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Resonances of open non-Hermitian systems are associated with the poles of the system scattering
matrix. Perturbations of the system cause these poles to shift in the complex frequency plane. In this
work, we introduce a novel method for calculating shifts in scattering matrix poles using generalized
Wigner-Smith operators. We link our method to traditional cavity perturbation theory and validate
its effectiveness through application to complex photonic networks. Our findings underscore the
versatility of generalized Wigner-Smith operators for analyzing a broad spectrum of resonant systems
and provides new insight into resonant properties of non-Hermitian systems.

Introduction.—Resonance is a fundamental and ubiq-
uitous physical phenomenon that plays a key role in fields
as diverse as quantum mechanics [1], structural engineer-
ing [2], electromagnetics [3], and fluid dynamics [4]. In
closed systems, resonances are associated with normal
modes, which correspond to the orthogonal eigenvectors
of the system’s Hermitian Hamiltonian. The associated
real eigenvalues define the spectrum of permissible oscil-
lation frequencies or energy levels [5]. Solutions of eigen-
value problems, however, are not in general analytically
possible. Approximate methods, in which the system of
interest is modelled by perturbing a solvable reference
problem, are therefore frequently employed. Rayleigh-
Schrödinger perturbation theory, in which the perturbed
solution is written as a series expansion over all unper-
turbed eigenstates, is perhaps the most famous approach
[6], however a multitude of alternate theories have been
developed. Brillouin-Wigner perturbation theory, for
example, can provide better convergence properties for
larger perturbations if the spectrum comprises of mostly
bound states [7]. Alternatively, many-body perturbation
theory focuses on large numbers of particles, whereby
particle interactions are considered as a perturbation to
a non-interacting system [8].

Although closed systems are useful theoretical ideals,
in reality a system interacts with its external environ-
ment. The coupling of normal modes to external degrees
of freedom introduces potential loss channels, which can
alter the nature and energy of resonant modes. So-called
open, or scattering, systems can no longer be described
by a Hermitian Hamiltonian and a coupling operator
must be introduced to form an effective non-Hermitian
Hamiltonian [9]. Alternatively, one can use the closely
related scattering matrix, S, which derives from the re-
solvent of the effective Hamiltonian [10]. The resonant
states of the system, now termed quasi -normal modes,
are then identified from the poles of the scattering matrix
when analytically continued into the complex frequency
plane [5, 11]. Loss to the environment pushes the reso-
nant frequencies off the real axis, resulting in complex-

valued eigenfrequencies ωp, where Re(ωp) and−Im(ωp)/2
are the resonant frequency and linewidth respectively.

Open systems are known to possess a number of in-
teresting resonant phenomena and scattering anomalies,
such as coherent perfect absorption [12], exceptional
points [13], and bound states in the continuum [14].
Moreover, resonances in open systems are susceptible to
environmental variations, such as changes in tempera-
ture, external electromagnetic fields or material compo-
sition, a concept underpinning many sensing technologies
[15–17]. Perturbed non-Hermitian scattering systems can
exhibit additional unique behavior, such as anomalous
resonance shifts [18, 19] and nonlinear sensitivity at ex-
ceptional point resonances [20]. Evaluation of resonant
modes and their properties therefore remains an impor-
tant task in, for example, evaluating state lifetimes, laser
dynamics and sensor sensitivity. Traditional perturba-
tion theories, however, are not directly applicable to open
systems due to mathematical complexities introduced by
quasi-normal modes, which lack orthogonality and grow
exponentially away from system [21]. Resonances with
high quality factors only couple weakly to the environ-
ment, such that these effects are minor. In the electro-
magnetic domain, it has been shown that in such cases
resonance shifts can be calculated in terms of changes in
the stored electromagnetic energy [22, 23]. The validity
of such expressions however is limited, and, in the pres-
ence of significant losses, more careful consideration of
the normalization of quasi-normal modes [24] or alterna-
tive mode expansions [25] become necessary. In this pa-
per, we present a novel formulation for determining reso-
nance shifts due to arbitrary system perturbations based
on generalized Wigner-Smith operators. In the case of
high quality factor resonances, we show that these oper-
ators are related to a system’s stored and dissipated en-
ergy, in full agreement with results from traditional per-
turbation theory. Our theory is tested against numerical
simulations of resonant scattering in random photonic
networks. In an accompanying paper [26], we apply our
theory to low quality factor resonances and present fur-
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ther numerical examples.
Perturbation theory.—An important tool commonly

employed in the analysis of scattering systems is the
Wigner-Smith time delay matrix

Qω = −iS−1∂ωS, (1)

where ∂ω denotes the partial derivative with respect to
frequency ω [27, 28]. Qω has several interesting prop-
erties relevant to resonant scattering. For unitary sys-
tems at real ω, Qω is Hermitian and its eigenvalues are
associated with well-defined time delays experienced by
narrow-band, transient system excitations. Evaluated at
scattering matrix poles, these time delays coincide with
the lifetimes of the associated resonances, demonstrating
a link between Qω and a system’s quasi-normal modes
[29]. In electromagnetic theory, it has also been shown
that diagonal elements of Qω can be expressed as energy-
like integrals over the extent of the system [30], highlight-
ing the connection to mode volume. By itself, however,
Qω lacks the specificity required to efficiently capture
localized or parametric system perturbations. For this
reason, we also consider the so-called generalized Wigner-
Smith operator Qα, defined by Eq. (1) with the replace-
ment ω → α, where α is an arbitrary variable. Operators
of this kind have recently attracted significant attention
in the optical domain as a tool for engineering light in
complex scattering environments [31–33]. Importantly,
by virtue of its generalized nature, Qα allows for more
targeted descriptions of specific features or components
of a system. For example, if α represents the refractive
index of an isolated scatterer, Qα can be expressed in
terms of the integrated optical intensity within the scat-
terer volume [32].

