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ABSTRACT: Methods to increase the light scattered from small
particles can help improve the sensitivity of many sensing
techniques. Here, we investigate the role multiple scattering plays
in perturbing the scattered signal when a particle is added to a
random scattering environment. Three enhancement factors,
parametrizing the effect of different classes of multiple scattering
trajectories on the field perturbation, are introduced and their
mean amplitudes explored numerically in the context of surface
plasmon polariton scattering. We demonstrate that there exists an
optimum scatterer density at which the sensitivity enhancement is
maximized, with factors on the order of 102 achievable.
Dependence of the enhancement factors on scatterer properties
are also studied.
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High sensitivity and label-free optical measurements play a
critical role in applications including clinical diagnostics,

environmental monitoring, and detection of single nano-
particles.1,2 Detection strategies employing light scattered from
analyte particles, such as dynamic light scattering and
interferometric scattering microscopy, have proven highly
successful3−6 with detection of discrete binding events of
biomolecules such as proteins,7,8 virions,9 DNA,10 and
enzymes,11 representing one of the ultimate goals in the
field. Performance of such systems can, however, significantly
degrade in the presence of additional secondary or multiple
scattering from the local environment.12−14 In many systems of
experimental interest, for example, colloids or biological tissue,
multiple scattering is unavoidable and must thus be accounted
for in order to probe them accurately.15,16 Multiple scattering
effects, however, also afford a number of practical gains. For
example, the inherent angular spread caused by scattering
allows the diffraction limit to be overcome,17 while random
optical speckle patterns have been shown to possess sensitivity
to the properties of a single particle,18,19 in turn, enabling their
localization.20,21 Such potential advantages mean that engineer-
ing the photonic scattering environment in order to promote
multiple scattering is frequently investigated. Generation of
small regions in which the electric field intensity is much larger
than the surrounding region, using for example, metallic
nanoparticles near metal interfaces,22,23 or rough metal
surfaces,24 is a common example. Analyte particles in such
“hotspots” in turn scatter more light, thereby endowing sensors
with a greater sensitivity.25 Similar hotspot mechanisms have
been studied in the context of enhanced fluorescence and

Raman scattering.24,26,27 Carefully designed nanostructured
substrates have also received significant attention,28,29 whereby
coupling of different nanostructures can augment any
perturbation upon addition of an analyte particle. Randomly
distributed nanostructures are also known to give rise to a rich
set of multiple scattering phenomena not seen in deterministic
structures, such as Anderson localization and long-range
correlations,30−33 which can aid single particle detection. In
combination with the less stringent fabrication requirements,
random sensors therefore represent a particularly promising
platform for enhanced particle sensing.
In this Letter we consider the origin and magnitude of

differing mechanisms, which can enhance single particle
sensing in random multiple scattering environments. Three
classes of scattering trajectory are analytically identified
corresponding to coupling between different scatterers,
generation of localized hotspots and scattering induced self-
interactions. We show, through numerical modeling of a
random nanostructured plasmonic substrate, that competition
between different multiple scattering effects, namely, dipolar
coupling and localization, provides opportunities to optimize
achievable enhancements through variation of the average
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scatterer density and polarizability. Insights gained in this work
can, hence, guide the future design of optimal scattering based
single particle detectors, in turn, facilitating for instance
nonequilibrium biological studies34 or study of molecular
machines.35

In order to study a disordered scattering environment, we
use a coupled dipole formalism, valid for scattering from small
scatterers in which the dipole mode is dominant.36−38

Typically, the dipole approximation is valid for subwavelength
size scatterers and when the field within the scatterer is
approximately homogeneous.39 Initially we consider a system
of N dipole scatterers centered at ri (i = 1, 2, ..., N). When
illuminated with a monochromatic electric field E0(r) of
frequency ω, the total field E(r) at a position r outside the
volume of the scatterers is

