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We investigate anisotropy in Fourier-domain speckle correlations associated with the optical mem-
ory effect in disordered scattering media. Within a single scattering framework, we show that while
the conventional memory effect constrains transverse wavevector shifts, the correlation strength also
depends non-trivially on differences in the axial wavevector components. Our theory is supported
by numerical simulations of a three-dimensional, single scattering medium, which show excellent
agreement with theory. We extend the analysis to pseudo-correlations, demonstrating that anal-
ogous anisotropic behavior arises in the conjugate memory effect. Our results highlight the often
neglected role of axial disorder in scattered field correlations.

The optical memory effect describes a fundamental
correlation exhibited by speckle patterns produced by
waves propagating through complex scattering media un-
der small angular tilts of the incident field [1]. Since
its initial discovery, substantial effort has been devoted
to understanding its physical origin [2], as well as its
connections to other key aspects of wave propagation in
disordered media, including time-reversal symmetry [3],
polarization [4], and scattering eigenchannels [5]. The
memory effect is now a central tool in speckle correlation
imaging [6], and has found broader application in, for
example, optical fiber communications [7]. A wide range
of generalizations to the memory effect have also been
established, demonstrating that speckle correlations per-
sist under more general angular tilts [8], combinations of
shifts and tilts of the incident field [9], and other types
of transformations, such as frequency shifts [10], axial
displacements [11], and rotations [12].

A scattered field emerging from a complex medium is
typically expressed as a sum of many partial fields, each
associated with a distinct sequence of scattering events
within the medium. The statistical properties of the scat-
tered fields are obtained by averaging appropriate com-
binations of these partial fields over different physical re-
alizations of the underlying disorder. The memory effect
in particular arises as a constructive interference phe-
nomenon when averaging over the transverse spatial di-
mensions of the scattering medium [13]. Averaging over
the axial (longitudinal) disorder, on the other hand, is
typically ignored. In this work, we show that consider-
ation of the axial disorder yields a residual correlation
function in the Fourier domain that is non-uniform with
respect to the directions of the incident and scattered
wavevectors, even when the memory effect condition is
satisfied. We explain this phenomenon theoretically and
present results from numerical simulations validating our
theory.

We consider a three-dimensional slab centered at the
origin with spatial extents Lx, Ly, and Lz along the

∗ matthew.foreman@ntu.edu.sg

Cartesian axes. We define the x and y axes as transverse
directions, the z axis as the axial direction, and assume
that Lx, Ly ≫ Lz. The interior of the slab is populated
with N randomly distributed point scatterers. The slab
is illuminated by a monochromatic, unit-amplitude plane
wave Ei(r) = exp(iki · r), with incident wavevector ki.
Note that while we neglect polarization for simplicity, our
final results remain valid in a full vectorial treatment [14].
In an arbitrary measurement plane z = zm on either side
of the slab, the scattered field can be decomposed into
a spectrum of plane waves [15]. Assuming that Lz is
smaller than the medium’s scattering mean free path,
the plane wave component of the scattered field propa-
gating with wavevector kj has complex amplitude given
by [13]

Ẽji ∼
N∑

n=1

fn(kj ,ki) exp(irn · [ki − kj ]), (1)

where n enumerates the scatterers, rn is the location of
the n‘th scatterer, and fn is a form factor for the n‘th
scatterer.
The optical memory effect manifests in the field cor-

relation Cijuv = ⟨ẼjiẼ
∗
vu⟩, where u and v denote an ad-

ditional pair of incident and scattered plane wave direc-
tions, and the average is taken over the ensemble of re-
alizations of the scattering medium. For simplicity, we
consider the case of a monodisperse collection of identi-
cal scatterers whose positions are independent and identi-
cally distributed according to a common density function
p, which is non-zero only within the slab. Under these
assumptions, Cijuv reduces to

Cijuv ∼ ⟨exp(irp · [ki − kj − ku + kv])⟩, (2)

which can be identified as the characteristic function of
the spatial distribution of the scatterers, evaluated at
q = ki − kj − ku + kv [16]. We assume that the slab
is homogeneous in the transverse coordinates and that,
for r inside the slab, p(r) = (LxLy)