The generalized Wigner-Smith operator contains suffi-
cient information to predict resonance shifts induced by
arbitrary system perturbations. To show this, we con-
sider a generic scattering system described by a scatter-
ing matrix S, whose poles are assumed to be of order
one. Let α denote some system parameter, such as the
temperature, shape or size of some component of the sys-
tem. If ωp denotes a complex resonant frequency and the
system is perturbed so that α changes value to α′, the
resonant frequency will shift to ω′

p. To determine the
change in the resonant frequency ∆ωp = ω′

p − ωp that is
induced by the perturbation ∆α = α′ − α, consider the
function f(ω, α) = det[S−1(ω, α)], whose zeros coincide

with the poles of S. Assuming the perturbation is small,
a first order, multivariate Taylor expansion of f gives

f ′ = f + (ω′ − ω)∂ωf + (α′ − α)∂αf, (2)

where f = f(ω, α) and f ′ = f(ω′, α′). Ideally, we would
evaluate Eq. (2) at ω = ωp, ω

′ = ω′
p and solve for ∆ωp.

Some care is required, however, in recasting the result
back in terms of S, whose elements diverge at ωp. This
problem can be mitigated by calculating the residue of
each term on the right hand side of Eq. (2) at ω = ωp,
which ultimately yields (see Supplemental Material for
more details [34])

∆ωp = i∆α Res
ω=ωp

tr(Qα) = −∆α
Resω=ωp tr(Qα)

Resω=ωp tr(Qω)
, (3)

where tr denotes the trace operator and Resω=ωp de-
notes the residue at the pole ωp. As can be seen from
Eq. (3), for a given perturbation ∆α, the pole shift ∆ωp

is completely determined by Resω=ωp
tr(Qα), which, we

emphasize, should be evaluated for the unperturbed net-
work. We also observe that the form of Eq. (3) implies
the ratio of the residues of the Wigner-Smith operators
effectively behaves as a condition number for ωp when
thought of as a function of α [35] . Eq. (3) is our key
result, which, importantly, was derived on purely math-
ematical grounds, and is therefore applicable to a broad
range of physical scenarios.
To gain physical insight into Eq. (3), we consider now

a class of optical systems composed of arbitrary, finite
interior regions coupled to the environment by a finite
number of dielectric waveguides. Examples of such sys-
tems include fiber Bragg resonators [36], complex net-
works [37] and ring resonators [38]. Note that Eq. (3)
can be written in the limit form

∆ωp = lim
ω→ωp

(
−∆α

tr(Qα)

tr(Qω)

)
, (4)

and so the pole shift is given approximately by the ex-
pression within the limit evaluated at ω close to ωp. We
assume for simplicity that the system permittivity ϵ is
real and isotropic and that the permeability µ0 is that
of free space. Assuming also that the resonances un-
der consideration have high quality factors, such that
Im(ω) ≪ Re(ω), it is possible to show that [34]

Qξ =

(
I+ 2Im(ω)

∫
Ω

(ϵUe + µ0U
m) dV

)−1(
−
∫
Ω

[∂ξ(ωϵ)U
e + ∂ξωµ0U

m + 2iIm(ω)(ϵVe
ξ + µ0V

m
ξ )] dV

)
, (5)

where ξ represents either ω or α and Ω denotes the vol- ume occupied by the system with a boundary ∂Ω per-
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forated only by the coupling waveguides. In Eq. (5),
I is the identity matrix and Ue,Um,Ve

ξ, and Vm
ξ are

matrices whose (q, p)–th elements are given by Ue
qp =

1
4Ep · E∗

q , Um
qp = 1

4Hp · H∗
q , V e

ξ,qp = 1
4∂ξEp · E∗

q , and

V m
ξ,qp = 1

4∂ξHp ·H∗
q respectively, where the fields Ep and

Hp (Eq and Hq) are those that exist throughout Ω when
the system is illuminated by the p–th (q–th) incident
field. Here, p and q should be understood as enumerating
all modes in all waveguides that connect the system to
the environment.

As discussed in the Supplemental Material [34], the
form of Qξ in Eq. (5) is linked to the factorization Qξ =
A−1Bξ, where A = S†S and Bξ = −iS†∂ξS. We shall
analyze these factors separately. First, to further simplify
matters, we consider the case where the system has a
single coupling waveguide supporting a single mode, so
that the scattering matrix reduces to an effective scalar
reflection coefficient reff . Correspondingly, the Wigner-
Smith operator Qξ reduces to the scalar quantity Qξ =
A−1Bξ, where A = |reff |2 and Bξ = −ir∗eff∂ξreff . To
evaluate these expressions at the complex frequency ω,
we employ a useful transformation to recast the problem
into one at a real frequency, but with modified material
parameters. Introducing ϵ̃ = ϵ[1 + iIm(ω)/Re(ω)] and
µ̃ = µ0[1 + iIm(ω)/Re(ω)], we can show that [34]

A− 1 =
Re(ω)

2

∫
Ω

[Im(ϵ̃)|E|2 + Im(µ̃)|H|2] dV, (6)

where the fields should now be understood to be oscillat-
ing at the real frequency Re(ω). Note that the non-zero
imaginary parts of ϵ̃ and µ̃ introduce virtual gain or loss
to the system, which is an artifact of the fact that ω is
actually complex. Eq. (6) is an energy balance relation
for the system, since the integral on the right hand side
describes the energy dissipated (gained) within the sys-
tem by the virtual loss (gain) [39]. Bω meanwhile is a
complex quantity whose real part is given by [34]

Re(Bω) = −1

4

∫
Ω

[
∂Re(ω)(Re(ω)ϵ)|E|2 + µ0|H|2

− 2Re(ω)(Im(ϵ̃)Im(∂Re(ω)E ·E∗)

+ Im(µ̃)Im(∂Re(ω)H ·H∗))
]
dV, (7)

which, up to constant factors, is equal to the system’s
stored electromagnetic energy [39]. Frequency deriva-
tives in Eq. (7) are necessary to properly account
for the effects of material dispersion. On the other
hand, Im(Bω) = −∂Re(ω)A/2 describes energy dissipa-
tion within the system. Similar expressions have been
used to account for material losses in resonant systems
[40, 41].