∑
ε

= +
=

E r E r r r p
k

G( ) ( ) ( , )
j

N

j j0
0
2

0 1 (1)

where k0 = ω/c is the free-space wavenumber, c is the speed of
light in a vacuum, ε0 is the vacuum permittivity, and G(r, r′) is
the Green’s function defined with respect to the background
dielectric function ε(r), that is, excluding the N scatterers.
Notably, we allow the dielectric function to vary spatially such
that our description is applicable to substrate based setups.
The dipole moment of the jth scatterer is given by pj =
αjEexc(rj), where αj is the dressed polarizability including any
potential self-interactions (e.g., due to reflections from a
substrate) and Eexc(rj) = E0(rj) + ∑i≠j G(rj, ri)pi is the exciting
field incident on the jth dipole, consisting of the incident field
and the field from all other dipoles.36,40 In general, αj is a
tensor, however, reduces to a scalar for isotropic scattering, for
example, spherical scatterers in a homogeneous environment.
The set of equations pj = αjEexc(rj) can be expressed as the set
of linear equations:

∑ = =
=

p pM i N, 1, 2, ...,
j

N

ij j i
1

0,
(2)

where p0,i = αiE0(ri) is the dipole moment of the ith scatterer
induced solely by the incident field,
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I3 is the 3 × 3 identity matrix and for convenience we let Gij =
G(ri, rj). Formally, the dipole moments are given by pi =
∑j=1

N Mij
−1p0,j. Note Mij

−1 denotes the (i,j)th 3 × 3 block (i.e.,
rows 3i − 2 to 3i and columns 3j − 2 to 3j) of the inverse of
the entire 3N × 3N coupling matrix, as opposed to (Mij)

−1, the
inverse of the 3 × 3 matrix Mij. In the single scattering regime,
interactions between different scatterers are negligible such
that Mij = Mij

−1 = I3δij and pi = p0,i.
Introduction of an additional scatterer, namely the analyte

particle, with polarizability αN+1 at position rN+1, to the
disordered system produces an associated change in the
scattered field, δE(r), given by

∑δ
ε ε

δ= ++ +
=

E r r r p r r p
k

G
k

G( ) ( , ) ( , )N N
j

N

j j
0
2

0
1 1

0
2

0 1 (4)

The first term in eq 4 corresponds to the additional dipole field
originating from the analyte particle, while the second term is
the change arising due to the perturbations to the original N
dipole moments δpj. Analogous expressions for the perturbed
field have been derived previously within a scalar model41 in
terms of the determinant of the coupling matrix, however, the
vectorial form in eq 4 is more appropriate for electromagnetic
problems. Within the single scattering approximation, there is
no coupling between dipoles, whereby δp = 0 and the
perturbation to the scattered field δEss reduces to

δ
ε

= + +E r r r p
k

G( ) ( , )N Nss
0
2

0
1 0, 1 (5)

In the full multiple scattering case the perturbation δE can be
expressed in the same form as eq 5 albeit with a modified
dipole moment p0,N+1 → γ1γ2γ3p0,N+1 (see ref 42 for a full
derivation), where γ1, γ2, and γ3 are enhancement factors given
by
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α= + +
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+r r r rI

k
G G M G( , ) ( , )N

i j

N

i ij j j N1 3
0
2

0
1

1

, 1

1
, 1

(6)

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑ
∑γ

ε
α α= −

=
+ +

−
+

−

I
k

G M G
i j

N

N N i ij j j N2 3
0
4

0
2

, 1
1 1,

1
, 1

1

(7)

∑γ
ε

α= +
| |=

+ +
− +

†

+

p p

p
I

k
G M

i j

N

N N i ij
i N

N
3 3

0
2

0 , 1
1 1,

1 0, 0, 1

0, 1
2

(8)

All multiple scattering effects are captured in the three
enhancement factors. In general, γi (i = 1, 2, and 3) are
complex matrices, reflecting the fact that multiple scattering
can modify the amplitude, phase and polarization of the
scattered field. An estimate of the relative magnitude of the
change in the scattered field resulting from multiple scattering
|δE|/|δEss| can be found by considering ∥G(r, rN+1)γ1γ2γ3G(r,
rN+1)