−1pz(z), where pz
is the marginal density function for the z coordinate of
a scatterer. Computing the average in Eq. (1) over the
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transverse coordinates in the limit Lx, Ly → ∞ yields
the delta function δ(q⊥), where q⊥ = q−q · ẑ [14]. This
delta function enforces the standard optical memory ef-
fect condition q⊥ = 0. Averaging over the z coordinates
of the scatterers yields the characteristic function of pz,
which attains a maximum at qz = 0 regardless of the
form of pz. Importantly, the memory effect condition
q⊥ = 0 does not imply qz = 0. Thus, while q⊥ = 0
is a necessary condition for Cijuv ̸= 0, the magnitude of
Cijuv is anisotropic over the set of allowed wavevector
combinations, with a maximum attained at qz = 0.
The set of wavevectors satisfying qz = 0 is non-trivial,

but can be visualized by considering a simple, hypo-
thetical experiment. Suppose that the slab is illumi-
nated in succession by two plane waves Ei and Eu whose
wavevectors ki and ku are related by a transverse tilt
∆k⊥ = ku⊥ − ki⊥. The scattered field in the direction
kj under illumination by Ei will be correlated with the
scattered field in the direction kv under illumination by
Eu provided that the scattered wavevectors are related
by the same transverse tilt, i.e., kv⊥−kj⊥ = ∆k⊥. Since

|kz| =
√

k − |k⊥|2, where k = 2π/λ and λ is the wave-
length, the additional constraint qz = 0 then requires

si
√
k2 − |ki⊥|2 − sj

√
k2 − |kj⊥|2

−su
√
k2 − |ki⊥ +∆k⊥|2

+ sv

√
k2 − |kj⊥ +∆k⊥|2 = 0,

(3)

where, for example, si = sgn(kiz), and the signs si, sj , su
and sv depend on the nature of the experiment. If, for
example, the incident plane waves both propagate in the
positive z direction and the scattered fields are measured
in reflection, then (si, sj , su, sv) = (1,−1, 1,−1). For
fixed ki⊥ and ∆k⊥, Eq. (3) can be viewed as a non-linear
equation for the transverse measurement direction kj⊥.
Solutions lie on a curve of maximally-correlated scatter-
ing directions in Fourier space. When kj does not satisfy
Eq. (3), the magnitude of Cijuv is reduced, but does not
necessarily vanish. The rate at which Cijuv decreases
away from qz = 0 is determined by the characteristic
function of pz. If, for example, pz(z) = L−1

z rect(z/Lz),
then Cijuv ∼ sinc(qzLz). In general, correlations remain
significant over a non-zero range of qz, whose width is
inversely related to the slab thickness.

To demonstrate the anisotropy of Cijuv, we simulate
scattering of plane waves by the slab of scatterers de-
scribed above. We set λ = 500 nm and define a slab
with size Lx = Ly = 1000λ and Lz = 10λ containing
N = 1000 scatterers with positions sampled uniformly
over the slab volume. For an incident plane wave Ei, we
compute the scattered field at an arbitrary point r away
from the slab by

Es(r) =

N∑
p=1

exp(ik|r− rp|)
k|r− rp|

Ei(rp). (4)

The form of the scattered field in Eq. (4) is gener-
ally appropriate for r in the far field of each scat-
terer [17] and implies a single scatterer scattering cross
section of σ = 4π/k2, and thus a mean free path l =
LxLyLz/(σN) ≫ Lz, placing the slab firmly in the sin-
gle scattering regime. We calculate the scattered field
in the planes z±m = ±(Lz/2 + δ), with δ > 0 (set to
5λ in our simulations) chosen to ensure that z = z±m is
in the far field of the medium, over a transverse win-
dow centered at the origin and of extent 1000λ in each
transverse direction. The angular spectrum representa-
tion of the scattered field is then found by taking the
Fourier transform of the scattered field over the trans-
verse window. The window size was chosen to capture a
large number of speckles, ensuring good resolution in the
Fourier domain. In addition, full angular coverage in the
Fourier domain is achieved by sampling the field over the
transverse window at the Nyquist rates ∆x = ∆y = λ/2.
Given our parameters, the resulting angular spectra are
arrays of size 2000× 2000 with kx and ky spanning from
−k to k.
Scattered angular spectrum arrays Ẽj and Ẽv are

first computed for incident plane waves Ei and Eu re-
spectively, with incident transverse wavevectors ki⊥ =
(−0.6,−0.4)Tk and ku⊥ = (−0.45,−0.15)Tk, corre-
sponding to ∆k⊥ = (0.15, 0.25)Tk. This particu-
lar wavevector shift corresponds to a pixel shift of
(∆r,∆c) = (250, 150) rows and columns in our arrays.
To facilitate computation of field correlations, we first

align the angular spectra by carefully cropping Ẽj and

Ẽv. Since ∆r,∆c > 0, we remove the top ∆r rows and

final ∆c columns of Ẽj , and the bottom ∆r rows and

first ∆c columns of Ẽv. The resulting arrays are both
of shape 1750 × 1850 and elements at the same array
location are those that are expected to be correlated ac-
cording to the memory effect condition. To quantify the
local correlation between the aligned fields, we define a
sliding window of size n× n, which extracts submatrices