Consider now Bα and suppose that the system pertur-
bation has the effect of modifying the permittivity in a
localized region Ωα ⊂ Ω. This might be caused by, for
example, a local pressure change or a particle binding

to the system. If the system’s internal field distribu-
tions are only weakly affected by the perturbation, then
V e
α = V m

α ≈ 0 and we have

Bα ≈ ω

4

∫
Ω

∂αϵ|E|2dV. (8)

Recalling the form of the right hand side of Eq. (4), note
that the numerator will contain the factor ∆αBα, which,
in light of Eq. (8), will involve the product ∆α∂αϵ. By
assumption, outside of Ωα, ∂αϵ = 0, while within Ωα we
have ∆α∂αϵ = ∆ϵ, where ∆ϵ is the change in ϵ caused
by the perturbation. Eq. (4) therefore reduces to

∆ωp

ωp
= − 1

Bω

∫
Ωα

∆ϵ|E|2dV. (9)

Since we have assumed high quality factor resonances,
the previously discussed virtual gain or dissipation will
be weak, such that Bω ≈ Re(Bω) and Eq. (9) is thus
in full agreement with standard cavity perturbation the-
ory [24]. It is important to stress that Eq. (9) is only
strictly valid for infinite quality factor resonances, but is
a reasonable approximation when loss is weak. In con-
trast, Eq. (3) holds more generally, since no restrictive
assumptions were made in its derivation. For further
analysis of the case of low quality factor resonances, we
refer the interested reader to Ref. [26].
Numerical examples.—We now turn to demonstrating

the validity of our results with numerical simulations.
As an example system, we consider photonic networks
consisting of randomly connected, single-mode dielectric
waveguides, which have recently been investigated as a
platform for random lasing [37] and in integrated pho-
tonic circuits [42]. Such systems are relatively simple to
model and have non-trivial spectra. An example net-
work, shown in Figure 1, was generated by Delaunay
triangulation of a random collection of coplanar points
(the purple, or ‘internal’ nodes). An additional layer of
‘external’ nodes (green) connect to some of the internal
nodes at the outer edges of the network and serve as entry
points to the network, allowing one to define the network
scattering matrix S. Given knowledge of the scattering
properties of the network’s nodes and links, S and its
derivatives can be calculated and thus Qξ evaluated di-
rectly [43]. In the supplemental material [34], we also
demonstrate how Qξ can be calculated numerically from
Eq. (5).
With our network, we searched for scattering ma-

trix poles with optical frequencies Re(ω) in the vicin-
ity of 3425THz, corresponding to a vacuum wavelength
of about 550 nm. The links were assumed to be made
of BK7 glass with refractive index n calculated using a
standard Sellmeier equation [44]. Dispersion was weak in
our example and n ≈ 1.5185 was approximately constant
over the range of frequencies considered. Propagation
of light through each link was described by exponential



4

FIG. 1. An example random network. Purple nodes and
links are ‘internal’, while green ‘external’ elements allow light
to enter and exit the network. Red link (Ωα) and highlighted
links (2 and 3) correspond to those perturbed in numerical
experiments described in the main text.

factors of the form e±iωnL/c, where L is the link length.
Our network was micro-scale in size with an average link
length of 60µm. For simplicity, each internal node was
given a randomly generated, frequency-independent scat-
tering matrix drawn from the circular orthogonal ensem-
ble to enforce energy conservation and reciprocity [45].
Although not fully realistic, our model was sufficient to
produce a complex scattering system with which our the-
ory could be tested. To perturb the network, we isolated
a segment of a randomly chosen link (the red, ‘perturbed’
segment or Ωα in Figure 1) and varied its refractive index
relative to the rest of the link. Specifically, the refractive
index of the segment ns was given by ns = n+∆n, where
∆n was incrementally increased from 10−5 to 10−2. Note
that the final value ∆n = 10−2 corresponded to a total
phase shift in the segment ϕ = ω∆nL/c equal to several
multiples of 2π. We further introduced two virtual nodes
where the perturbed segment met the rest of the link,
which were given standard Fresnel scattering matrices
based on the refractive index mismatch.

Figure 2 depicts the variation of log[det(S)] in the com-
plex ω plane for the unperturbed network, i.e., ∆n = 0.
Bright regions, marked with white dots and crosses, cor-
respond to the poles of the unperturbed network scatter-
ing matrix. Figures 2(a)-(d) show detailed plots of the
smaller regions bounded by the white dashed boxes in the
main panel. The positions of a subset of the poles, specif-
ically those marked with white crosses, were tracked as
∆n was increased. The trajectories followed are shown
by the solid red and white lines emanating from the ini-
tial pole positions (crosses). White lines were traced
by numerically solving det(S−1) = 0 for each value of
∆n, using the previous pole position as an initial guess.
The red lines, on the other hand, were traced using Eq.

FIG. 2. (Main panel) Complex ω plane showing the trajecto-
ries of the network scattering matrix poles upon perturbation
of Ωα. Curves (solid for ∆n > 0 and dashed ∆n < 0) were
traced (white) by numerically solving det(S−1) = 0 and (red)
from Eq. (3). White crosses (dots) denote the (un)tracked
poles. Numbered poles are those described in the numeri-
cal pumping experiment. White dashed boxes depict regions
shown in (a)–(d).

(3) with α = ∆n to determine the pole shifts at each
step (see Supplemental Material [34] for details of the
calculation of Qα). As can be seen, the Wigner-Smith
theory agrees excellently with the direct numerical so-
lutions. Some discrepancies, however, between the two
methods can be seen, e.g., near the top of the main panel.
In this region, it was found that the computed values
for Resω=ωp

tr(Qα) were relatively large, implying that
the pole shifts were more sensitive to the perturbation.
Achieving greater accuracy would thus require small a
perturbation step size to maintain validity of Eq. (2).
Dashed red and white lines emanating from the crosses
on the right hand side of the figure show the pole trajec-
tories when ∆n instead took negative values, and show
further agreement between the two methods.

Figure 2 shows several interesting features. First, note
that the half space Im(ω) > 0 contains dark regions
for which det(S) = 0. These zeros can be pushed to
the real axis by introducing loss to the system, whereby
they correspond to coherent perfect absorption modes
[46]. Note also that the poles in our data exhibit two
distinct types of trajectories: some follow long, meander-
ing paths, while others revolve around localized, closed
loops. Figures 2(a)-(b) in particular demonstrate the lat-
ter type. It is important to realize that S is periodic in
∆n since for specific values of ∆n the additional propa-
gation phase acquired in Ωα will be an exact multiple of
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FIG. 3. (left) Imaginary parts of selected poles as different
network links are pumped (see Figure 1). Colors and line
styles distinguish different modes and pumping methods re-
spectively. Spatial intensity profiles of modes 2 (top right)
and 3 (bottom right).