−1∥ ≤ κG∥γ1γ2γ3∥ ≤ κG∥γ1∥∥γ2∥∥γ3∥, where we have used
the submultiplicative property of the induced norm and κG is
the condition number of G(r, rN+1) given by the ratio of the
maximal and minimal singular values.43 An important class of
problems in which equality of the former bound is achieved is
systems in which a scalar description is permissible, whereby all
tensor quantities (αi, G and pi) are replaced with
corresponding scalars. In this case, κG = 1 and |γ1γ2γ3| directly
represents the scaling of the amplitude of δE from multiple
scattering effects.
Physically, each enhancement factor γi can be associated

with a distinct class of multiple scattering trajectories, as shown
in Figure 1. Specifically, γ1 describes the effect of rescattering
of light initially scattered by the analyte particle and, hence,
corresponds to dipole coupling with the analyte. The set of
multiple scattering paths described by γ2 are closed loops in
which light scattered by the analyte particle returns via
scattering off of the initial scatterers to the analyte particle.
Finally, multiple scattering of the incident field onto the added
scatterer, which modifies the field at rN+1, is described by γ3.
The hotspot effect would manifest in a large value of ∥γ3∥. The
enhancement factors contain a complete description of every
possible multiple scattering path. Note that it is possible that
∥γi∥ < 1 and, as such, the enhancement factors need not
describe an increase in the light scattered to a point. Thus, for
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example, if a particular configuration of scatterers directed light
away from the point r after leaving the analyte particle, the
second term in eq 6 would (partially) cancel with the first I3
term such that δE is reduced by the scattering paths described
by γ1.
The values of the enhancement factors are determined by

the initial scattering configuration (αi and ri for i = 1, ..., N)
and the polarizability and position of the added analyte particle
(αN+1 and rN+1). In reality, however, the exact scattering
configuration is rarely known and thus we here study the
statistics of the enhancement factors over an ensemble of
random configurations. In ref 42, we present an analytic
treatment of the mean enhancement factors, however, in this
Letter we consider the average magnitude of the enhancement
factor, since ∥γi∥ is more closely related to experimentally
measurable quantities, such as optical intensity. Since a
mathematical analysis is not tractable across all scattering
regimes, we here use Monte Carlo simulations to study the full
range of scatterer densities. For definiteness, we consider
multiple scattering of surface plasmon polaritons (SPPs)
propagating along a single metal−dielectric interface to
illustrate some features of the enhancement factors through
evaluation of eqs 6−8. Notably, SPPs are widely used in
biosensors44 and can play a key role in nanostructured
substrates.45 Our example therefore represents an important
model system where multiple scattering enhancements can
affect single particle sensing and tracking.6,46 A schematic of
the system under consideration is shown in the inset of Figure
2, in which an SPP propagating along a metal−dielectric
interface (with permittivities εm and εd, respectively), is
scattered from nanoparticles resting on the substrate (see
also ref 46 for further details). SPPs can either scatter into
other SPPs propagating in a random direction along the metal
surface or into waves propagating away from the surface where
they are then ultimately detected in the far-field. A dipole
approximation is valid in this system when surface dressing
effects are weak as discussed fully in ref 47. In such a system
our analysis is especially simplified when |a| ≪ 1, where a =
[εd/(−εm)]1/2, because a scalar model can be used to describe
SPP scattering.47,48 Specifically, the relevant scalar field
corresponds to the out of plane Ez component of the SPP
field, such that only the Gzz component of the Green’s tensor is
considered. The scalar Green’s function for points near the
surface (z, z′ ≪ λ0) for this model can be approximated
as38,47,49

ρ ρ′ ≈ | − ′|− + ′r rG iA e H k( , ) ( )ak z z
SPP 0

( )
0
(1)

SPP
SPP (9)

where A0 = akSPP/[2(1 − a4)(1 − a2)], kSPP is the complex SPP
wavenumber (with corresponding absorption length labs =

