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Exceptional points (EPs) have long promised enhanced sensing of physical signals, but have
practically been limited by simultaneous enhancement of noise. Aligning an EP’s non-analytic
response with target perturbations while suppressing noise has, however, remained challenging.
Here we show that fully passive, phase-tuned multi-port scattering networks enable scattering EPs
with tailored anisotropic response to perturbations. We leverage projection-induced non-unitarity
to realize effective non-Hermitian behavior when measuring only a subset of system ports. By
formulating EP design in terms of the discriminant of the projected scattering sub-block and its
directional derivatives, we give control-counting rules relating the number of programmable link
phases to achievable Riemann surface topologies. We demonstrate our framework in a four-port
photonic network by designing both an anisotropic EP and a Dirac-type EP with linear splitting
along two parametric directions. We further suppress the global thermal drift response of a network-
based sensor to a 3/2 power-law scaling while retaining square-root sensitivity to localized signals.
Since the effective non-Hermiticity arises purely from port projection, our approach transfers to
integrated photonic and microwave meshes, acoustic circuits, and projected metasurfaces, offering

a phase-only route to reconfigurable non-Hermitian response and noise-robust EP sensing.

Introduction—Non-Hermitian systems can exhibit
many unique phenomena, including unidirectional invisi-
bility [1], the non-Hermitian skin effect [2], and coherent
perfect absorption [3], which can be exploited for ad-
vanced physical functionalities, such as directional lasing
[4, 5] and topological state transfer [6]. Loss or gain
inherent in non-Hermitian systems moreover can foster
exceptional points (EPs), which correspond to positions
in parameter space where the complex eigenvalues and
non-orthogonal eigenvectors of the underlying system op-
erators become degenerate [7—10]. The local topology
of the associated Riemann sheets near an EP is funda-
mentally distinct from that of non-degenerate poles and
diabolic points, affecting how the system evolves upon
parametric variations [11, 12]. Accordingly, EPs have
attracted significant research effort. Spectral, or reso-
nant, EPs (corresponding to degeneracies in the eigen-
frequencies and modes of an effective Hamiltonian), were
historically investigated first and have been used to, for
example, control lasing thresholds and implement asym-
metric optical switches [13, 14]. More recently, scatter-
ing EPs, which arise as degeneracies of eigenchannels of
a scattering matrix (or relevant sub-block) at a fixed real
frequency, are garnering more attention as they are di-
rectly accessible through port-to-port transmission mea-
surements in, for example, acoustic and photonic systems
[15, 16]. Moreover, scattering EPs can be realized in
strictly lossless passive systems by performing measure-
ments on only a subset of ports, thereby producing an
effective non-unitary map as energy can leak into unob-
served channels [17]. Recent demonstrations have shown
that scattering EPs can enable, for example, wavefront
control and unidirectional light transport [18-20].

Of the many applications of EPs investigated [9, 20—
22], EP-enhanced sensing has drawn particular attention,
since the non-analytic response near a generic p-th order
EP (EP,) results in eigenvalue splitting that scales as the
p-th root of the perturbation strength [22], suggesting an
enhanced response compared to conventional linear shifts
or splitting [23]. The operational meaning of “enhance-
ment” has, however, been shown to depend critically on
the measurement protocol, while noise can also erase or
even reverse expected gains [24-27]. This has motivated
searches for architectures that suppress the response of
EP based sensors to detrimental noise or signal drifts
while retaining sensitivity to targeted signals. Proposals
have included leveraging noise-reduction [28], nonlineari-
ties [29], stochastic-resonance [30] and exceptional hyper-
surfaces in parameter space [31]. Anisotropic (or hybrid)
EP response has also been demonstrated whereby lin-
ear eigenvalue splitting is manifest for specific parametric
perturbations, while the more standard non-linear scal-
ing is retained along other generic perturbation directions
in parameter space [17, 32, 33]. These results suggest a
potential route to realizing long promised EP sensitivity
gains, but they do not yet provide a practical way to align
a desired fractional power response with chosen signals
or suppress sensitivity to specified noise patterns.