2π. At these values S will be identical to that of the un-
perturbed network, such that poles following loop trajec-
tories must return to their original positions, while poles
following open trajectories must pass through the posi-
tions of other poles of the unperturbed network (white
dots in Figure 2).

As a further simple application of our theory, we next
considered adding gain to (or ‘pumping’) our network
which can lead to random lasing. Mathematically, gain
can be introduced to the i’th link by varying its refractive
index ni according to ni = Re(ni)− iγi, where Re(ni) is
calculated as before and γi > 0 is a variable gain coeffi-
cient taken, for simplicity, to be frequency independent
over the pumping bandwidth. Adding gain tends to cause
poles to drift towards the real axis and the pole that first
reaches the axis dictates the dominant lasing frequency
[47]. Single mode lasing at arbitrary resonant frequencies
is achievable by shaping the pump profile in accordance
with the spatial profile of the resonant mode [48, 49].
Similar selective lasing can be realized using our theory
by considering the collection of generalized Wigner-Smith
operators associated with the gain coefficients. Specifi-
cally, for any pole ωp and for all i indexing the links, we
can calculate Resω=ωp

tr(Qγi
), where Qγi

is the operator
associated with adding gain γi to only the i’th link. In
light of Eq. (3), these values predict how the pole will
shift when different links are pumped in isolation, thus
revealing which link should be pumped to optimally shift
ωp towards the real axis.

Figure 3 shows the results of the described numerical

pumping experiment. The imaginary parts of three arbi-
trarily selected poles (distinguished by color and corre-
sponding to the numbered poles in Figure 2) were tracked
in response to three alternate pumping methods (distin-
guished by line style). Solid lines track the poles when all
links were pumped uniformly, in which case the narrowest
resonance, mode 1 (at 3424.47 THz), reaches the lasing
threshold first. Alternatively, the dashed and dot-dashed
lines track the poles when the links highlighted (and de-
noted 2 and 3 respectively) in Figure 1, were pumped in
isolation. In particular, links 2 and 3 correspond to those
predicted to optimally shift modes 2 (at 3424.8 THz) and
3 (at 3426.25 THz) respectively towards the real axis.
This predicted behaviour is evident in Figure 3, with
pumping of link 2 bringing mode 2 to lasing threshold
first (and similarly for mode/link 3). We also calculated
the spatial intensity profiles of modes 2 and 3 across the
network, which are shown on the right hand side of Fig-
ure 3. Notably, the intensity of mode 2 (3) is strongly
peaked across link 2 (3), confirming the wisdom that the
optimal pump profile should conform to the mode’s spa-
tial distribution. Interestingly, however, the use of the
generalized Wigner-Smith operator eliminated the need
to explicitly calculate the mode distribution in determin-
ing the pump profile. Finally, we note in passing that a
similar strategy of selectively introducing loss to specific
links could be used to achieve selective coherent perfect
absorption of desired modes.

Conclusion.—To conclude, in this work we have pre-
sented a novel method for calculating resonance shifts in
perturbed open systems using generalized Wigner-Smith
operators associated with the perturbation parameters.
These operators have found increasing use in the con-
trol and manipulation of optical fields in recent years.
Our work reveals the connection of generalized Wigner-
Smith operators to resonant properties in non-Hermitian
systems and further highlights their utility. Our pertur-
bation theory is based on generic complex analytic argu-
ments and is therefore applicable to a wide range of sce-
narios. At the same time, we have demonstrated that our
results reduce to more traditional perturbation formulas
for high quality resonances. We have verified our theory
numerically by tracking pole shifts caused by refractive
index perturbations in a complex photonic network, and
in a spatially selective pumping experiment. Our work
provides a novel way to analyze scattering resonances,
which may be of use in cavity or nanostructure design
[50] and future sensing technologies.
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DERIVATION OF THE POLE SHIFT EQUATION

As discussed in the main text, it is helpful to consider the function

f(ω, α) = det[S−1(ω, α)], (S1)

where S is the scattering matrix, ω is the complex frequency, and α is a system parameter. Importantly, if ωp is a pole
of S, then f(ωp, α) = 0. We assume that all poles and zeros are of order one. Suppose that the system is perturbed so
that α changes value to α′ = α+∆α and let C be an arbitrary contour in the complex frequency plane that encircles
ωp and no other poles or zeros of S. If ω ∈ C, expanding f about (ω, α) we have

f(ω′
p, α

′) = f(ω, α) + (ω′
p − ω)∂ωf(ω, α) + ∆α∂αf(ω, α) + · · · , (S2)

where ω′
p is the shifted pole for the perturbed system. The higher order terms in Eq. (S2) will contain factors of the

form (ω′
p−ω)n1∆αn2 , where n1+n2 ≥ 2. We shall neglect these terms on the grounds that the perturbation ∆α and

the corresponding pole shift ∆ωp are assumed to be small. By taking C to be sufficiently close to ωp, we can assume
that ω ≈ ωp and thus ω′

p − ω ≈ ω′
p − ωp = ∆ωp. Therefore, (ω′

p − ω)n1∆αn2 ≈ ∆ωn1
p ∆αn2 and since all terms for

which n1 + n2 ≥ 2 are the products of multiple small quantities, we neglect them.
Since ω′

p is a resonant frequency of the perturbed system, f(ω′
p, α

′) = 0. Also, since f is non-zero on C, we can
divide each term in Eq. (S2) by f(ω, α) to give (dropping functional dependencies on ω and α in our notation for
clarity)

0 = 1 + (ω′
p − ω)

∂ωf

f
+∆α

∂αf

f
. (S3)

Letting ξ stand in place of ω and α and using standard results from matrix calculus, the logarithmic derivative of f
is given by [1]

∂ξf

f
= tr(S∂ξS

−1) = −tr(S−1∂ξS). (S4)

The final equality in Eq. (S4) follows from the fact that

∂ξS
−1 = −S−1(∂ξS)S

−1 (S5)

and the cyclic invariance of the trace operator.
Ideally, we would evaluate Eq. (S3) at ω = ωp and solve the resulting equation for ∆ωp. Since f has a zero at