Wj and Wv of Ẽj and Ẽv resepectively. For each window
position, we compute the normalized correlation

C =
tr(W †

j Wv)√
tr(W †

j Wj)tr(W
†
vWv)

, (5)

where tr denotes the matrix trace and † is the conju-
gate transpose operator. We found that n = 3 provides
a reasonable compromise between spatial localization of
the correlation peak and small-sample statistical fluctua-
tions. Computing C this way exploits spatial averaging,
allowing us to observe the desired anisotropy from a sin-
gle realization of the scattering medium.
Fig. 1(a) shows |C| computed for incident plane waves

propagating in the positive z direction, i.e. kiz, kuz > 0,

and Ẽj and Ẽv measured in the plane z = z+m, i.e. in
transmission. The incident transverse wavevectors ki⊥
and ku⊥ are depicted by black circles and ∆k⊥ by a
white arrow. A bright band where |C| ≈ 1 can be seen
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FIG. 1. |C| calculated as a function of kj as described in the text. Black circles highlight key wavevectors and black lines show
theoretical predictions for the curve qz = 0. Correlations are calculated between scattered fields (a) in the same plane z = z+m
in transmission and (b) between fields evaluated in the planes z = z±m, corresponding to two transmitted fields propagating in
opposite directions.

to extend across Fourier space, passing through ki⊥ in
a direction approximately orthogonal to ∆k⊥. The solid
black line is the curve qz = 0, calculated numerically
from Eq. (3) with the choice of signs (si, sj , su, sv) =
(1, 1, 1, 1), and can be seen to agree well with the simu-
lated data.

We note that the curve qz = 0 depends on where the
scattered field is calculated. If, for example, the scattered
fields were instead calculated in the plane z = z−m, i.e., in
reflection, the appropriate set of signs in Eq. (3) would be
(si, sj , su, sv) = (1,−1, 1,−1). As shown by the dashed
black line in Fig. 1(a), the corresponding curve for qz = 0
exhibits opposite curvature to the transmission case.

It is not required that the correlation function be eval-
uated with two scattered fields in the same plane. In
Fig. (1)(b), we show |C| computed with the same ki⊥
and ku⊥ as used for Fig. 1(a), but instead with kiz > 0,

kuz < 0, and Ẽj and Ẽv measured in the planes z = z+m
and z = z−m respectively. In this case, Ẽj and Ẽv

correspond to fields transmitted through the scattering
medium in opposite directions. As before, we see a bright
band for which |C| ≈ 1 passing through ki⊥. In this case,
however, the band forms a closed curve. Good agreement
is found with the solid black curve computed with Eq. (3)
with (si, sj , su, sv) = (1, 1,−1,−1).

When correlating fields that transmit through the slab
in opposite directions, we find that −ku⊥ always lies on
the curve qz = 0. To see why this is the case, note
that if kj⊥ = −ku⊥, then kv⊥ = kj⊥ + ∆k⊥ = −ki⊥.
|C| thus represents the degree of correlation between the
scattering amplitudes associated with scattering between

the wavevector pairs ki⊥ → kj⊥ = −ku⊥ and ku⊥ →
kv⊥ = −ki⊥. These scattering amplitudes are precisely
those that are linked by reciprocity, and thus possess a
deterministic relation, regardless of the exact form of the
scattering medium [18]. The point kj⊥ = −ku⊥ is in
fact a manifestation of the time-reversed memory effect
[3]. Interestingly, the time-reversed peak sits opposite the
auto-correlation peak at kj⊥ = ki⊥ on the curve qz = 0.

Finally, we demonstrate that the theory applies equally

well to the pseudo-correlation CP
ijuv = ⟨ẼjiẼvu⟩, which

differs from Cijuv by the absence of a complex con-

jugation on Ẽvu. While CP
ijuv does not exhibit the

traditional memory effect, it does exhibit the so-called
conjugate memory effect and is non-zero when qP

⊥ =
ki⊥ − kj⊥ + ku⊥ − kv⊥ = 0 [19]. This can be de-
rived following the same argument as for the conven-
tional memory effect given above. The only key dif-
ference is that the lack of a complex conjugation gives
rise to a different set of signs in Eq. (2). To better
understand this effect, note that qP