In this work we demonstrate that programmable multi-
port scattering networks provide a practical platform
for engineering scattering EPs with tailored anisotropic
response, including noise-robust sensing configurations.
Working with fully passive networks at fixed frequency
and using discriminant-based design constraints, we show
that phase-only control of internal links enables system-
atic programming of anisotropic EP sensitivity within
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FIG. 1. Schematic of a cross-like passive pro-
grammable network. Photonic waveguide network struc-
ture depicting input/output ports (gray), untuned (blue) and
programmed (red) internal links.

measured port subspaces, without requiring gain, loss,
or material engineering. We furthermore provide explicit
control-counting rules that relate the number of pro-
grammable phases to achievable response anisotropies.
Although in our examples we consider a photonic net-
work, our design framework extends naturally to other
passive programmable platforms, offering a route to user-
defined and reconfigurable non-Hermitian response.

Anisotropic EP design framework—We consider a fully
passive multi-port wave network, or quantum graph
[34, 35], with M external ports and F internal links (or
edges), such as the one shown in Figure 1. Each link is
treated as a single-mode lossless waveguide and scatter-
ing at each node is modeled assuming a Neumann bound-
ary condition [34]. Following the graph-based scattering
framework described in Ref. [36] (see also [37]), the exter-
nal scattering matrix S, which relates incoming complex
field amplitudes at the M external ports to the corre-
sponding outgoing amplitudes after multiple scattering
inside the graph, is obtained by matching the complex
amplitudes of counter-propagating modes at each junc-
tion [34, 35]. The numerical implementation is compat-
ible with experimentally realized nanophotonic and mi-
crowave graph platforms [38-40]. Throughout we work
at a fixed free-space wavelength )y (and wavenumber
ko = 27/ o) whereby propagation along link ¢ of physical
length L, and real effective refractive index n contributes
a phase factor exp[igy|, where ¢y = nkoLy+ 0¢ + €4, 0 is
a programmable control phase shift realizable using ac-
tive phase modulators [41, 42] integrated into each link,
and € is a possible (e.g. environmental) perturbation or
sensing signal. The vector of all control phases is denoted
60 = (61,...,0r) with € defined similarly for the pertur-
bation phases. Within this model, the external scatter-
ing matrix S(kg,0,€) € CM*M ig unitary. We parti-

tion the set of M ports into measured and unobserved
subsets P C {1,...,M} and Q = {1,..., M}\P respec-
tively, with the latter therefore representing effective loss
channels. Consequently, the input-output mapping on
P is described by the m x m sub-matrix A(ko, 0, €;P)
(where m = |P| < M) obtained by eliminating the rows
and columns of S that correspond to ports in Q. No-
tably, A is generically non-unitary and can, in principle,
be evaluated directly from measured scattering behavior.
This projection-induced non-unitarity provides a natu-
ral, gain-free route to realizing effective non-Hermitian
behavior at the level of the measured ports.

For this work we consider probing scattering between
a set of two external ports, P, whereby A (ko, 0, €;Ps) €
C?*2. For clarity, we henceforth drop the dependence on
ko and P,. To approach the design and programming
of anisotropic EPs we begin by considering the scalar
discriminant of the characteristic polynomial of A. Co-
alescence of the eigenvalues Ay of A is governed by the
discriminant

A(B,€) = (trA)> —4det A =[N, — A% (1)

To programmatically realize an EP5 in an unperturbed
network structure, we can adjust the control phases 6.
Specifically, we must set @ = 6* such that A(6*,0) =0
and A(0*,0) is defective (not diagonalizable) [11]. In
practice, determining a suitable 8* can be achieved using
a numerical search algorithm. Furthermore, since A =0
can be achieved without defectiveness, it is necessary to
additionally certify the EP numerically, which in the ex-
amples below we do by inspecting the condition number
of A and the eigenvector degeneracy as captured by the
phase rigidity [11]. Existence of a possible solution @*
in a general system is not guaranteed, however, for the
network structures we consider we have found multiple
exceptional arcs [43] in @-space for which the zero dis-
criminant condition is satisfied.