ωp, however, the function ∂ξf/f has a pole at ωp. To avoid problems associated with divergences, we proceed by
calculating the residue of each term in Eq. (S3) at ωp. This can be done by dividing each term by 2πi and integrating
over the contour C. Clearly the unity term has zero residue. For the term containing ∂αf/f , it follows from Eq. (S4)
and the definition of the Wigner-Smith operator that

∆α

2πi

∮
C

∂αf

f
dω = −i∆α

1

2πi

∮
C

tr(−iS−1∂αS)dω = −i∆α Res
ω=ωp

tr(Qα). (S6)

The residue of the term containing ∂ωf/f can be evaluated using the argument principle [2]. Since, by construction,
f only has a single zero (at ωp) and no poles within C, it follows that

Res
ω=ωp

∂ωf

f
= 1. (S7)

https://orcid.org/0000-0002-1554-3820
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Next, we make use of the fact that if the functions g and h are such that g is holomorphic at ωp and h has a simple
pole at ωp, then

Res
ω=ωp

gh = g(ωp) Res
ω=ωp

h. (S8)

Setting g(ω) = ω′
p − ω and h = ∂ωf/f , we obtain

1

2πi

∮
C

(ω′
p − ω)

∂ωf

f
dω = ω′

p − ωp = ∆ωp. (S9)

Having found the residue of each term in Eq. (S3), the resulting equation can now be solved for ∆ωp to give

∆ωp = i∆α Res
ω=ωp

tr(Qα), (S10)

which is the first equality of Eq. (3) in the main text.
The second equality of Eq. (3) in the main text follows from the fact that

Res
ω=ωp

tr(Qω) = i, (S11)

which is a straightforward consequence of Eqs. (S4) and (S7) since

i = i
1

2πi

∮
C

∂ωf

f
dω =

1

2πi

∮
C

tr(−iS−1∂ωS)dω = Res
ω=ωp

tr(Qω). (S12)

Finally, since i = −1/i, we have

∆ωp = i∆α Res
ω=ωp

tr(Qα) = −∆α
Resω=ωp tr(Qα)

i
= −∆α

Resω=ωp tr(Qα)

Resω=ωp
tr(Qω)

, (S13)

which completes the derivation.

DERIVATION OF THE VOLUME INTEGRAL FORM OF THE WIGNER-SMITH OPERATOR

In this section we present a derivation of Eq. (5) in the main text, which expresses the Wigner-Smith operators in
terms of volume integrals over the system.

An important observation is that the Wigner-Smith operator can be factorized as Qξ = A−1Bξ, where A = S†S
and Bξ = −iS†∂ξS. We proceed by deriving volume integral expressions for A and Bξ separately and then combining
the results to obtain an expression for Qξ. As shall be shown, the former can be derived from a generalized Poynting
theorem, while the latter can be derived from an additional energy balance relation.

Suppose that all fields are time harmonic with an implicit e−iωt dependence. The permittivity ϵ is assumed to be
a real valued scalar and the permeability µ0 is that of free-space. We begin by determining a expression for A. Let
Ω be a large surface that encapsulates the system and let ∂Ω denote its boundary. Suppose that light is able to enter
and exit the system via a finite number of waveguides that perforate ∂Ω. Let Ep and Hp (Eq and Hq) denote the
fields throughout the system that arise due to illuminating the system by the p–th (q–th) incident field, where p (q)
enumerates all of the modes in all of the waveguides. An integral version of Poynting’s theorem for time harmonic
fields gives [3]

1

2

∫
∂Ω

(Ep ×H∗
q) · n̂dA =

i

2

∫
Ω

(ωµ0Hp ·H∗
q − ω∗ϵEp ·E∗

q) dV, (S14)

where n̂ is an outward-pointing unit normal vector to the surface ∂Ω.
Consider first the integral on the left hand side of Eq. (S14), which can be written as a sum of integrals over

the waveguide cross sections. We shall assume for simplicity that these waveguides only support a single mode,
but extension to multiple modes is straightforward. Around the cross section ∂Ωm, where ∂Ω meets the the m–th
waveguide, we define a local Cartesian coordinate system where ẑ points out of the system along the waveguide axis
and x̂ and ŷ lie within ∂Ωm, which is assumed to be at z = 0. Let Emp and Hmp (Emq and Hmq) denote the fields
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within the m’th waveguide that arise due to illuminating the system via the p–th (q–th) waveguide. We assume that
the fields within the waveguide have the form

Emp = δmpe
−
me−iβmz + Smpe

+
meiβmz, (S15)

Hmp = δmph
−
me−iβmz + Smph

+
meiβmz, (S16)

where βm is the waveguide propagation constant, δmp is a Kronecker delta, Smp is the (m, p)–th element of the
scattering matrix, and e+m, e−m, h+

m, and h−
m are the vector profiles of the electric and magnetic fields, which are

functions only of the transverse spatial coordinates x and y. The propagation constant can be expressed as βm = neff
m k0,

where neff
m =

√
ϵeffm /ϵ0 is an effective refractive index, and k0 = ω/c is the vacuum wavenumber, where c is the speed

of light in vacuum. Using Eqs. (S15) and (S16), we have

1

2

∫
∂Ωm

(Emp ×H∗
mq) · n̂ dA

=
1

2

∫
∂Ωm

[(δmpe
−
m,t + Smpe

+
m,t)× (δmqh

−∗
m,t + S∗

mqh
+∗
m,t)] · ẑdA

=
1

2
(δmpδmq − δmpS

∗
mq + δmqSmp − SmpS

∗
mq)

∫
∂Ωm

(em,t × h∗
m,t) · ẑ dA,

(S17)

where e±m,t and h±
m,t are the transverse parts of e±m and h±

m. Note that we have adopted the convention in which

em,t = e−m,t = e+m,t and hm,t = h−
m,t = −h+

m,t, which can be done without loss of generality [4].
The integral on the right side of the final equality of Eq. (S17) warrants some discussion. Ideally, we would assert

that the integral is equal to unity by some appropriate mode normalization. For materials with loss or gain, however,
this cannot be assumed to be the case. In our case, even though ϵ is real, we are still faced with virtual loss or gain in
virtue of of the fact that ω is complex (see Section ). Since, however, we are only concerned with high quality factor
resonances for which Im(ω)/Re(ω) ≪ 1, this effect is weak and we are permitted to treat em,t and hm,t as though the
waveguides were lossless, allowing us to assert [4]

1

2

∫
∂Ωm

(em,t × h∗
m,t) · ẑdA = 1. (S18)

If the external waveguides supported multiple modes, we would also be permitted to assume mode orthogonality in
the sense that the integral in Eq. (S18) would vanish if et and ht were associated with two different modes.