(2Im[kSPP])
−1) and H0

(1)(x) is the zeroth order Hankel
function of the first kind. Equation 9 is thus used to calculate
Gij = GSPP(ri, rj). The elastic SPP scattering cross-section is
then given by σSPP = 4|μ|2/Re[kSPP], where μ = α(k0

2/ε0)A0
exp[−2akSPPzs].48 Throughout this work we define the elastic
scattering mean free path as ls = (nσSPP)

−1, where n = N/L2 is
the scatterer density.50 Although at large densities the mean
free path is more accurately defined in terms of the self-
energy,50 we use this parametrization since the closed form
greatly facilitates computation. Deviations from the true length
scales are expected, albeit we note all calculations are
performed with respect to scatterer density.

■ RESULTS AND DISCUSSION
Our Monte Carlo simulations assumed a free-space wavelength
of λ0 = 650 nm, with εd = 1.77 (corresponding to water) and
εm = −13.68 + 1.04i (corresponding to gold51), such that kSPP
= (1.42 + 0.008i)k0 and |a| = 0.36. All scatterers were assumed

Figure 1. Typical multiple scattering paths associated with each
enhancement factor. (left) Rescattering of light en route to the
observation point r after scattering from the analyte particle, (center)
loop trajectories, and (right) multiple scattering of the illumination
field onto the analyte particle.

Figure 2. Sensing enhancements. (a) Dependence of ⟨|γ1γ2γ3|⟩ (green
▽), ⟨|γ1|⟩ (blue □), ⟨|γ2|⟩ (purple △), ⟨|γ3|⟩ (orange ◇), and
⟨|γ1|⟩⟨|γ2|⟩⟨|γ3|⟩ (red ▷) on scatterer density n and mean free path ls
for scatterer polarizability α = αg corresponding to a 40 nm radius
gold nanosphere sitting on the surface (zs = 40 nm). The theoretical
result from eq 10 for ⟨|γ1|⟩ is also shown (black). Inset shows
schematic of SPP scattering from surface bound nanoparticles. (b)
Relative frequency/probability distributions for the magnitude of the
total enhancement |γ1γ2γ3| for scatterer densities of nλ0

2 = 0.05 (blue),
0.16 (orange), 0.49 (green), 2.08 (red), and 8.00 (purple) as also
indicated by the corresponding vertical dashed lines in (a). The mean
(△), mode (◇), and median (□) for each distribution are also
shown.
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to be identical (αi = α ∀ i) and located at a height zs above the
metal interface. Their transverse positions were uniformly
randomly distributed on the surface over a square area with
sides of length L, except for the analyte particle, which was
fixed at rN+1 = (0, 0, zs). The number of scatterers remained
fixed at N = 700, with the scatterer density n adjusted by
varying L between 9.4λ0 and 118λ0, corresponding to a density
ranging from 8λ0

−2 to 0.05λ0
−2. Calculation of the scattered field

was performed assuming r was in the far field. Using a
stationary phase approximation to evaluate G(r, ri) in the far-
field, reduces these factors, which appear in eq 6, to simple
phasors, G(r, rN+1)

−1G(r, ri) = exp[−ikout·(ri − rN+1)], where
kout = εd

1/2k0r ̂ is a wavevector in the direction of r. Specifically,
the observation position was taken at 70° to the surface normal
in the backward x direction (kout = εd

1/2k0(−sin 70°, 0, cos
70°)). Results showed only a weak dependence on kout. The
incident field was taken to be a decaying SPP propagating in
the x direction of the form E0,z(x) = exp(ikSPPx). With this
form, the ratio of dipole moments in eq 8 reduces to a form
∼exp[ikSPP(xi − xN+1)], although since kSPP is complex, this
factor also describes SPP attenuation. Averages were calculated
using 50000 realizations for each density. Convergence plots
for the worst case scenario are given in the Supporting
Information.
The density dependence of the mean total enhancement