Realization of anisotropic response in different para-
metric directions requires additional considerations be-
yond just A = 0. To understand these extra design
constraints we consider the phase perturbation €. Near
a standard EP,5, a generic perturbation € = su pro-
duces the familiar square-root splitting |Ay — A_|
|s|'/2, where s € R is a scalar amplitude and 4 =
[u1,uz, ..., ur] € RE specifies the relative perturbation
strength for each network link. We also consider a sec-
ond perturbation € = t0, (t € R) along a target para-
metric direction © = [vy,vs,...,vg] € RF. This target
perturbation could represent, for example, a localized re-
fractive index change from particle binding, formation of
a fault in the network, or a known noise pattern. To
program a hybrid response in which the splitting scales
(say) linearly along @, while retaining the |s|'/? depen-
dence for generic perturbations (i.e., anisotropic in the
sense of Refs. [32, 44]), we first expand the discriminant
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FIG. 2. Anisotropic EP in a passive programmable network. (a) and (b) depict Re A+ and Im A+ for phase perturbations
of magnitude s along a generic (orange) or t design (purple) direction in parameter space. (c) Eigenvalue separation (solid)
and phase rigidity (dashed) for phase perturbations of magnitude s along a generic (orange) or ¢ design (purple) direction.

in the v direction about the operating point viz.

t2
A(0*,19) =~ tD,A(6%,0) + EDf,A(H*, 0)
t3

+ EDf’,A(H*,O) .. (2)
where D} A is the nth order directional derivative of A
along ©. Since |\ — A_| = |A|'/2 it follows that linear

eigenvalue splitting requires
A(6*,0) =0, D,A(6",0)=0 (3)

and D2A(6*,0) # 0 such that the 2 term is the leading
non-zero term in Eq. (2). Notably, we can add further
constraints if we wish to achieve a higher order fractional
power dependence, or to program the response along mul-
tiple directions in parameter space. For example, if we
wish to suppress the EP response more strongly along the
prescribed direction @, we can, in addition to Eq. (3), re-
quire

D;A(6%,0) =0, D3A(6%,0) #0 (4)

so that the leading non-zero variation of Eq. (2) is pushed
to third order such that the eigenvalue gap scales as t3/2.
Alternatively, if we wished to obtain linear behavior along
two directions © and w, the constraints of Eq. (3) could
be supplemented with D,,A(6*,0) = 0.

Assuming that all complex constraints are indepen-
dent, we are led to a simple topology independent
control-counting rule. For a generic EP5 in a measured
2 x 2 block, the base EP condition A = 0 first fixes a
real codimension-2 manifold in control space [11]. Sup-
pose now that, for all ¢ € N>y, we demand that the
eigenvalue splitting scales as |t|Q/ 2 for perturbations lying
in the subspace spanned by the d, independent vectors
vi vl .. ,vgq. We assume that all such perturbation
directions are ‘generic’, causing the eigenvalues to split
into two distinct branches. Achieving the correct scal-
ing for any particular vector v requires the vanishing of

the first ¢ — 1 directional derivatives of A along v, i.e.,
DyA = D2A = - = DDA = 0 (and DI A # 0),
which constitutes a total of 2(¢ — 1) real constraints. Re-
alization of a suitable anisotropic EP thus requires that
the number of control parameters N is such that

N > 2+§:2(q— 1)d,. (5)

q=2

Though necessary, this condition does not guarantee the
existence of an appropriate solution and different systems
must be explored on a case-by-case basis. An analogous
counting principle likely exists for larger measured sub-
spaces and higher order EPs, but would require separate
analysis of the relevant polynomial invariants and scaling
present in the associated Puiseux expansion governing
eigenvalue splitting.

Ezxample anisotropic EP designs—We now concretely
illustrate our design principles in the four-port graph
shown in Fig. 1, for which M = 4 and F = 8, through
a series of examples. The network dimension is taken
such that Lse7s = L1234/v2 = 100 um. We further
assume n = 1.5 and Ao = 600 nm. In our first exam-
ple, we demonstrate an anisotropic EP5 exhibiting a lin-
ear response to phase perturbations to link 1 (v; = dy;,
where §;; is the Kronecker delta) and a square-root de-
pendence otherwise, which we achieve through tuning the
control phases of four internal links (i.e., with reference
to Eq. (5) we have N = 4 and d, = da4). Specifically,
we numerically search the four-dimensional phase space
defined by (604,02, 03,05) (with all other control phases
in @ held at zero) for points satisfying the constraints
of Eq. (3), and verify defectiveness for candidate points
found as described above. Programmed links are indi-
cated in red in Fig. 1. The behavior of the real and imag-
inary parts of the eigenvalues of A, upon a perturbation
€ from the found solution * is shown in Figures 2(a)
and (b) respectively. Purple curves show the response
for phase perturbations along the design direction, i.e.,
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FIG. 3. Programmable hybrid response along two parametric directions. (a)—(d) Real and imaginary parts of the
Riemann surfaces of the projected eigenvalues At in the (e1,€2) and (€2, €3) planes. The eigenvalue gap opens almost linearly
in the (€1, €2) plane while the sheets remain connected through an exceptional point at the origin. (e) and (f) Phase-rigidity
min Over the same parametric planes, where the operating point 8* appears as a pronounced zero.