Armed with Eq. (S18), summing Eq. (S17) over m gives the integral over all of ∂Ω, which is given by

1

2

∫
∂Ω

(Ep ×H∗
q) · n̂dA = (I− S†S+ S− S†)qp, (S19)

where I is the identity matrix and the subscript qp indicates that we are looking at the (q, p)–th element of the matrix
expression within the parentheses. In order to ease notation, let

Ue
qp =

1

4
Ep ·E∗

q , (S20)

Um
qp =

1

4
Hp ·H∗

q , (S21)

and let Ue and Um denote the matrices whose (q, p)–th elements are Ue
qp and Um

qp respectively. Eq. (S14) can then
be written as the matrix equation

I− S†S+ S− S† = 2i

∫
Ω

(ωµ0U
m − ω∗ϵUe) dV. (S22)

In order to extract S†S from Eq. (S22), we take the Hermtiain part of both sides. The Hermitian and skew Hermitian
parts of a matrix M, which we denote by Her(M) and SHer(M) respectively, are defined by

Her(M) =
M+M†

2
, (S23)

SHer(M) =
M−M†

2
. (S24)
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Taking the Hermitian part eliminates the skew Hermitian matrix S− S† from the left side of Eq. (S22), leaving only
the Hermitian matrix I− S†S. Finally, we find A to be

A = S†S = I+ 2Im(ω)

∫
Ω

(ϵUe + µ0U
m) dV. (S25)

Note that if Im(ω) = 0, the system is truly lossless and the integral in Eq. (S25) vanishes, recovering the usual
unitarity relation for S.

We now turn to the problem of determining an integral equation for Bξ. For our starting point, it can be shown in
general that, on the basis of energy conservation (see, for example, Ref. [3]),

i

4

∫
∂Ω

(Ep×∂ξH
∗
q ± ∂ξEp ×H∗

q) · n̂dA

=

∫
Ω

[∂ξ(ω
∗ϵ)Ue

qp ∓ ∂ξωµ0U
m
qp + ω∗ϵ(V e∗

ξ,pq ± V e
ξ,qp)− ωµ0(V

m∗
ξ,pq ± V m

ξ,qp)] dV,

(S26)

where we define

V e
ξ,qp =

1

4
∂ξEp ·E∗

q , (S27)

V m
ξ,qp =

1

4
∂ξHp ·H∗

q . (S28)

Note that Eq. (S26) is in fact a pair of equations as one may choose either the upper or lower set of plus and
minus signs. The surface integral on the left hand side of Eq. (S26) can be evaluated using similar steps to those in
deriving Eq. (S17), taking appropriate derivatives and conjugates of Eqs. (S15) and (S16) as required. For the m–th
waveguide, we find

1

4

∫
∂Ωm

(Emp × ∂ξH
∗
mq ± ∂ξEmp ×H∗

mq) · ẑdA

=
1

2
(−δmp∂ξS

∗
mq − Smp∂ξS

∗
mq ± δmq∂ξSmp ∓ S∗

mq∂ξSmp)

+
1

2
(δmpδmq − δmpS

∗
mq + δmqSmp − SmpS

∗
mq)

∫
∂Ωm

(em,t × ∂ξh
∗
m,t ± ∂ξem,t × h∗

m,t) · ẑdA.

(S29)

Assuming that the transverse mode profiles em,t and hm,t only weakly depend on ξ, the integral in the final term of
Eq. (S29) vanishes. Summing the resulting equation over m gives

i

4

∫
∂Ω

(Ep × ∂ξH
∗
q ± (∂ξEp)×H∗

q) · n̂dA =
1

2
[−i∂ξS

† − i∂ξS
†S± i∂ξS∓ iS†∂ξS]qp (S30)

and, as before, Eq. (S26) can therefore be written as the matrix equation

1

2
(−i∂ξS

† − i∂ξS
†S± i∂ξS∓ iS†∂ξS)

=

∫
Ω

[∂ξ(ω
∗ϵ)Ue ∓ ∂ξωµ0U

m + ω∗ϵ(Ve†
ξ ±Ve

ξ)− ωµ0(V
m†
ξ ±Vm

ξ )] dV,
(S31)

where Ve
ξ (Vm

ξ ) is the matrix whose (q, p)–th element is V e
ξ,qp (V m

ξ,qp). To isolate −iS†∂ξS, we take the skew Hermitian
parts of both sides of Eq. (S31) with the upper set of plus and minus signs and the Hermitian parts of both sides of
Eq. (S31) with the lower set of plus and minus signs. This gives the pair of equations

SHer(− iS†∂ξS)

= −i

∫
Ω

[∂ξ(Im(ω)ϵ)Ue + ∂ξIm(ω)µ0U
m − 2iIm(ω)(ϵHer(Ve

ξ) + µ0Her(Vm
ξ ))] dV,

(S32)

Her(− iS†∂ξS)

= −
∫
Ω

[∂ξ(Re(ω)ϵ)U
e + ∂ξRe(ω)µ0U

m − 2iIm(ω)(ϵSHer(Ve
ξ) + µ0SHer(Vm

ξ ))] dV.
(S33)
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Next, since, by definition,

Bξ = −iS†∂ξS = Her(−iS∂ξS) + SHer(−iS†∂ξS), (S34)

Eqs. (S32) and (S33) can be combined to give

Bξ =−
∫
Ω

[∂ξ(ωϵ)U
e + ∂ξωµ0U

m + 2iIm(ω)(ϵVe
ξ + µ0V

m
ξ )] dV. (S35)

Finally, combining A and Bξ, we arrive at

Qξ =

(
I+ 2Im(ω)

∫
Ω

(ϵUe + µ0U
m) dV

)−1

(
−
∫
Ω

[∂ξ(ωϵ)U
e + ∂ξωµ0U

m + 2iIm(ω)(ϵVe
ξ + µ0V

m
ξ )] dV

)
,

(S36)

which is Eq. (5) in the main text.