⟨|γ1γ2γ3|⟩ and the individual mean enhancement factors ⟨|γi|⟩
are shown in Figure 2a for particle polarizability, αg = (3.74 +
0.33i) × 10−32 Cm2 V−1, corresponding to a dressed 40 nm
radius gold sphere sat on the gold film (zs = 40 nm). For the
given parameters, the density range simulated corresponds to a
scattering mean free path varying from 34.3λ0 down to 0.21λ0.
The mean enhancement factor initially increases with density
and rises above 1, indicating that multiple scattering on average
enhances the sensitivity at these lower densities. As scatterer
density increases further the mean enhancement reaches a
maximum of ∼367 at an optimal density of n = 0.49/λ0

2(ls =
3.51λ0), before then decreasing at higher n, eventually
dropping below one, indicating that at extremely high
densities, multiple scattering acts to decrease the scattered
signal perturbation on average. We attribute this decrease to
SPP localization52 effects which restrict the impact of the
additional particle to a region of the order of the localization
length in size. In particular, we note the localization length of a
2D system can be estimated as ξ = ls exp(πRe[kSPP]ls/2),

53

which becomes comparable to the system size for ls ≈ 0.73λ0 in
our simulations. Specifically, for ls = 0.21λ0, we have ξ/L =
0.42. Note it has been shown that Anderson localization of
light cannot be achieved for fully vectorial 3D random
ensembles of dipole scatterers such that we would not expect
a corresponding decrease in enhancement for such systems.54

In general, ⟨|γ2|⟩ remains close to one, meaning the effect of
loop paths is weak compared to ⟨|γ1|⟩ and ⟨|γ3|⟩, which are of
comparable magnitude.
An approximate scaling theory for the behavior of ⟨|γ1,3|⟩ in

the low density regime can be derived by treating the sums in
eqs 6 and 8 as random phasor sums. Specifically, when ls is
larger than λSPP = 2π/Re[kSPP], propagation between each
scattering event decorrelates the amplitude and phase of each
phasor in the sum such that the sums are circular Gaussian
random variables with variance σ1,3

2 = N⟨|Ai|
2⟩/2, where |Ai| are

the amplitudes of the elements of the corresponding sum.55

The amplitude of γ1,3 thus follows a Rician distribution with
width parameter σ1,3. For γ1 we have Ai = (k0

2/ε0)

e−ikout·(ri−rN+1)∑jMij
−1αjGj,N+1, which represents the sum of all

scattering paths from rN+1 to ri. In calculating ⟨|Ai|
2⟩, the

interference of all paths should be considered; however,
adopting the ladder approximation (valid when kSPPls ≫ 1),
only the interference of identical scattering paths are assumed
to contribute to the average owing to the random phase
difference between different trajectories.50 Within this
approximation, we find in the limit N, L → ∞ with n = N/
L2

fixed (see Supporting Information)

σ
μ

=
+ [ ] −

−

− −
l

l n k l
1
2 4 Im( )/(Re )1

2 s
1

abs
1

SPP s
1

(10)

In the lossless case (Im[kSPP] = 0) σ3
2 is identical to σ1

2. Using
the properties of the Rician distribution, the resulting mean
magnitude of the enhancement follows as ⟨|γ1,3|⟩ = σ1,3(π/
2)1/2L1/2(−1/(2σ1,32 )), where L1/2(x) is a generalized Laguerre
polynomial. Since ls

−1 is proportional to n, ⟨|γ1|⟩ initially
increases from 1 linearly with density, before increasing much
more rapidly as ls approaches labs. The result diverges when the
denominator vanishes, by which point the ladder approx-
imation breaks down and the effects of interference between
different paths (such as coherent backscattering) become
significant.50 This behavior is evidenced in Figure 2, with good
agreement found between the ladder approximation for ⟨|γ1|⟩
and numerical calculations over the range of validity. The
density dependence of ⟨|γ3|⟩ is analogous; however, the effect
of loss (included in the numerical simulations) is to slightly
increase ⟨|γ3|⟩.
In general, the individual enhancement factors are not