⊥ = 0 implies that
(ki⊥ + ku⊥)/2 = (kj⊥ + kv⊥)/2. Thus, given a pair
of incident wavevectors ki⊥ and ku⊥ with mean value
k̄⊥ = (ki⊥+ku⊥)/2, pseudo-correlations exist when kj⊥
and kv⊥ are positioned symmetrically about k̄⊥. In other

words, rather than thinking of Ẽv as a tilted version of

Ẽj , with regard to peudo-correlations, Ẽv can be thought

of as an inversion of Ẽj through the point k̄⊥. CP
ijuv is

also anisotropic, with correlations maximized along the
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FIG. 2. |CP | calculated as a function of kj as described in the
text. Black circles highlight key wavevectors and the black
line shows the theoretical prediction for the curve qPz = 0.
Correlations are calculated between scattered fields in the
same plane z = z+m in transmission.

curve qPz = 0, which can be expressed in terms of kj⊥ as

si
√
k2 − |ki⊥|2 − sj

√
k2 − |kj⊥|2

+su

√
k2 − |2k̄⊥ − ki⊥|2

− sv

√
k2 − |2k̄⊥ − kj⊥|2 = 0.

(6)

Setting ki⊥ = (−0.25,−0.7)Tk and ku⊥ =
(−0.15, 0.3)Tk, corresponding to k̄⊥ = (−0.2,−0.2)Tk,
we compute CP using Eq. (4), but replacing the conju-
gate transpose with a matrix transpose. In order to align

Ẽj and Ẽv, we map each element in Ẽv to the location

related by an inversion through the array position cor-
responding to k̄⊥. The values of array elements whose
inverted positions would lie outside of the array are set
to 0.
Fig. 2 shows |CP | in the case kiz, kuz > 0 and Ẽj and

Ẽv calculated in the plane z = z+m, i.e. in transmission.
The solid line, computed now from Eq. (6) with signs
(si, sj , su, sv) = (1, 1, 1, 1), agrees well with the simulated
data. We note that while this choice of signs is identical
to that used in Fig. 1(a), there are additional sign changes
inherent to Eq. (6) compared to Eq. (3) that result in the
curve’s being closed, rather than open as before. We also
note that ku⊥ now lies on the curve, which highlights a
symmetry between the scattering amplitudes associated
with scattering between the wavevector pairs ki⊥ → ku⊥
and ku⊥ → ki⊥. This is not a consequence of reciprocity,
but is instead a symmetry unique to single scattering [17].
To conclude, we have shown that memory effect corre-

lations are anisotropic in the Fourier domain. In partic-
ular, correlations are maximized when the axial compo-
nents of the relevant set of wavevectors satisfy a similar
equation to that normally satisfied by the transverse com-
ponents. This phenomenon can be explained straightfor-
wardly in the single scattering regime where the memory
effect is most prominent. Numerical simulations support
our results and show strong agreement with theoretical
predictions. Overall, this work provides a deeper under-
standing of speckle correlations in random scattering me-
dia and reveals that speckle patterns encode additional
information about the underlying scatterer distribution
than has previously been reported.

ACKNOWLEDGMENTS

N.B. and M.R.F. were supported by the Nanyang Tech-
nological University Grant SUG:022824-00001. M.R.F.
acknowledges additional funding from the Institute for
Digital Molecular Analytics and Science (IDMxS) under
the Singapore Ministry of Education Research Centres of
Excellence scheme (EDUN C-33-18-279-V12).

[1] S. Feng, C. Kane, P. A. Lee, and A. D. Stone, Cor-
relations and fluctuations of coherent wave transmis-
sion through disordered media, Phys. Rev. Lett. 61, 834
(1988).

[2] H. Liu, Z. Liu, M. Chen, S. Han, and L. V. Wang, Phys-
ical picture of the optical memory effect, Photon. Res. 7,
1323 (2019).

[3] R. Berkovits and M. Kaveh, Time-reversed memory ef-
fects, Phys. Rev. B 41, 2635 (1990).

[4] R. Berkovits and M. Kaveh, The vector memory effect
for waves, EPL 13, 97 (1990).

[5] H. Yılmaz, C. W. Hsu, A. Goetschy, S. Bittner, S. Rot-
ter, A. Yamilov, and H. Cao, Angular memory effect of
transmission eigenchannels, Phys. Rev. Lett. 123, 203901

(2019).
[6] O. Katz, P. Heidmann, M. Fink, and S. Gigan, Non-

invasive single-shot imaging through scattering layers
and around corners via speckle correlations, Nat. Pho-
ton. 8, 784–790 (2014).

[7] U. Gokay, R. J. Kilpatrick, S. A. R. Hors-
ley, D. B. Phillips, and J. Bertolotti, Explain-
ing and exploiting the radial memory effect in
multimode optical fibers, APL Photonics 11,
026107 (2026), https://pubs.aip.org/aip/app/article-
pdf/doi/10.1063/5.0303181/20906752/026107 1 5.0303181.pdf.
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