PHYSICAL INTERPRETATION OF COMPLEX FREQUENCY AND DERIVATION OF ENERGY
INTERPRETATION OF WIGNER-SMITH OPERATORS

In this section we discuss the physical interpretation of complex frequencies and derive Eqs. (6) and (7) in the main
text.

Since ω = Re(ω)[1 + iIm(ω)/Re(ω)], Maxwell’s curl equations throughout the system can be written as

∇×E = iωµ0H = iRe(ω)µ̃H, (S37)

∇×H = −iωϵE = −iRe(ω)ϵ̃E, (S38)

where ϵ̃ = ϵ[1 + iIm(ω)/Re(ω)] and µ̃ = µ0[1 + iIm(ω)/Re(ω)]. This demonstrates a physical equivalence between
two different points of view. On the one hand, we may think of the system as having real material parameters ϵ and
µ0, but supporting waves at a complex frequency ω. On the other hand, we may instead imagine that the waves
oscillate at the real frequency Re(ω), but in a system with complex material parameters ϵ̃ and µ̃. Since Maxwell’s
equations are the same in either case, the two viewpoints are physically equivalent. The latter, however, is perhaps
more familiar, and the imaginary parts of the permittivity and permeability are well understood as representing loss
or gain. A wave possessing a complex frequency therefore also exhibits loss or gain, depending on the sign of Im(ω).

Using the definitions of ϵ̃ and µ̃ in Eq. (S25), it is straightforward to show that

A = I+ 2Re(ω)

∫
Ω

[Im(ϵ̃)Ue + Im(µ̃)Um] dV, (S39)

which, when restricted to the single mode example discussed in the main text, which enforces the transformations
I → 1, Ue → 1

4 |E|2 and Um → 1
4 |H|2, reduces to Eq. (6) in the main text. Similalrly, in terms of ϵ̃ and µ̃, Eq. (S35)

becomes

Bξ = −
∫
Ω

[∂ξ(Re(ω)ϵ̃)U
e + ∂ξ(Re(ω)µ̃)U

m + 2iRe(ω)(Im(ϵ̃)Ve
ξ + Im(µ̃)Vm

ξ )] dV. (S40)

Restricting again to a single mode, where now Ve
ξ → 1

4∂ξE ·E∗ and Vm
ξ = 1

4∂ξH ·H∗, and taking the real part of Eq.
(S40), we find

Re(Bξ) = −1

4

∫
Ω

[∂ξ(Re(ω)ϵ)|E|2 + ∂ξRe(ω)µ0|H|2

− 2Re(ω)(Im(ϵ̃)Im(∂ξE ·E∗) + Im(µ̃)Im(∂ξH ·H∗))] dV.

(S41)

Next, note that for any holomorphic function f of a complex variable z we have ∂zf = ∂Re(z)f [2]. Assuming that all
functions in Eq. (S41) that need to be differentiated are complex differentiable with respect to ω, we can set ξ = ω
in Eq. (S41) and make the substitution ∂ω → ∂Re(ω) to obtain

Re(Bω) = −1

4

∫
Ω

[∂Re(ω)(Re(ω)ϵ)|E|2 + µ0|H|2

− 2Re(ω)(Im(ϵ̃)Im(∂Re(ω)E ·E∗) + Im(µ̃)Im(∂Re(ω)H ·H∗))] dV,

(S42)
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which is Eq. (7) in the main text. Finally, taking the imaginary of part Eq. (S40) for ξ = ω gives

Im(Bω) = −1

4

∫
Ω

[∂Re(ω)(Re(ω)Im(ϵ̃))|E|2 + ∂Re(ω)(Re(ω)Im(µ̃))|H|2

+ 2Re(ω)(Im(ϵ̃)Re(∂Re(ω)E ·E∗) + Im(µ̃)Re(∂Re(ω)H ·H∗))] dV.

(S43)

Since

Re(∂ωE ·E∗) =
1

2
(∂ωE ·E∗ + ∂ωE

∗ ·E) =
1

2
∂ω|E|2 (S44)

and, similarly, Re(∂ωH ·H∗) = 1
2∂ω|H|2, Eq. (S43) can be simplified to give

Im(Bω) = −1

2
∂Re(ω)

(
Re(ω)

2

∫
Ω

[Im(ϵ̃)|E|2 + Im(µ̃)|H|2] dV

)
= −1

2
∂Re(ω)A, (S45)

which shows that Im(Bω) is related to energy dissipation within the system.

EVALUATION OF THE WIGNER-SMITH VOLUME INTEGRALS FOR COMPLEX PHOTONIC
NETWORKS

FIG. S1. Geometry of an internal network link.

In this section we show how to evaluate the volume integrals appearing in Eq. (S36) for a complex photonic network.
The structure and properties of these networks are discussed in the main text.

The first integral in Eq. (S36) is

A− I = 2Im(ω)

∫
Ω

(ϵUe + µ0U
m) dV. (S46)

Integrating over Ω requires integrating over all of the Nnode nodes and Nlink links in the network as well as the fields
in the surrounding space. We can decompose Ω into a union of subsets

Ω = Ωspace ∪ Ωlink ∪ Ωnode = Ωspace ∪ (Ωlink
1 ∪ . . . ∪ Ωlink

Nlink
) ∪ (Ωnode

1 ∪ . . . ∪ Ωnode
Nnode

), (S47)

where Ωlink
m is the volume occupied by the m–th link, Ωnode

m is the volume occupied by the m–th node, and Ωspace

is the volume occupied by the remaining space around the links and nodes. Assuming the system does not support
leaky modes, the fields in the space around the links and nodes will be evanescent, decaying away from the network
components. If necessary, we may expand the volumes Ωlink

m and Ωnode
m beyond the physical extent of the network

components so as to contain these evanescent fields up to a point where they have sufficiently decayed and no longer
significantly contribute to the integrals. The integral over the remaining space Ωspace can then be be neglected.