statistically independent such that ⟨|γ1γ2γ3|⟩ ≠ ⟨|γ1|⟩⟨|γ2|⟩⟨|γ3|⟩,
as also shown in Figure 2a. Qualitative agreement between
⟨|γ1γ2γ3|⟩ and ⟨|γ1|⟩⟨|γ2|⟩⟨|γ3|⟩ is clearly apparent, particularly at
lower densities; however, correlations cause a noticeable
quantitative difference at densities at or beyond the peak.
Analysis of the Pearson’s correlation coefficients Pij between |γi|
and |γj| (i ≠ j), reveals that |γ2| shows little correlation with the
other enhancement factors (P12, P23 ∈ [−0.1, 0.1]) across the
full density range. This is because the loop paths associated
with γ2 are distinct from the scattering paths in γ1,3. In contrast,
scattering trajectories contributing to γ1 and γ3 are partially
related by reciprocity,56 such that a multiple scattering path
from rN+1 to ri (associated with γ1) has the same phase and
amplitude as the reciprocal path going from ri to rN+1
(associated with γ3). Correlation of |γ1| and |γ3| is hence
dictated by the correlation between the additional propagation
phases appearing in each enhancement factor, namely, that of
propagation of the scattered (incident) field from (to) the
relevant scattering particle. At low densities, these propagation
phases remain uncorrelated (|P13| ≲ 0.1 for nλ0

2 ≲ 0.1);
however, at higher densities, the typically shorter distances
between scattering sites and the analyte particle mean the
phase difference of the incident and outgoing fields are smaller,
resulting in increased correlation (P13 ∈ [0.6, 0.8] for nλ0

2 >
0.2).
Histograms of the relative frequency of |γ1γ2γ3|, shown in

Figure 2b, demonstrate that at low densities the distribution of
total enhancements is tightly centered around ∼1. At densities
close to the optimum value, the probability distribution
however exhibits a long tail. A given scattering configuration
at the optimum density consequently has a high probability of
producing a significant sensitivity enhancement; however, it
should be noted that the total enhancement for a given
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realization will likely be smaller than the mean total
enhancement (mode ≈ median ≪ mean), typically ∼100.
Importantly, there is a small but non-negligible probability of a
very large enhancement even as high as ∼103. At the highest
densities, the majority of realizations suppress sensitivity, albeit
the tail is still longer relative to the lowest densities.
Consequently, even though the mean enhancements for the
two limiting cases are both of order unity, for high scatterer
density there exist a small number of configurations that
produce an appreciable sensitivity enhancement. In contrast, at
low densities, different configurations do not differ greatly in
their effect on sensitivity.
Importantly, eqs 6−8 predict that the statistics of the total

enhancement are sensitive to the phase of μ by virtue of the
αGij factors. Physically, this parameter can be tuned in multiple
ways. Variation of either the material composition or
geometrical properties of the individual scatterers can, for
example, modify the particle polarizability α. Moreover, for
resonant scatterers, such as plasmonic nanoparticles, tuning the
operational wavelength provides an additional degree of
freedom. Introduction of an index matched spacer layer
between the substrate and background scatterers furthermore
allows the height zs to be adjusted. Shifting the phase of μ
while holding its amplitude constant leaves both the elastic
SPP scattering cross-section and mean free path unchanged,
however, results in a change in the absorption cross-section
and scattering out of SPPs. Consequently, a different
dependence of the mean enhancement on scatterer density is
seen as shown in Figure 3 for a phase shift of π/2. Notably, in
this case the mean enhancements are reduced at low densities
compared to Figure 2, which we attribute to a reduction in the
field incident on scatterers due to increased absorption and
scattering out of SPP modes. At higher n, however, the same
decay in enhancement with increasing density is seen. The
maximum sensitivity enhancement is of similar magnitude
(∼119) and occurs at a higher density (n = 2.31/λ0

2, ls =
0.74λ0) compared to the gold nanosphere case. Enhancements
are furthermore seen to occur over a narrower density range.
Good agreement between the ladder approximation for ⟨|γ1|⟩ is
once more evident, however, ⟨|γ3|⟩ is significantly reduced due
to the increased role played by absorption. The probability
distributions shown in Figure 3b show the same behavior as
the gold sphere case in the low, near-optimal, and high density
regimes; however, the transition between each regime occurs at
different densities. Similarly, Pij shows similar trends as for the
gold, although correlations between |γ1| and |γ3| become
noticeable at a higher density.