to link 1 only, whereas orange curves are for a generic
direction in parameter space (taken here for the sake of
calculation as perturbations to link 2, ie., u; = dg;).
The corresponding eigenvalue splitting (Figure 2(c), solid
lines) exhibits the expected linear and square root scal-
ing (dotted fits). Moreover, the phase rigidity (dashed
lines) shows the same scaling and critically tends to zero
as s and t — 0 confirming eigenvector coalescence and
defectiveness of A.

Beyond exhibiting the simple anisotropic EP, our
network structure, in principle, allows us to realize
anisotropic responses matching different design goals.
We can, as a further example, target a ‘higher order’
anisotropic response of an EPs for which phase changes
on two specific internal links (taken here as links 1 and 2
such that v; = 01; and w; = d25) exhibit linear eigenvalue
splitting. For our calculations a representative generic
perturbation is now taken to be along 4, where u; = ds;,
whereby € = €10 + esW + €3, albeit any direction with
a non-zero component orthogonal to v and w could be
used. As per Eq. (5) we require N = 6 control parame-
ters (dg = 2094), which in our case corresponds to inde-
pendent tuning of the control phase of the links labelled
1, 2, 3, 5, 6, and 7 in Figure 1. Figures 3(a) and 3(b)
show the real and imaginary parts of the eigenvalues of
A as we vary the phase perturbation strength in link 1
and 2. All other link phases are held constant at the
found anisotropic EP point 8*. As per the design con-
straints the eigenvalue gap opens approximately linearly

in the (€1, €2) plane. Notably, this Riemann topology rep-
resents a Dirac-type scattering EP [45, 46], for which the
imaginary parts of the eigenvalues exhibit a conical dis-
persion relation (Figure 3(b)) while the real parts trace
hyperbolic saddle surfaces which bisect along topological
branch cuts (Figure 3(a)). In contrast, Figures 3(c) and
3(d) show the Riemann surface topology for variations of
(€2, €3) from which the more familiar square-root bifurca-
tion behavior associated with a generic EP perturbation
along u is evident. To confirm that we are indeed probing
an EP of the projected scattering operator, we addition-
ally plot the phase rigidity in Figures 3(e) and 3(f) for
the corresponding parameter spaces. A clear zero at 6* is
observed, signalling eigenvector coalescence. Local scal-
ing of the phase rigidity is also seen to reflect that of the
eigenvalue gap, namely it varies linearly in the (e, €z)
plane (in contrast to the square-root dependence along

63).

As a third and final example, we consider design of a
Riemann sheet topology assuming a more physically mo-
tivated perturbation pattern relevant to a sensing con-
text. Specifically, we consider a uniform temperature
change as an undesirable environmental perturbation to
the network. Temperature changes would induce a uni-
form refractive-index shift An to each internal waveg-
uide. Neglecting thermal expansion, for a link of length
Ly this produces a phase perturbation €, ~ kg An Ly, im-
plying the associated parametric drift direction is propor-
tional to the vector of link lengths L = (Lq, Lo, ..., Lg).
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FIG. 4. Suppressed EP thermal response for sensing.
Eigenvalue splitting as a function of perturbation strength
along the parametric direction Dhermal (purple), correspond-
ing to a uniform temperature change across the photonic net-
work of Figure 1, and dsigna (orange), corresponding to a
sensing signal localized to link 3. Distinct scaling of the eigen-
value gap is evident for the different perturbations, as per the
programmed EP design.