Consider evaluating the integral in Eq. (S46) over Ωlink
m and suppose that this link connects the i–th and j–th

nodes Ni and Nj . A diagram of the link is given in Figure S1. We define a local Cartesian coordinate system for the
link, similar to that used in Section . The unit vector ẑ is assumed to be parallel to the link’s axis and points into
the link from Ni at z = 0. The link extends to z = Lm, where it meets Nj such that Lm is the length of the link.
To keep our calculations relatively simple, we assume that each link is weakly guiding with an effective refractive
index neff

m = c
√
ϵeffm µ0, uniform in the z direction and approximately constant over transverse cross sections. We also

assume that each link supports a single mode, which, given the weak guiding assumption, has negligible z component
and transverse fields that satisfy [4]

hm,t = Y eff
m ẑ× em,t, (S48)
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FIG. S2. Geometry of an internal network node.

where Y eff
m =

√
ϵeffm /µ0 is the link’s admittance. We can now derive individual normalization equations for em,t and

hm,t. Let ∂Ω
link
m be a transverse cross section of the link (for any value of z). Recalling Eq. (S18), we have

1 =
1

2

∫
∂Ωlink

m

(em,t × h∗
m,t) · ẑdA =

Y eff
m

2

∫
∂Ωlink

m

[em,t × (ẑ× e∗m,t)] · ẑ dA

=
Y eff
m

2

∫
∂Ωlink

m

em,t · e∗m,t dA,

(S49)

from which it follows that

1

2

∫
∂Ωlink

m

em,t · e∗m,t dA =
1

Y eff
m

. (S50)

Similarly,

1

2

∫
∂Ωlink

m

hm,t · h∗
m,t dA =

(Y eff
m )2

2

∫
∂Ωlink

m

(ẑ× em,t) · (ẑ× e∗m,t) dA

=
(Y

eff

m )2

2

∫
∂Ωlink

m

em,t · e∗m,t dA = Y eff
m .

(S51)

The fields within the link that arise due to illuminating the system through the p–th external link are given by

Emp = (Oij,pe
iβmz + Iij,pe

−iβmz)em,t, (S52)

Hmp = (Oij,pe
iβmz − Iij,pe

−iβmz)hm,t, (S53)

where Oij,p denotes the field amplitude that enters the link at z = 0 from Ni and propagates towards Nj , and
Iij,p is the field amplitude that exits the link at z = 0, entering Ni, having arrived from Nj . Note that the link
index m defines the pair of indices ij uniquely. Integrating the field products over Ωlink amounts to employing the
normalization conditions Eqs. (S50) and (S51) to handle the transverse coordinates and integrating the exponential
functions with respect to z. Summing the results over m, we ultimately arrive at

2Im(ω)

∫
Ωlink

(ϵUe
qp + µ0U

m
qp) dV =

∑
m

[Oij,pO
∗
ij,q(e

−2Im(ω)neff
m Lm/c0 − 1)

+ Iij,pI
∗
ij,q(1− e2Im(ω)neff

m Lm/c0)],

(S54)

which expresses the integral in terms of the internal field components.
Consider next evaluating the integral in Eq. (S46) over Ωnode

m . Suppose that the m–th node Nm is connected to
a collection of other nodes Nj1 ,Nj2 , . . . with indices j1, j2, . . . by a collection of links. The geometry of the node
is depicted in Figure S2. In general, evaluating the integral requires a model for the fields within the node. For
simplicity, we shall instead evaluate the integral indirectly. Recall that the integral in question originated from Eq.
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(S25), which was derived from a generalized Poynting theorem over the extent of the network. We can instead apply
Poynting’s theorem to Ωnode

m to obtain a similar equation to Eq. (S25) for the node integral in terms of the node
scattering matrix Sm. Unlike in our derivation of Eq. (S25), however, we cannot use Eqs. (S15) and (S16) for the
fields, but must instead use expressions for the internal network fields, similar to those in Eqs. (S52) and (S53).
Repeating the derivation of Eq. (S25) with the correct field expressions, we obtain

2Im(ω)

∫
Ωnode

m

(ϵUe
qp + µ0U

m
qp) dV = i†mq(S

†
mSm − I)imp, (S55)

where imp = (Imj1,p, Imj2,p, . . .)
T is a vector containing components of all of the fields that are incident upon the node

when the network is illuminated via the p–th mode. imq = (Imj1,q, Imj2,q, . . .)
T is defined similarly. Summing the

result of Eq. (S55) over m gives the total integral over Ωnode.
Consider now the second integral that appears in Eq. (S36), i.e.

Bξ = −
∫
Ω

[∂ξ(ωϵ)U
e + ∂ξωµ0U

m + 2iIm(ω)(ϵVe
ξ + µ0V

m
ξ )] dV. (S56)

As before, we can assume that the integral over Ωspace is negligible. Evaluating the integral over the network’s links
can be done using analogous steps to those used in deriving Eq. (S54). The algebra is somewhat lengthy and there
is little additional insight to be gained from a detailed presentation. The final result is

−
∫
Ωlink

[∂ξ(ωϵ)U
e
qp + ∂ξωµ0U

m
qp + 2iIm(ω)(ϵV e

ξ,qp + µ0V
m
ξ,qp)] dV

=
∑
m

(
∂ξ(n

eff
m k0)Lm(Oij,pO

∗
ij,qe

−2Im(ω)neff
m Lm/c0 + Iij,pI

∗
ij,qe

2Im(ω)neff
m Lm/c0)

+
Im(ω)

2Re(ω)

∂ξn
eff
m

neff
m

[Oij,pI
∗
ij,q(e

2iRe(ω)neff
m Lm/c0 − 1) + Iij,pO

∗
ij,q(1− e−2iRe(ω)neff

m Lm/c0)]

+ i[∂ξOij,pO
∗
ij,q(1− e−2Im(ω)neff

m Lm/c0) + ∂ξIij,pI
∗
ij,q(e

2Im(ω)neff
m Lm/c0 − 1)]

)
.

(S57)

Evaluating the integral over the network’s nodes can also be done indirectly by repeating the derivation of Eq. (S35),
but over Ωnode

m using the internal fields at the node boundary. This time we obtain

−
∫
Ωnode

m

[∂ξ(ωϵ)U
e
qp + ∂ξωµ0U

m
qp + 2iIm(ω)(ϵV e

ξ,qp + µ0V
m
ξ,qp)] dV

= i†mq(−iS†
m∂ξSm)imp + ii†mq(I− S†

mSm)∂ξimp,

(S58)

which can be summed over m to give the total integral over Ωnode. Finally, combining the results from Eqs. (S54),
(S55), (S57) and (S58) allows us to compute the Wigner-Smith matrix Qξ.
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