■ CONCLUSIONS
Using a coupled dipole formalism, we have derived expressions
for the multiple scattering based enhancement of the scattered
field perturbation when a scatterer is added to a disordered
scattering environment. Equations 6−8 apply quite generally to
a range of wave scattering phenomena, both vector and scalar,
through the appropriate choice of the Green’s tensor. The total
enhancement factor derives from three contributions, each
arising from different sets of multiple scattering paths, hence
allowing insight into the physical mechanisms that affect single
particle sensitivity in the multiple scattering regime. Although
the local density of states (LDOS)57 is frequently used to
assess the effect of spatial inhomogeneity, such as system
disorder, on an oscillating dipole, it is important to note that
the enhancement factors introduced here capture important

additional features present in the sensing system considered.
The LDOS describes the relative power radiated by a dipole in
an inhomogeneous environment compared to free space and
would hence describe the enhancement for, for example, dark-
field scattering based or fluorescence detection;58 however, in
the system considered in this work, particle detection exploits
interferometric detection.4,59 Specifically, the illumination field
generates a background field that coherently interferes with the
field scattered from an analyte particle. Accordingly, the
magnitude of the scattered signal scales as R3 as opposed to R6,
where R is the analyte particle radius, hence, crucially helping
to mitigate noise. Nevertheless, both the LDOS and the
enhancement factors of eqs 6−8 derive from the system
Green’s function and similar features, such as an exponential
distance dependence60 and long-tailed decay,61,62 are seen.
Based on our model, Monte Carlo simulations of SPP

scattering by dipole scatterers randomly distributed on a
metal−dielectric interface were performed, which demonstra-
ted that the sensitivity to the addition of a single particle can be
enhanced by a factor on the order of 102 on average. Moreover,
it was shown that there exists an optimum density of scatterers
at which the sensitivity gain is maximized. While the optimum
density depends on the properties of the individual scatterers,
the size of the peak enhancement is relatively insensitive to the
individual scatterers. Our results can hence be used to optimize
the design of SPP sensors consisting of random nanoscatterers
in order to maximize sensitivity. Physically, the optimum
scatterer density exists due to the competing effects of dipole

Figure 3. Sensing enhancements for phase-shifted polarizability. As
Figure 2 albeit for polarizability α = αge

iπ/2.
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coupling and Anderson localization and would thus be
expected in a range of disordered systems beyond the SPP
scattering considered in this work. While the former effect
typically increases the average scattering perturbation induced
by the addition of an analyte particle, the latter confines such
perturbations to a smaller spatial region. Optimal config-
urations would, however, not be expected in scattering systems
in which localization is more difficult or cannot be achieved,
such as 3D electromagnetic scattering in ensembles of point
scatterers.54

Finally, we note that the fabrication of nanostructures and
deposition of nanoparticles of subwavelength dimensions is
becoming more routine, using methods such as electron beam
lithography and focused ion beam lithography,28 such that the
dipole approximation made in this work is applicable to
realistic experimental systems. Moving beyond dipole
scatterers to larger structures does however introduce
preferential scattering in the forward direction. Similar
anisotropic scattering can also occur for SPP scattering when
surface dressing is large.47 In such scenarios, the transport
mean free path ltr = ls/(1 + ⟨cos θ⟩), where ⟨cos θ⟩ is the
average of cosine of the scattering angle,50 describes the length
scale over which the scattering direction is randomized and
therefore represents a more suitable parametrization of
different scattering regimes. For highly anisotropic scattering,
the transport mean free path can however become very long,
such that densities required to achieve localization are difficult
to reach. Moreover, in systems with loss such as SPP sensors,
the absorption length must be longer than the mean free path
for multiple scattering effects and localization to play a role.
Such factors must therefore also be considered when
optimizing the sensitivity of random nanostructured sensors.42
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