We hence take the corresponding normalized direction,
Dthermal = L/||L||, as our design direction, for which we
wish to suppress the EP response. As a representative
sensing signal we choose a phase pattern corresponding to
a localized refractive index change on link 3 such that the
normalized parametric shift is @gigna = (0,0,1,0,...).
Letting € = 5 Ugignal + t Vshermal, in our design we ex-
plicitly seek an s'/2 scaling along sgna1 and a suppressed
3/2 scaling along Uinermal. Accordingly, we must im-
pose the constraints of both Eqgs. (3) and Eq. (4) along
Dthermal, Which from Eq. (5) requires a total of 6 inde-
pendently tunable internal links (d, = d34). In other
words, we require not only that A(6*,0) is an EP5, but
also that the leading variation of the discriminant for
uniform thermal perturbations is pushed to higher or-
der (¢ = 3), while the response along the signal direction
Usignal remains generic and therefore relatively strong (for
weak signals). We show the resulting eigenvalue split-
ting near the found control point 8* against s (orange)
and t (purple) in Figure 4. Fits to the data (using the
dual-log scale shown) with their corresponding gradients
are also plotted for reference. Along the design direc-
tion (purple) curves, we observe a large suppression in
the system response as expected. For very small per-
turbations, the eigenvalue splitting observed is within
the limits of our numerical precision. A residual weak
|t|'/2 scaling is also seen for perturbations in the 10~7 to
109 regime, which is again attributed to limited preci-
sion, in this case of our numerical search algorithm. This
|t|'/? behavior is however rapidly superseded by the de-
sired |t|3/ 2 scaling for larger perturbations. Conversely,
for the sensing signal, the usual |s|1/ 2 scaling for EPs is

evident at small perturbation strengths < 1075. Natu-
rally, the linear scaling emerges at larger perturbations,
where higher order terms in the Taylor expansion be-
come more dominant. Notably, given the higher order
suppression engineered along the noise direction, even in
this regime an anisotropy of the Riemann surfaces is nev-
ertheless maintained. From an application perspective,
this example shows how programming of anisotropic EPs
and the corresponding control-counting rules can trans-
late into a concrete sensing advantage, through suppres-
sion of a drift. In a programmable multi-port platform,
an effective drift vector Vipermal can be experimentally
calibrated by monitoring how observed scattering signals
respond to controlled changes in temperature. The tar-
get signal pattern Ugignal, meanwhile, is matched to the
sensing task, such as an induced refractive index change
upon analyte binding to a functionalized sensing surface.
Phase-only tuning can then be employed to program an
EP with suppressed response along Vinermal, while main-
taining EP-enhanced sensitivity along Ggignal.

Conclusion—In this work we have shown that non-
Hermitian degeneracies can be systematically pro-
grammed in a fully passive multi-port network by work-
ing in a subspace of all possible ports. Phase-only control
can, specifically, be used to reshape the topology of the
Riemann surfaces associated with the corresponding sub-
block of the system scattering matrix, allowing realiza-
tion of scattering EPs without requiring gain or loss en-
gineering. Through formulation of the design problem in
terms of the discriminant of the underlying characteristic
equation, and its directional derivatives, we have estab-
lished counting rules describing how the available num-
bers of system control parameters relate to achievable
Riemann topologies. Although we have here restricted
to 2 x 2 projected blocks, such that the discriminant
was a natural design metric, suitable scalar functions can
be found for larger numbers of output ports. For in-
stance, for three observed ports the scalar conditions for
repeated roots of the characteristic (cubic) polynomial
of A are well known (see e.g. [47]). We subsequently
numerically demonstrated the proposed design principle
in a four-port wave network through engineering (i) a
‘conventional’” anisotropic EP with linear eigenvalue split-
ting along a specified direction in parameter space, (ii)
higher order anisotropy in which linear scaling is achieved
along two directions, and finally, (iii) strong suppression
of system response (~ [t|>/2) along a physically moti-
vated noise direction. Leveraging such noise suppres-
sion could be employed to realize enhanced EP sensing.
Notably, since in our approach, non-Hermitian behav-
ior is achieved via projection-induced non-unitarity, the
design and EP engineering framework discussed can be
equally applied to microwave meshes, integrated pho-
tonic meshes, acoustic circuits, and projected metasur-
faces, providing a practical route to programming non-
Hermitian responses in distinct hardware platforms.
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