law. Any case, controversy, suit, action, or
proceeding arising out of, in connection with, or related to such License shall be brought, at CCC's sole discretion, in
any federal or state court located in the County of New York, State of New York, USA, or in any federal or state court
whose geographical jurisdiction covers the location of the Rightsholder set forth in the Order Confirmation. The
parties expressly submit to the personal jurisdiction and venue of each such federal or state court.

Last updated October 2022
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The TEEE does not require individuals working on a thesis to obtain a formal reuse license,

however, you may print out this statement to be used as a permission grant:

Requirements to be followed when using any portion (e.g., figure, graph, table, or textual

material) of an IEEE copyrighted paper in a thesis:

1) In the case of textual material (e.g., using short quotes or referring to the work within these

papers) users must give full credit to the original source (author, paper, publication) followed

by the IEEE copyright line () 2011 IEEE.

2) In the case of illustrations or tabular material, we require that the copyright line (C) [Year

of original publication] IEEE appear prominently with each reprinted figure and/or table.

3) If a substantial portion of the original paper is to be used, and if you are not the senior

author, also obtain the senior author’s approval.

Requirements to be followed when using an entire IEEE copyrighted paper in a thesis:

1) The following IEEE copyright/ credit notice should be placed prominently in the references:
(©) [year of original publication] IEEE. Reprinted, with permission, from [author names, paper

title, IEEE publication title, and month/year of publication]

2) Only the accepted version of an IEEE copyrighted paper can be used when posting the paper

or your thesis on-line.

3) In placing the thesis on the author’s university website, please display the following mes-
sage in a prominent place on the website: In reference to IEEE copyrighted material which is
used with permission in this thesis, the IEEE does not endorse any of [university /educational
entity’s name goes here]’s products or services. Internal or personal use of this material
is permitted. If interested in reprinting/republishing IEEE copyrighted material for adver-

tising or promotional purposes or for creating new collective works for resale or redistribu-
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tion, please go to http://www.ieee.org/publications_standards/publications/rights/

rights_link.html to learn how to obtain a License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada may

supply single copies of the dissertation.
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